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2. Canons, or infallible Rules, to direct how to ſolve knotty Queſtions, by the help 
of Quantities given or known; this kind of Reſolution is called Fyoblematical. 
3. Demonſtrations, or evident and indubitable Proofs, to manifeſt the Truth of 
ſuch Theorems and Canons as are Analytically found out. = 5 

VI. Algebra is by late Writers divided into two kinds; to wit, Numeral and Li- 
teral (or Specious.) * | . EX. a" 

VII. Numeral Algebra is fo called, becauſe in this Method of feſolving a Queſtion, 
the Quantity ſought or unknown is ſolely deſign dor repreſented by ſome Alphabetical 
52 or other Character taken at Pleaſure, but all the Quantities given are expreſt 
by Numbers. Ec | | 

II. Literal, or Specious Algebra is ſo called, becauſe in this Method of reſolving 
2 Queſtion, as well the given or known Quantities, as the unknown are all ſeverally 
expreſſed or repreſented by Alphabetical Letters. Mhence it comes to paſs, that at 
the end of the Reſolution of a Queſtion, every Quantity appearing diſtin& under the 
fame Letter or Form by which it was at firſt expreſſed, a Canon is diſcovered to direct 
how the Queſtion propos'd may be ſolved, not only by the quantities firſt given, but 
by any other whatſoever that ate capable of ſolving the Queſtion. In this Reſpect 
therefore Literal Algebra fat excels the Numeral; for this latter . ſerves only to ſolve 
Avithmetical Queſtions, and produces not a Canon without much difficulty, in regard 
the Numbers firſt given, by reiterated Multiplications, Diviſions, and other Arith- 
metical Operations, will for the moſt part be fo confounded and interwoven, that their 
Foot-ſteps can hardly be traced out: But Literal or Specious Algebra is applicable to 
the ſolving of Geometrical Problems, as well as Arithmetical. . 
IX. The Doctrine of Algebra is 13 grounded upon the Knowlege of cer- 
tain Quantities called by ſome Authors Cofic Quantities, by others, Powers , the 
Conſtruction whereof is explain'd in fix Sections next following. | 
X. Numbers are ſaid to be in Geometrical Proportion continued, when as the firſt is to 
the ſecond, ſo is the ſecond to the third, and ſo is the third to the fourth, c. As, for 
Example, theſe Numbers, 1, 2, 4, 8, 16, 32, &c. are Continyal NN z for, 
as the firſt Term 1, is the half of the ſecond Term 23 ſo is the ſecond Term 2,the half 
of the third Term 4 z and fo is 4 the half of 8, c. Likewife theſe Numbers, 3, 9, 
27, 81, 243, Ec. are in Geometrical Proportion continued; For as the firſt Term 3 is 
a third part of the ſecond Term 9, ſo is the ſecond Term ꝗ a third part of the third 
Term 27; and fo is 27 one third of 81, &c. Alſo, theſe numbers are continual 
Proportionals, to wit, 1, 2, 4, 4, Cc. for as the firſt Term 1, is the double of the ſe- 
' cond Term 2, ſo is + the double of 4, and + the double of 3, CC. 
XI. In any ſeries or rank of Numbers proceeding from Unity ina continued Geome- 
trical proportion, whether aſcend ing or deſcend ing, all the Numbers or Terms except the 
firſt, which is ſuppoſed to be 1, (to wit, Unity, ) are called Cofie Numbers, of Powers ; 
ix. the ſecond Term or Proportional is called the Root, or firſt Power; the third Propor- 
Pt is called the Square, or ſecond Power; the fourth Proportional is called the Cube, or 
turd Power; the fifth Proportional is called the Biquadrate, or fourth Power, the ſixth Pro- 
portional, the fifth Power, c. As for Example, in this rank of Continual Poportionals, 
1, 2, 4, 8, 16, 3 2, c. the ſecond Term. 2 is the Root; the third Term 4 is the ſecond 
Power, or the Square of the Root 2; the fourth Term 8 is the third Power, or the Cube of 
the Root 2 ; the fifth Term 16 is the Biquadrate or fourth Power of the ſame Root 2, Oc. 
In like manner in this rank of continual Proportionals deſcending from 1, to wit, 
I, 2, 2, 4, r, c. the ſecond Term is the Root; the third Term . is the ſecond 
Power; the fourth Term + is the third Power, c. The like is to be underſtood 
of any other Rank of Numbers in a continued Geometrical Proportion, whoſe firſt 
Term or Proportional is Unity. „ JJJJJVVVVVVVCVTT 
XII. From the two laſt preceding Sections, (which are grounded upon 10. Prop. 
8. Elem. Euclid.) it is evident that any Number whatſoever being propoſed for a 
Root, the ſecond Power, or the Square, is produced by the Multiplication of the 
Root by it ſelf; the third Power, or the Cube, is produced 1 the Multiplication of 
the ſecond Power by the Root; the fourth Power is produced by the Multiplication 
of the third Power by the Root, c. 7 8 e 

As, for Example, if 2 be given for the Root, this 2 multiplied by it ſelf, produces 4 
for the ſecond Power, to wit, the Square of the Root 2: Again, 4 the ſecond 3 
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| | 5 being mulriptied by the Root 2 Tied 8 the third — or the Cube; which _ 


Power multiplied oy the Root 2, produces the fourth Power 16, Cc. 


In like — 
it ſelf, there comes forth 5 + for the ſecond Power, or the Square of the Root; A. 


gain, the ſecond Power? 7 *mulriplied by the Root 4 2 produces the third | Sik TY 


or the Cube of the Root 3 2., and the third Power Fo. * multiplied by the R ot; ; ba | 


the fourth Power 27, Cc. 
But when the 2 is 1, to wit, Unity, every one of its Powers will al ker 


for multiplication by 1 makes no alteration. All which will be further illuſtrated 

by the Scales of Coſſic numbers or Powers in the following Table, which ſhews 
that if the Root be 5, the Square is 25, the Cube 125, the Biquadrate or fourth 
* 625; the fifth Power 3125, Te "= 
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[FE K Gr Hi or frlt Power. — © GE 3 
The Square Of. ſecond | Power. it af 9 | 
[The Cube or third Power. WE 8 27 
The Biquadyate or or fourth Poner. r| 16] 81] 256 
Log fifth Power. : 1 Ti 32 243 | 1024 
[Fre fixch th Power. i 641 539 | 4096 | 
: : — — Viet r — 3 — " 
fChe fe ſeventh Power. ES... 2187 16384 | 
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„ant The Root or firſt Power ein | ſive the third fifth, eighth, or any other Power 


may be found out without reſpel 
11 vix. Sup pak the number 3 be preſcribed for the Root, and that the fifth 
Power be deſired; firſt write down the Root 3 five times thus, 3, 3, 3, 3,'3 ; then multi- 
Ny cheſe fiveequal numbers one into another according to the Rule of continual Multi- 
Plication, fo the laſt Product 243 ſhalt be the deſired fifth Powerraiſed from the Root 3. 
In like manner, if the cighth Power of the Root 2 be defired, you may write the 
Root 2 eight times thus, 2, 2, 2, 2,2, 2, 2, 2, theſe multiplied continually 
produce 256, which is the eighth Power of che oot 2. After the fame manner 
you may find out any other Power from a number given for the Root. 
XIV. If over or unidet any Series or Rank of Coffic numbers or Algebraic Powers, 
conſtituted according to the three laſt foregolng Sections, there be placed a rank 


of Numbers beginning with wins and proceeding according to the natural order of 


numbers, as 1, 2, 3 6, 7, 8, 9, &c. theſe numbers ſo placed are uſually called 
the Indices or Zee choſe Powers wers, as well becauſe they ſhew the order. ſear or 


ped of each Power, as atfo its number of Degrees or Dimenſions; that is, how ma- 


5 the Root is involved or multiplied in er ae each Power reſpectively: 
for Example, let there be a Rank or or Sele raiſed from the 


| Foot 3, as 3, 9,27, 81, 243,729, 2187, Cc. and oval lei let there be ſo many num - 
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I I fay the Index 4 in the Arithmerical pigeon, ſhews that the fourth Power 81, 
which ſtands under 2, is produced by the multiplication of the Root 3 four times into 
it ſelf, viz. theſe four numbers 3, 3, 3, 3, multiplied continually will produce 81; 
likewiſe the Index 5 in the Arithmerical progreſſion ſhews, that the ſeventh Power 
2187, which ſtands under 5, is produced by the multiplication of the Root 3 
ſeven times into it ſelf; vix. theſe ſeven equal numbers 3, 3, 3, 3, 3, 3, 3, multiplied 
continually produce 2187. And fo of others. Os : . . 
Jo that uſe of Indices, this may be added; viz. If any two or more Indices be ad- 
ded together, the ſum will be an Index ſhewing what power will be produced by 

the multiplication of thoſe Powers one into another which anſwer to the Indices that 
were added together: As for Example, if the Indices 3 and 5 be added together, the 
ſum is the Index 8, which ſhews, that if the third and fifth Powers be multiplied 
one by the other, the eighth Power will be produced: As in the rank of Powers in the 
preceding Tabulet, if the third power 27 be multiplied by the fifth Power 24.3, the Pro- 
duct will give the eighth Power 6561. In like manner, for as much as the Indices 2 
and 6 added together make the Index 8; thetefore the ſecond Power 9 multiplied by 
the ſixth Power 729 will alſo produce the eighth Power 6561 : Again becauſe the 
Indices 1, 2, and 5 added together make the Index 8; therefore the firſt, ſecond and 
fifth Powers, to wit, 3,9, and 243 multiplied continually will likewiſe produce the 
eighth Power 6561. And as the Index 3 added to it ſelf makes the Index 6, ſo the 
third Power 27 multiplyed by it ſelf, or ſquared, will produce the fixth Power 729. 
And as the Addition of Indices anſwers to the Multiplication of their correſpon- 
dent Powers, ſo the ſubtraction of Indices anſwers to the diviſion of their correſpon- 
dent Powers: As, for Example, becauſe the Index 8 leſſened by the Index 5, leaves 
for a Remainder the Index 3; therefore the eighth Power 4561 divided by the fifth 
Power 243 gives in the Quotient the third Power 27. Likewiſe, as the Index 7 lef 
ſened by the Index 3 leaves the Index 4; ſo the ſeventh Power 2187 divided by 
the third Power 27, gives the fourth Power 81. EG. EE a” 
XXV From the premiſſes it is evident, that upon an Arithmetical foundation, a 
Scale or Rank of Algebraic Powers may be raiſed and continued as far as you pleaſe, 
the three firſt of which have an affinity with; and may be expounded by Geometri- 
cal dimenſions: For firſt, we may conceive any terminated Right- line, to be divided 
into a number of equal parts at pleaſure, ſuppoſe 12; then this number 12, or that 
;Right-line, may be eſteemed as a Root: Secondly, the ſaid 12 multiplied by it ſelf 
produces 144 the ſecond Power, which is * to the Area of a ſquare Supercies 
whoſe fide is 12: Thirdly, the faid ſecond Power 144 multiplied by the Root 12 
produces the third Power 1728, which is equal to the Solid content of a Cube, 
{to wit, a Solid in the form of a Dye) whoſe ſide is 12. 1 1 
But none of the reſt of the Algebraic ow can properly be explain'd by any 
Geometrical quantity, in regard there are but three dimenſions in Geometry, to wit, 
- Length, Breadth, and Depth (or Thickneſs.) . \, . 
XVI. In ſearching out the ſolution of a Queſtion by the Algebraic Art, the number 
or line ſought is uſually called a Root, which ſo long as it remains unknown cannot be 
really expreſt, and therefore it muſt be deſign'd or repreſented by ſome Symbol or Cha- 
tacter, at the will of the Artift z alſo the Powers which may be imagined to proceed 
from the ſaid Root in ſuch manner as has before bin declared are likewiſe to be repre- 
ſented by Symbols or Characters; concerning which there is much diverſity among 
Algebraical Writers, every one pleaſing his fancy in the choice of Characters: But in 
this matter I ſhall imitate Mr. Thomas Harriot in his Ars Analytica, and Renates des Car- 
tes in his Geometry, but chiefly the former; whoſe method of expreſſing Quantities 
by Alphabetical Letters, I conceive to be the plaineſt for Learners, viz. 
Iu0o0 deſign or repreſent the Root ſought, whether it be a number or a Line ina Queſtion 
propoſed, we may aſſume any Letter of the Alphabet, as a, b,or c, &c. but for the better 
diſtinguiſhing of known quantities from unknown, ſome 4nalyfs are wont to aſſume 
one of the 45 Vowels, as, a, or e, &c. to repreſent the quantity ſought; and Conſo- 


2 


nants, as, I, c, d, &c. to repreſent quantities known or given: Now if the letter a be 
aſſumed to repreſent the Root ſought, then (according to Mr. Harriot) the ſecond 
Power, or uare raiſed from that Root, may be repreſented by au; the third Power, 


or the Cube, by aaa; the fourth Power by aaaa; the fifth Power by aaaaa; and mw 
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the ſame. manner any higher Power of the Root or number a may be repreſented : 


For ſo many Dimenſions or Degrees as are in the Power, ſo many times the Letter 
which at firſt was aſſumed for the Root is to be repeated. a 
Or after the manner of Renates des Cartes, if the letter a be aſſumed to repreſent 
the Root, the Square ma y be deſigned thus, a“. the Cube thus, as. the fourth Power 
thus, af. the fifth Power thus, a4. And ſo any other power may be expreſt by wri- 
ting the Index or Exponent of the Power in a ſmall figure next after, and near the 
| head of the letter aſſumed to repreſent the Root. Both which ways will be further 
| luſtrated by the following Table. 
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A Table ſhewing two ways ( wow moſt in uſe) to expreſs oh 
mple Powers by Aiphabetical Letters 


The Root or firlt Power, "AS OM 

| [The Square or ſecond Power, | aa. [a | +: 
The Cube or third Power, | aaa. + l as | i 
The fourth Power, . 5 1 

| The fifth Power, 1 as | 

The fixth Power, N | . aaa ss. as 
The ſeventh Power, aaa aaaa. | a7 
| Fn Power, | ſ[aaaaaaaa|at. 


After the ſame manner, known Quantities and their Powers may be repreſented by 
Conſonants; as, b may be put for any known number in a Queſtion, and then its Square 
may be ſignified by bb, the Cube by bbb, the fourth Power by bbbb, the fifth Power by 
 bbbbb, the ſixth by bbbbbb, and ſo forwards: Or the Square of the Root & may be ex- 
preſt thus, h. the Cube thus, 53. the fourth Power thus, 54. the fifth Power thus, b5, 
the Hxth Power thus, 5%, and ſo forward. 1 ut | 
X'VIE. Numbers ſet before, that is, on the left hand of quantities expreſt by letters 
are called Numbers prefixt; but if no number be prefixt to the letter, then 1 or unity 
muſt be imagined to be prefixt: As, in theſe quantities a, (or 1 a,) 2a, 3 a, 4 a, 2a 
5bbb (or 5b3) the numbers prefixt are (as you ſe) 1, 2, 3, 2, 2, and 5, every one of 
which numbers (and the like ſo prefixt) ſhews how often the quantity repreſented by 
the letter or letters immediately following the number is taken; ſo a or 1 a fignifies 
ſome number or line once taken, alſo 2 a repreſents the double, 4a. the half, and 2a 
two third parts of the number or line repreſented by a. In like manner '5bbb, or 563, 
ſigniſies that the Cube of the number or line repreſented by b is taken five times. 
XVII. All numbers expreſt by figures and cyphers (as in vulgar Arithmetic) not 
having any letter or letters annexed to them, are for diſtinction ſake called Abſolute 
numbers; as theſe numbers, 5, 20, 105, , and all others when they be not pre- 
fixt or annext to any letter or letters are called abſolute numbers. 5 
XIX. All Algebraical Operations are perform d in an Arithmetical manner, partly in 
the vulgar way by numbers, and partly by Alphabetical letters in all the parts of A- 
tithmetic, to wit, Addition, Subtraction, Multiplication, Diviſion, and the Extract- 
ion of Roots: But ſince letters cannot be diſpoſed like numbers to perform thoſe ope- 
rations, ſome Characters muſt of neceſſity fo uſed to ſignifie ſuch operations. The 
Characters uſed in this firſt Book are explained in the following Sections. 
XX. This Character + is a fign of Affirmation, as alſo of Addition, and always be- 
longs to the quantity that follows the ſign; as, +a affirms the quantity denoted by a 
to be real, or greater than nothing; the like may be ſaid of +b, and + 2c, &c. 
When no ſign is prefixt before a quantity, the fign + is always to be underſtood; 
and muſt be imagined to be prefixt; ſo a implies +a, likewiſe 20 ſignifies the ſame 
thing with + 25; the like of others. ß; TiBUg 100109 70 007 28 LOR 
hut when the ſign A is placed between two quantities, it imports as much as the 
word plus, or more, and ſignifies that thoſe quantities are added or to be added — 1 
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gether: As 3+4 5 3 more 4) ſignifies the ſum of 3 and 4; or it hints that 4 is 
to be added to 3. In like manner a+b ſignifies the ſum of numbers or quantities 
repreſented by a and b; and a ſignifies the ſum of quantities denoted by a, b, 
mrs: 5.8 1 151 5 f 1 271 | | 
XXI. This Character — is a fign of Negation, as alſo of Subtraction, and always 
belongs to the following quantity; as for Example, — 5 is a fictitious number leſs 
than nothing by 5; viz. as + 5 J. may repreſent five pounds in money, or the Ettate 
of ſome perſon who is clearly worth five pounds; fo — 5 l. may repreſenta Debt of 
five pounds owing by ſome perſon who is worſe than nothing: by fivepounds. 1 

But when the ſign — is placed between two quantities, it imports as much as the 

word minus, or leſs; and intimates that the number or quantity following that ſign is 

Iubtracted or to be ſubtracted from the number or quantity that ſtands next before 
the ſame ſign: As 8—3 (or 8 leſs 3) ſignifies that 3 is ſubtracted or to be ſuberaQ- 
ed from 8; or 8—3 denotes the exceſs of 8 above 3, to wit, 5, 

In like manner a (or a leſs b) ſignifies that the quantity denoted by b is ſub- 
tracted or to be ſuhfracted from the quantity a; or a- may ſignifie the exceſs of 
en 1 at 5 . 

II. This Character © ſignifies the Difference of two quantities, to wit, the exceſs 
of the greater above the leſs, when tis not determin'd or known in which of thoſe 
uantities the exceſs; lyes; ſo ah h fignifies the difference of two quantities repre. 
ented by a and h when tis not known whether a be greater or leſs than b. 

XXIII. This Character X is a ſign of Multiplication, and is put for the word into, 
or by; viz, when tis Tet between two quantities it fignifies that they are multiplied, 
or to be multiplied mutually one by the other: As, 6x3 (or 6 into or by 3) im- 
ports the Product of the multiplication of 6 by 3, to wit, 18. . 

In like manner a XU fignifies that the quantity repreſented by a is multiplied or 
to be multiplied by the quantity b: alſo axbxc fignifies the Product made by the 
continual multiplication of rhe quantities a, b, and c, one into anoer. 
But for the moſt part the Multiplication of quantities denoted by letters is figni- 
fied by the joyning of letters together, like letters in a word; as ab ſignifies the Pro- 
duct of the multiplication of the quantity a by the quantity b. Alſo abc fignifies 
the Product of the continual multiplication of the quantities a, & and e one iſto a- 
. 7 All which will be * po —— Chap. 4. Rs 8 N 

XXIV. Quantities deſign d oi repreſented by letters are either Simple or Compound. 

XXV. A Simple quantity is defigned or expreſſed either by a fingle letter or by 
two or more letters joy ned together like letters in a word: As a (or +a) is a fim. 
1 ; likewite 2aa, 3 abc, and dddd are ſimple quantities. fr | 
XXVII. A Compound quantity conſiſts of two or more fimple quantities con- 
netted or joyned one to another by + or -; ſo a+b is a compound quantity, like- 
wife a—c, alſo a+b-+c, and a+ b—c are compound quantities. CEO 

XXVII. Every one of theſe four Characters, to wit, +, —, , and v, (before defined 
in Sect. 20, 21, 22, and 23.) may fornerimes have reference to ſuch a Compound quan- 
tity as follows the ſign, and has à line drawn over every member of it. As, for 
Example, by ac, you are to underſtand that the difference of the quantities b 
and c (whether the Exceſs be in b or in c) is added or to be added to the quantity a. 

In like manner, ah ſhews that the Compound quantity Þ+c is ſubtracted or to 
be ſubtraQted from the quantity a; where in regard of the line dran over bc, the 
ſign— hath reference to the ſubtraction of c as well as b from the quantity a. But if 
that line were omitted, then the ſign — would only refer to the next following ſimple 
quantity: As, a—b-+c, (or a+c-—b) ſignifies the ſubtraction of h only from arc. 
Moreover, a: b-+ c: fignifies the difference between the ſimple quantity a, and 
the compound quantity b4c. r-. ji! 10 
And axb—c fignifies that the . 4 is multiplied or to be multiplied by the 
exceſs of the quantity b above the quantity c. „„ 
XXVII. This Character / is called a radical ſign, and ſignifies that the Square 
root of the number or quantity that ſtands next after the ſaid ſign V, is extracted, or 
to be extracted; as /25 ſigniſies the ſqua re root of 25, to wit, 5.3. and 1 36 ſigniſies 
the ſquare root of 36, to wit, 6. 2 SAW mn 0.1 
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Likewiſe yab ſignifies the _—_ root of the quantity ab. So that when a number 
or quantity immediately follows the ſaid radical fign /, the ſquare root of that 
nu or quantity is thereby denoted. 5 1985 | en ee 
But to deſign or repreſent the Root of a Power higher than a oats, ſome Algebraical 

Writers (whom in this matter Iſhall follow) are wont to write the Index of the Power 
within a Circle next after the fign /; As for Example, /(3)27 ſignifies the Cubic ox 
of 27, ta wit, 3. Likewiſe, /(4)16 denotes the Biquadrate root of 16, to wit, 24. that 
is, the root from whence 16 conſidered as the fourth Power is produced. Again,y(5)243 
fignifies the root from whence 243 conſider d as the fifth Power is raiſed; which Root is 
3. And if you pleaſe you may writey('2 )81 to denote the ſquare root of 81, to wit, 9. 

Likewiſe y(2)a figniftes the Cubic root of ſome number or 2 repreſented 
by a. Alſo ( be fignifies the Biquadrate root of the Quantity bc. 

Sometimes the Radical Sign belongs to as many of the following Quantities as have 4 
Line drawn over them; as Y: 6b +c: or, (2) 1 Te: ſignifies the Square root of the 
ſum of the Quantities ù and c. Likewiſe /: c: imports the Square root of the 

Remainder when the quantity c is ſubtracted from the Square of the quantity b. 

Which Roots, and ſuch like, are called Univerſal Roots. N 
Again, 4+ Vt: ſignifies that the Quantity e is firſt to be ſubttacted from the 
Square bb, and then the Square root of the Remainder is to be added to the quantity d. 
But that the Learner may the better perceive my meaning in the three laſt Examples con- 
cerning Univerſa] Roots, ler h ſignifie 43 bb, 16 5 c, 123 and d, 23. Then V:b 4c: 
ſignifies /: I 12: that is, V16, to wit, 4. Alſo y: b — c: fignifies V:16=12 ; 
that is, v4, to wit, 2. And d+v:bb—c: fignifies 23+2, that is, 25. After the 
ſame manner the Univerſal Square root of d- e: may be expreſt thus 
oa VdV =: that is, 5. KO "Ws 
XXIX. Four points ſer in chis form: : are 2 in the middle of four Geome- 
trtical Proportionals, as, for Example, theſe four Numbers 2. 4 :: 6. 12 are Geome- 
trical Proportionals, and to be fead thus; As 2 is to 4, ſo is 6 to 123 or, (in the 
Phraſe of The Rule of Three) If 2 give 7 then 6 will give 12. „ 

In like manner theſe four Quantities, h. d:: c. a are to be read thus; As h is to d, 
ſoc to a, that is, look what proportion þ has to d, the ſame proportion has c to a. 
Alſo theſe fout Quantities, b +c .d—a : : f. g do intimate that the ſum of b and c 
has ſuch. proportion to the Exceſs of d above a, asf has to g. The like is be un- 
derſtood of others. | OR 


XXX. This Character; ſet at the end of three ot more Qyantitles, imports that 


. 


they are Continual Proportionals Geometrical , ſo by 2. 4.8.16. 32 f it is ſignified 
that ſuch proportion as 2 has to 4, the ſame has 4 to 8, 8 to 16, and 16 to; 2. 
Likew¾iſe by theſe a. b. c , you are to underſtand that the quantity a has the ſame. 
proportion to the quantity b, as b to c. 3 es by 
XXX. This Charactef = is the fign of an 5 or Equality, and imports as 
much as the Word Equal; as 8+4 = 7A fignities that the um of 8 and 4 is equal 
tothe ſum of 7 and 5. Likewiſe 8 = 12—4 that 8 is equal to 12 leſs 4, to wit, 
he eee abe „ RTE 2 LO 
Again, 8X 3 = 4X 6 denotes the Product of 8 multiplied by 3 to be equal to the 
JJ 7 | = a. 
So alſo ah cd ſignifies that the ſum of the quantities a and b is equal to the 
ſum of the quantities c and d. This will be farther explained in the XI. Chapter. 
XXXII. This Character & ſtands for the Word Greater, viz. it ſignifies that the 
Quantity which ſtands before, that is, on the left hand of the ſaid Character is greater 
than the quantity following the ſame; fo 5 ©4 muſt be read thus, 5 is greater than 4. 
Likewiſe a+b©c fignifies that the Compound quantity a+b is greater than Ye : 
ple quantity c. And d ca- c fignifies that the quantity d is greater than a 
XXXIII. This Character A ſignifies that the quantity ſtanding before the Chara · 
Tter is leſs than the quantity following the ſame; as 42 5 muſt be read thus, £2 | 
leſs than 5. Likewiſe, a cd fignities that the compound quantity a his 
than the compound quantity c d. . . 
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XXIV. Quantities, whether they be Simple or Compound, which are expreſt 
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either wholly by Letters, or partly by Letters and partly by Numbers written upon one 


Line, are called Algebraical Integers, or whole Quantities 3 as theſe, a, ab, cd + ,, 


ER | | | .. 6 aa++bb az . é 
«+3, Oc. But theſe quantities, =, = > =o and others. ſo written, are called 


Algebraical Fra&tions, becaufe each of tkem like à Fraction in vulgar Arithmetic” 


"conſiſts of a Numerator placed above a Line, and a Denominator -underneath. 3 


. : ww 


1 HEN, 8 8 3 © 44630 $a 


ans . | ” — 


. :* 1 85 
Addition of Algebraical Integers. 
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. A Lyebraical Addition finds out the Sum or Ageregate of two or more Quan- 
e tities expreſt either wholly by Letters, or partly by Letters and partly by 
umbers. C | hl —phene De | 


þ 


— U ; 
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II. The Operations in Algebraic Addition depend principally upon a diligent ob- 


"Firſt, You muſt obſerve whether the Quantities to be added be Like or Unlike. 
Like Quantities are thoſe which'are expreſt by the fame Letters equally repeated in 


every. one of the Quantities ; ſuch are theſe, a, a, a, each of which is expreſt by 
the ſingle letter a, Alſo theſe are like quantities, 3aa, aa, — aaa, each of which is 


expreſt by a double a, to wit, aa: Likewiſe theſe, 2ab, 3ab,—ab are called Like 
quantities becauſe every one of them is expreſt by the ſame Letters, to wit, ab. 


Unlike Quantities are thoſe which areexpreſt by different Letters, or elſe by the ſame. 


letters 3 repeated; as, for Example, band care unlike quantities, becauſe they 
are expreſt 


and -+ 3a have like figns, the ſame fign + being prefixt befo 
theſe quantities, —24 and—3a have like figns, the fame ſign — being ag toeach 
quantity; but theſe quantities ++ 24 and — za have unlike or different ſigns prefixt. -. 

Thirdly, The Numbets prefixed before the Letters muſt be diligently obſerved, for 
their ſum or difference will be concern'd in Algebraical Addition, as will be manifeſt 
by the following Rules. e 

III. When two or more ſimple Algebraical Integers (or whole quantities) propos d 
to be added or collected into one Sum are like, and have like figns, Firſt collect the 


numbers prefixt into one Sum; then to that Sum annex the letter or letters by which 
Any one of the quantities propos d is expreſt; laſtly; prefix the given ſign whether it 
„ be + or —, ſo ſhall this new quantity be the Sum deſired. As, 
4 14 for Example, if it be defired to add a to a, or ＋ 1a to 
Ta N14 +14, the Sum will be 2a or +24, for (according to the 


o 


fm 


Sum aa |4-2a Rule) the Sum of the prefixed Numbers 1 and 1 is.'2, tc 
ks which I annex à and prefix + (or imagine it to be pfefixed, 
ſo 2a or + 2a is the Sum defired. | | 


—2þ numbers prefixt are 2 and 1, which added togethef make 3, 


of 2 
„ 
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y different letters; alſo 2abcand 2abare unlike quantities, becauſe the let-. 

ter c is in the one, but not in the other. Again, and aa are unlike quantities, in regard 

the letter a is not equally repeated in both. The like is to be underſtood of others. 

| Secondly, You muſt obſerve whether the Signs (to wit, I and —) belonging to like wo 

quantities given to be added be Likeor Unlike : As, for 5 theſe quantities + 24; __ 
re each quantity. Alſo 


In like manner, if to—2b you would add — b, the Sum wilt be —3b. For the 


7 * "7", 


C H A P . ; 2. Addition in Algebraic Integers. 
More Examples of the Rule of Addititn tn the firegoing Sed, Ill. 
| 5a — aa ＋ 7a | 
To be added, f 1 | "Boo 


3a | — 248 | 
The Sum, Ba [ — 74a 1 + 200 „ 5 


" - 6 EP. _ 
To be added, 3 24c . 3 
„ — 6bcd | + Jai 


—— 


— — 
2 


The Sum, 6 | — tobcd | +120 


IV. When two ſimple Quantities propos d to be added together be like, and have 
equal Numbers prefix'd, but unlike or contrary Signs, the Sumwill be e, or nothing; 
for the affirmative Quantity will deſtroy or extinguiſh the 
Negative : As for Example, if it be required to add c, or +c; — 
to —c, the Sum will be o, to wit, nothing. For ſuppoſing Add, & ＋ 
c, or Ic to be a Debt of one Crown that I owe ; 2nd 55 — 
Cc, or +1c to be one Crown in my Purſe, it is evident that Sum, 11 
one Crown in ready Money will diſcharge or ſtrike off a Debt of * : 
one Crown; and ſo that Debt and Credit being added or compared together, the 
Sum amounts to o. "af EEE ob 5 IN = 
In like manner, if it be defired to add —6T. to +61, the Sum will be o; for 
if my whole Eſtate be worth but 6 Pounds, and I owe a Debt + 64. 
of 6 Pounds, it is manifeſt that my clear Eſtate is worth or Add, 2 — 671, 
amounts to. juſt nothing. — 
e Ft | | Sum, = 


| More Examples of the hit of dais in the preceding Set. W. 
T7 i Ct Sie gol: 1-1 49d. 

To be added, 4 — 3a | 4-46 | + 7ddd 

, ) 
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V. When two fimple Quantities: proposd to be added — — be like, but their 
Signs unlike, and the prefixed Numbers unequal between thertiſelves; firſt ſubtract 
the leſſer Number prefixed from the greater, then to the Remainder annex the Letter 
or Letters by which either of the Quantities propoſed is expreſt; laſtly, before the 
Aid Remainder ſet the Sign which ſtands before = greater Number prefix d, ſdſhall 


As for Example, if it he defired ta add 23 töẽd C + 3a 
+ za, the Sum will bea. For. firſt Subtractingg 2 Add, 3 — 24 
|  from3 the Remainder is 1, to which annexing a and fe — 
prefixing + (becauſe + belongs to that Quantity Sum, 1a, or, + 4 
Wich has the greater: Number prefix d) there ariſes +14,'0r +a for the Sum 
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— 
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: 


+ ſought. En ro nog | 
Again, to add +btq —3þ, I ſubtract 1 the leſſer  _. 
Number prefix d, from 2 the grögter, and to the- s 


Remainder 2 atinexing ͤ . - Add: 0 + b 
belongs to 36 whoſe prefix'd Number 3 is greater — 


than that of T or "+16 ) I find —2b for the. Sum, — 26 
. 1 Se TM | 1 A 4 CET 
Thus you ſeethatthislaſtRule of Addition is performed by Subtraction, and may eaſily 
be underſtood under the Notion of diſcharging L off a Debt, or atleaſt part of a 


* - 
” 
, 
. 
» 
- 
4 4 
r . F 
. 
. * 
1 
- 1 <* + "oo 
F * 
* ; N . . 
"LS „ * 5 1 1 
* 7 . 
+ * * 6 2 
. * — . BP af 
* . ” " 
: #d' > 6. 1 F hoe 2 3 ; 4 
1 8 5s - 2 
$0 % * q * « N 
U „ aan a 3 * 8 . 
2 1 2 "ev . W ” 
4 hs Sa 8 2 8 > W 5 3 >; 8 
» * 0 


; Dang by mach ready Money or Conant a pO REIN ret ES 3 


” Q . * ” » PF _ % . * 2 : 4 * 4 . N 
9 * * : 
: , * oy _ * - 4 1 * ; , „ 
5 WI *, ” ö \ 4 1 N * 7 #% \ + 2 * 3 45 7 : 
* * 0 1 þ ö 3 8 * Y | 44 x o 8 7 q 6 
8 4 N ; 4 ö - 
© it. aL. ts 8 FLIP EY * 


2 


aA. 


or what Money or Credit remains as an overplus : So in the firſt of the two laſt Ex- 
amples, you may conceive + 3a to be three Pounds in ready Caſh, and — 23 to 
be a Debt of two Pounds; then comparing the faid ready Money and Debt toge- 
ther, you will find by Subtraction that the clear Money remaining after the Debt 
is pay d, will be one Pound, to wit, ＋ 14 or a which is the Sum of the Quantities 
+234 and — 23. Likewile in the latter Example, it —3b be conceived to repre- 

| ſent a Debt of three Pounds, and 5 or +16 one Pound in ready Money; tis 
evident that this will ſtrike off one Pound of that Debr, and ſo the Debt remaining 
will be two Pounds, to wit, —2b, which is the Sum of —3b and +b. 


More Examples of the Rule of Addition in the preceding Sect. V. 


+ 6abcd _— 8f+4 
— a} +25 


To be added, 3 . 7% | 
. 


The Sum, — 2a 
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VI. When three or more ſimple Quantities propos'd to be added be like, but have 
unlike Signs; Firſt, (by the Rule in Sect. III. of this Chap.) collect the Affirmative 
quantities into one Sum, and the Negative quantities into another ; then (by Sec. IV. 
or V.) add thoſe two Sums into one, ſo this laſt Sum ſhall be that which is fought. 

As, for Example, If the Sum of theſe four Quantities, 7a, 24, —3a,'—5a be 
defired ; Firſt, (by Seck. III.) the Sum of 7a and 24 is + 9a; alſo the Sum of —38 
and —5a is —8a; laſtly (by Seck. V.) +9a added to —8a makes + a; that is, a, 
which is the Sum deſiret. . 05 30-17 AT IH SL 


+ 5a — 2bc 445 
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To be added, < +.32 | + %% %% 
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To be added, < — 4 
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vm. The Addition of Compound whole Quantities may eafil be diſpatch 
the help of the Rules in the preceding Seckiont of tkis Chapter, 2 as will dir we by 
following Examples. 5 | 
Firſt then, If this Compound quantity: a--b be to be added 1 to a+ 25, their Su 
is a+b+a+ 2b, that is 2a+36, 15 2 — makes 2a; and dern makes hes 755 


I aimed 
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Again, The Sum of theſe two. C IT 3 Dt 1 21 
y 


3b+5a+2b—24, that is, 9 For 
9.54 5a—24 makes ＋34. 
Lewis The Sum of theſe two Compound quantities My 6 ad 


„ will bs found N 2: For gee. added to zes makes. Sev ATT 


added to —2f gives A , and —8 added to +6 makes —2. 


After the ſame manner, 3a—8 added to 104 hes 2a+23 *F for 4 


added to —a makes ＋ 24, and —8 added to +10 gives +2.) 
Again, The Sum of theſe two Compound quantities a+b and c is a+ bod, 
which Sum admits of no Contraction, in regard all the Simple quantities ao alike, 


Hore Exanple 7 the Addittiy of Compound whole Quantities. : 
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Subtraction in 


Gu A r. a. < 
Subtraction in Algebraic Integers. 


Lygebraical Subtraction takes one Quantity, whether it be expreſsd by a Letter 
or Letters, or partly by Letters and partly by Number, out of, or from an- 
ther, in ſuch manner, that if the Remainder be added (according to the Rules of 
Algebraic Addition) to the Quantity ſubtracted, the Sum will be always equal to 
the faid other Quantity. 4 5 
II. A general Rule to find out the Remainder in all caſes of Algebraical Subtracti- 
on is this: Firſt, joyn both the given Quantities together, by writing one after the 
other; but with this caution, that every Sign of the Quantity given to be ſubtracted, 
be ever changed into the contrary Sign, viz. + into — and — into -+ ; then ſhall 
the Sum of both Quantities ſo conne! be the Remainder ſought, which is to he 
contracted (when it may be done) into the fewelt and ſmalleſt Terms, by the 
Rules of Algebraical Addition. | Ser V 
As for Example, If from 5a it be defired to ſubtract 3a, firſt, I write down 525, 
| then next after the ſame I write —3a ; (where 


* 


Out of 54 obſerve, that accordin he R | 
1 Pp g to the Rule above given 
Subtract Pat; 1 I change +. _ Sign belonging to 3a the Pang = 
: © rity given to be ſubtracted, into —,) ſo there 
re 3 ariſes 5a — 3a, which being contracted ( by the 
8 = Jo Rule of Addition in Sect. V. Chap. II.) makes 
contracted, 2a the Remainder ſought. = 


Likewiſe, if from 3b it be deſired to ſubtract — 20, I firlt write down 30, and next 
r after the ſame I write +26; ſo 30 2, that is, 
27 5b is the Remainder ſought; where obſerve (as 


Subtract 1 3 _ that I change the Sign _ _ Deng 
1 9 x * to 26 the Quantity propos'd, to be taken out of 36, 
3 3 r dino che eonency gn F. Für that the Rid 5518 
ane * 5b a true Remainder, we may prove by Addition; 
conrratted, 3, * . for +56 added to —2b the Quantity ſubtracted, 


makes +36, which is the Quantity out of which the ſaid — 20 was ſubtracted. 
Moreover, if a be to be ſubtracted from a, the Remainder will be a—4a, that is, 
o or nothing. And if from 26 there be ſubtracted 4b, the Remainder will be 26 
Likewiſe, if from — 2m it be required to ſubtract — m, the Remainder will be 
found —2m+m, that is, —n. In every one of which Examples you may obſerve 
that the Sign of the Quantity propos d to be ſubtracted is changed into the contrary Sign. 


Again, if from 2b, it be deſired to ſubtract 2ab, the Remainder will be 2c — 2b 
which, becauſe it conſiſts of unlike Quantities, 


_ — — gcgc̃annot be contracted into fewer or leſſer Terms, 
| 8 by any af the Rules of Algebraical Addition, 
But according to the definition of Subtraction, 


Remainder, abc — 24 the ſald 2c —2ab is a true Remainder, for if it 
be added to 2ab the Quantity ſubtracted, the Sum is 2bc, which is the Quantity out 
of which the {aid 2ab was ſubtracted. —- FE”. 


More Examples of Subtraftion in Simple Algebraic Integers. 


Out of 2b + 3c. E21 
Subtract 5 „ 
Remainder N N +46. : : } —_ 5 


* + 
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contracted, | -- 
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Out of 33 
Subtract 5a 


„el c en en - - 
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Ds - 5, capa ag ** a 22 d ow age a+ ve" = #4 „ ect 1 Py 1 
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Remainder, 3a 5a 
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| —8d+10d + OE 
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. | =28 
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dt a 
Subtrat — bed 


12 
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Remainder, =] 
"Remainder 2 


— bed + bed | 


contracted, 3 > 
From | d aw th — . 
| Subtract ve 2 | 2 — 3 : —232 
Remainder, d- | —2b30: | Tae 
From - | 8bb4 = | => 3abed g 
Subtract bbb _— br 
Remainder, 30d — 22% | ++ 3ahed47as — = 


Mi 


8 * 
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—— —— * — 
» 
ha 
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Nor will the Operation be otherwiſe in the Subtrattion of Compound A tenſe lnte⸗ b 
gers; as for Example, if from this Compound quantity 2 1. de den to 
ſubtract a 35. Firſt I write down 3a 1255 
＋ 256, then next after the ſame I write Subtras 4 736 


5 which belongs to a, and alſo to 3b, in the Rai 


given; C6 che Remainder Dught is 30--26=4—=3), that B, ae, ( by. 
Again, If from 2a +b, it be defired to ſubtract 5a—6b, the Remainder will be 


3a 
Likewiſe, to ſubtract -d 


trary Signs; viz. inſtead of c—d, I take * . 
Tee which added to % makes 99m , EET 
1 r becauſe it . „„ OE ro NES ONO, 

_ altogether of unlike Quantities, cannot 1 8 rms | 
contracted into fewer Terms, and there- Remainder, _ Te | 


fore the faid a-+b—c-+d is the Remainder ſought, to wit, that which ariſes 


by ſubtraQting -d from ar. 


= n 


4- 


—+54—6b (the Quantity to be Subtra- 
Qed) into the contrary Signs, ſo there 


After the ſame manner, «d+36 ſubtraQted from 3aa-+bc+24 leaves 3aa-+ - 
Teraz, that is, zd i... 


From 3a 20 


2 


CI 7 
Remainder )' 


& 
4 r 


a Subtraction in BOOKI 
— —tö— 0: — —H ͤ ¼ —— — — —ę—t' y p— 
More Examples of Subträction in Compound Algebraic Integers. 
Out of T 30 —8 | 
Subtract 17 1 , 
Remainder, 24 b—a+b 5 30 —8— C25 
Remainder T | 1 
— | | —ge+7 5 
— 4 54 — 4b — 34 ＋ 36 29e ＋ 3-7 
emainder | | 7 
Out of aa + 2ba + bb © 5 = 3d 4 6 
Subtract —+ 46a T + Mas - 
Remainder, as + 2ba + bh —aba | —2d+6—d4+2 
Remainder in Rn s | 
contratted, 3 — © 3 1 
ont of $33 27 * 3aa +6 
Remainder, Jef + 2) + 8 — 3% gaa+6+3d 
Remainder? 240 + 1 . „ 
Contracted, 5 * 5 . e,, Were 3 
— d' — — mmm mmm —ę—V—-—½ non mom 
From a+b e 
Subtradt c d | 2 


— — 


III. The reaſon of changing the Signs of the Quantity to be ſubtrated into their 
cContraries, to wit + into —, and — into + ( according to the Rule before given) 
will be manifeſt from a ſerious Conſideration of the definition of Subtraction, which 

requires that the Sum of the Quantity ſubtratted and the Remainder be equal to the 
quantity from which the Subtraction is made: for firſt, (according to the ſaid Rule) 

the Remainder is always compos'd of both the quantities propos d for Subtraktion, 


with this Caution, that the Signs + and — in the quantity to be Subtracted be chang- i 


ed into the contrary Signs; Secondly, (according to Algebraical Addition) the 
quantity to be ſubtracted with irs own ſigus being added to it ſelf with contrary ſigns, 
will deſtroy or extinguiſh it ſelf; therefore the Sum of the Remainder and the Quan- 
tity to be Subtracted will neceſſarily be equal to the Qs from which the-Sub- 
traction was made And therefore the certainty of the ſaid Rule of Algebräical 
SubtraQidh, and the Reaſon of changing the Signs of the Quantity to be ſubrrafted 
into their contraries, to wit, + into —, and = into , is manifeſt: So if from 
a+b there be ſubtracted a—þ, the Remainder (according to the Rule of Alge- 
braical Subtraction before given) will be a-+b—a-+b, to which if a+ (the 
quantity ſubtracted) be added, it is evident that a- will deſtroy —a+b, and 
1o the Sum will be ab, to wit, the quantity from. which a. - was ſubtracted. 
. 7 oo EE | "CHAF.- 


bo — 22 


— 3 


— — 
* 1 ” as 


1 5 A: ab 
* # 3 Fs up S © 7 
7 S 
"of 4 


Wen: A P. IV. 
Mule lia, in Algebraic Integers, 
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. FEW gan pre, FRET io Quantities, veliather they be expreſs'd 
1 wholly, rtly by tters gy partly b 2th] leok ay 
third Quantity, whic 15 2 ed the Product, the Fact. or t Th Rectangle. 
The Quant ries given to be multiplied one by the other are talled F ü ; or (as 
in vulgar Arithmetic) either of them may be called the Multiplicand, and the other 
the Multiplicator or Multiplier. 
II. When two Simple ( or ſingle) Quantities expreſs'd by Letters, whether 
like or unlike, be to be — by one another, and have no Numbers prefix d 
to them, join the Letters of both Quantities together, like Letters in a Word. it 
matters not in what order they be written; then the new Quantity repreſented by 
the Letters ſo ſet on is the Product ſought. 
As for Example, If the Number or Line a be to be multiplied by it ſelf, to wit, 
by a, I write aa for the Product: So alſo to age 5 y a by b, I ms ab os ba * 
the Product; in like manner if I would multiply abc by be, I write abzbe, or abbec, 
or accbb, c. for the Produk. 
And if 4, b, and c, be to be multiplied one into be firſt a multiplied by 
b produces ab, then ab multiplied by c produces abc, or bac. or bea, to wit, the 
Product made by the continual eve Cre of the three Quantities a, b, and Go Ai 
Again, if aa * to be multiplied b y ba, the Product will be aaab ; which may 
alſo be written thus, 4; where the Learner muſt diligently note that the Figure 3 
which ſtands next after but 2 little higher than a, muſt not be taken as a Number 
refix'd to b, but as an Index to ſhew the number of Dimenſions in as, or aaa, (as 
ore has been faid in Set. XVI. and XVII. Chap. I.) j 
Likewiſe, if aaa be to be multiplied by aaa, or 21 by a3, the product will be 
aaadan, or 4e, in which latter 0 ofgexpreſfin he Product, the Index 6 ſtanding 
at the Head of à is the Sum o 3 and 3 the Indices of the Quantities a and 
Props d to be multiplied. <a | 
_. - Soxke Produèt made by the Multiplication of 5555 by. bbb or ba by. bs wil te x 
Bbbbbbb, or 67 ( 7 being the Sum of the Indices 4 and 3.) | 
Like wiſe if theſe three Quantities be to be multiplied continually, to nit, — 8 


Þbbb and ccc, the Product may be expreſs d tun azanabbbicec, or e 
| n e s and io of others” | 15 | 


Hire Ene, 17 Multiplicdtion in * ole ae. han, au 
15 4 27 the ee Sect. II. 


kae Ws Re >. | 4 a ccc 
3b! KID TIA BR” aa non TRY amr nr 
Prada 5 \ dd — ac cccec 
b nd, abe def Adabbec 
or aim P | wi 
57 4 | 4 10 aaabhec be Boaz | F- 8 aches — 


— — — — 
*r 9 — * B— 1 _ 3 a 


II, Iro fi mple Geenen e. le o or unlike having Nu mbers prefix d before 
them, be to be multiplied one abe other; firſt multiply the Numbers prefix d, one 
9 the other, thento this Product annex the Letters « both Quantities, by immedi 7 


1 Ac. ta alin dhdh.* 


© YT PIT WO WE 5 


16 Multiplication im 560K l. 
immediately one after another, (as before in Sed. . ſo this new Quantity ſhalt be | 
1 if it be deſired C 
As, for Example, if it b red to multiply 2a by 30; firſt I multiply 2 by 3, 

KD aa and the Product is 6; to which annexing 4, 40 to wit, 


Multiply = the Letters found in both Quantities given to be multi-, 
by ot © plyed ) there ariſes 6ab the Product ſought ; which 
P al ſhews that ſix times the Produtt of the Multiplication 
, Product, of any two Numbers, or Right- lines, a and b, is equal 


to the Product made by the Multiplication of the Double of a by the Triple of . 
In Iike manner, if 26 be multiplyed be c the Product will be 2bc, or 2ch; for 2 
7 which is prefix'd to 6 in the Multiplicand, bei 
Multipl 2b nl ich 1 I 
N * p multiplied by 1, which is ſuppos d to be prefix'd to 
F the Mulriplier c, makes 2, to which annexing be, 


ne. Poe bl there is found 2bc for the Product ſought. 


More Examples of Multiplication in Simple Algebraic Integers, 
| according to Sect, III. | I ; 


Multiply 4 | _ | . 34% 


by 242 dgh 
Product, gab T 36acd did 
Multiply aaa 343  16aab 
Product, aN EL 346 | Sa EET ITE 


IV. The Multiplication of Compound quantities depends upon the precedent Rules 
of multiplying ſimplequantities; for when a Compound quantity is to be multiplied 
by a ſimple (or fingle) quantity, every Member of that muſt be multiplied by this; 
alle, when two compound 3 are to be mutually multiplied, every Member 
of the one muſt be multiplied into every Member of the other. It matters not whe- 
ther you begin to multiply at the right Hand of the left, nor in what order the parti. 
cular ProduQts be ſet; (for quantities expreſs d by Letters retain their peculiar and 
unaltered values whereſoever they ſtand ;) but due regard muſt be had to the Signs - © 
and —, one of which always belongs to every particular Product, and may be diſco- 
vered by this Rule, viz. + multiplied by +, or — by —, makes + in the Product; | 
but + multiplied by —, or — by +, makes— in the Product 3 laſtly, all the particu- | 1 
lar Products added together (according to the Rules in the preceding Chap. 2.) make 
the total Product ſought: All which will be made manifeſt by the following Examples. 1 
Firſt, if a Compound quantity, as a+6, be to be multiplied by a ſimple quantity, 
ieee + b as c, I begin at the left Hand, and multiplying. +a 
- * LY | by +c the Product is Tac, (for + multiplied 
y dua gives ＋ ;) likewiſe +b multiplied by +c 
as = ＋ 5 produces c; which two Products added toge- | 
* N ther make ac -f be, which is the Product of the 1 
Multiplication of a+b by c. FCC N . 
So if a—b be to be multiplied by c, the Product will be ac —bc. For T2 
multiplied by +c produces -þac ;. and —5 


—— 


Multiply “ multiplied by -+c produces —bc; (foraccord- 
Yo CL ing c the Rule. — multiplied by + o_ 2 
Produkt, ac —be © 5 -+ac—be or ae—be is the Product * 


, 2 Aa 1 
1 I 5 * 


plied bx. a. 


as, for Example, to multiply — 4 be by 


again multiplied by. — 26 
| egy ns! make gaa—1 24e gec which” is „ 


may peruſe the following 


— 


CHAT. _ 1 1 A 


* Afret the fame marther, 71 ir de deſired to KM 7" ya bd gin 
multiply u 5. 'by e 6447 the Product will Multi 2 
be found e r- a- For, firſt a bOF 6 mr Big 
being multiplied 250 (As m the firſt Example) ©: of ris 

produces Tac; likewiſe ab" again 
multiplied by d, produits +ad+b © then plies - 


adding thoſe Preducts e ogether, the Zum is he: ati HH 


ac be fad r bd, which 20 the- required Product of 2 Tb multipl 
Again, if a—b be multipJied by -d the Product will W's ates by 1. 


14 4 

For Firſt, a—b multiplied by c produces e 

ac—bc, (as in the afl Example but one ;) Multiply a- by 

then 6 7 Gracari by 555 le 99 5 6d 2 | 
duces —ad+bd, (for according to the Ru — 

＋a multiplied by -d produces —a iy oduct, 8  a6—be—ad +4 


and —b by —d produces ud.) Lam” thoſeparticular Prod added 
make ace -ad-· hd, which is the Product of amb multi pigs togethes 
Likewiſe; if a+6 be TOO Dy ab, | 


the Product will be na- b. Ny ab+b. Mulcipty "S 4 4 
| multiplied by a produces aa ba; then a-. 3 
multiplied by —5 roduces —ba—bb , laſt- Z —terettoloas - 
ly, the faid Products aaa and —ba—bb RE TY pov 
added together make aa—bhb, (for la ante Ras Sir . ines 
—þa by Addition do qu evaniſh ) There- ER 1 
fore aa—bb is the Pr t of a multi- Produdt, —bh | 


8 =y 


Moreover, if ae be multi plied by by «+6, the Prod 2 
+ e, Tos = . of the p particular pn will vaniſh by FT be only 282 
nd if a+ multipli y at ſelf, to by , the Pro 
24b+bb, which is the of. ag. ears ; ha "ny will be * 
Likewiſe the Square of a—b will be found aa—2ab4+-bþ.. 
Norwill the Operacion be 2 when Numbers * to c 
tities propoſed to be multipli 


2 
being had to the Third Sec. of this Multiply 


by 34— 20; irſt , 3a—2e multiplied _ .. = ba — 50 


by z produces guad, in 202 __ — 


S+4z ; which ries Products: Ade — 


aa 245 K ger 3 


the Square of 3a—2e... 


cc 1 hes n 


When abſolute Numbers are members of Quantities to be mule multiplied, the Rules of | 


Mubiplicationinva Arithmetic and thoſe before given 2 5 ſerved 
If it be 8 3 204 22 mY « e ney . 9 


. y the abſolute PINOY WICCA Is — 6:64 3 2 
nnr I5a+30 | 
For five mes 3a makes 154, and five times 6 makes 30. 


| Likewiſe, if z be multipliec by a—6;-the- Product wil . ani. ; 


mw 18, and the work will ſtand as here you lee, 
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Multiplication in 


indifferent to begin the work either at the right Hand or the left, it will be eaſier to write 
forward than backwatd. And as to the placing of the particular Products, there is 
no neceſſity of obſerving any Order therein; for whether they be written upon one, 
two, or more Lines, they retain the ſame values, and muit by Algebraieal Addition 


be collected into one Sum, to make the total Product: And therefore. Jou may ei- : 


ther write the particular ProduCts all upon one Line when there is room, or elſc up 
on ſo many fevefat Lines as there be particular Multipliers, ſetting! like Products 
(when they happen) under one another to facilitate their Addition; ot otherwi 

as you ſhall find it moſt convenient. 1 5 e e 


8 N 
F 
* 4; . W : 


More Examples of Multiplication in Compound Algebraic Integers, . 


according to Sect. V. 
1. _-* VMultiplicator, po Pr 1E5% abbo:765--"40 
n e ee e e ee e e e 
wa RE. NN 
Multiplicand, ga+3c 1 0 2b+23 | a 
* = OF 


 Multiplicator, 34 2c 


Ia ese 865125 
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Froduct, Tzaa- coc. - q ft bb 126— K I8 
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v. Sometimes when Comp pe quit bs to be multiplied one by the ower, 
it will be very commodious to omit the Operation, and to ſet only the word into, or 
X (the Sign gd, Multiplication') between the Quantities to he mültiplied, to to ſign ifie 
8 Produtt of their Multiplication: ut in ſuch Caſe, to avoid Miſtake, it will be 
convenient to draw a Line over each Compound We U other to _ 15588 e Mem- 
ber of the one is to be multiplied by e very Mem r of the other | 


% to o multiply aaaa + eee rr aa—5aX6, 1 write 
 4aaa+3aa—2a+ 1, into aa—5a+6 2000 - 


Oh ——_—— 9 785 3 * 
But chat + multiplied: by —. or "ly + makes — 1 dad — multiplied 


— 


| by — makes + in the Multiplication of compound e, hereafter make 
manifeſt i in the WEE of ** ek 5 „ 
. | 5 2 3s. 55 a | 75 - 5 Tl \ 
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Pn | _ Diviſion in  Meebraic Integers. 


n tae SS ey be expreſs'd 
. wholly by Letters, or partly by Letters and partly by Nu e where- 
of one ĩs called the Dividend, and tis behes the Divifor, fine Ad called the 
Quotient; to wit, ſuck 2 Quantiey, that if it beg melted by y the Diviſor, the 
| Frodukt will he equal to. the Dividend. r 
II. The 80 Diviſion is to reſolve or ee, that which Beese or done — 
br Multiplication ; for the Dividenil ali ms the Fakt or Product in Mul- 
tiplication, the Diviſor one of the tivo Fa * or e and the Quotientthe 
other. As; if 12 be te be divided by 2, the Dividend 12 1 reſents the actor Pro- 
duct made by the Multiplication of 'two a ue he oy is the N SH 
* nes is voy pr NW 85 S. 00G Oh” 
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alike manner if be propos' to be divided by ac Lutte =. to reprſeme the | 
Quotient; alſo, if ac be to be divided by b, I write 7 to fignifie the Quotient. 
Again, If 2ab be given to be divided by 30d, the Quotient will be =; and if 4 
5 RF 3 3 I 1 t 
be to be divided by 35 I write for the Quotient -—; alfo to divide 1 by a, I write— 
fy to ſigniſie the otient. "HIS ll RS og . 123 . 5 
So alſo, if = þ be given to be divided by c, the Quotient may be repreſented by 
5 3 2 a 294 x 
— * ; and if 3a be to be divided by 2b—c, the Quotient is —- e 
More Examples of Diviſion in Algebraic Integers, according to 
- the foregoing Sect. Ill, y 
De,, &# | | 2&. | 1308. e 
„ r 
" Dividend, . aa + bb. 85 2ab — 30d 0 a4 | 
Oe JF 2 OD OO oo OE RL-4 x1 
ot 8 E — — — — — 4 
| been, 5 dre 2 c | 
Dividend, aq4gas „acc & dd 
> Diviſor, } 3 | 42 EEE WY 2 : 
Quotient, WI or aa | * 3 vos! or, cc Add. 
IV. When the Dividend is equal to the Diviſor, the Quotient is 1; for every - 
Quantity contains it ſelf once, and therefore being divided by it ſelf gives 1 in the Quo- 
tient: As to divide 4 by 4 the Quotient is 1; likewiſe, a divided by a gives 1 for the 
2 Quotient; - alſo, if a- be divided by a-+b the Quotient is 1; and if 3a 2d 


be divided by 3a-+ acd the Quotient is 1. + The like is to be underſtood of others. 
V. When the Quotient is expreſſed Fraction - wi ſe, (according to Se& III) if the ſame 
letter or letters be found equally repeated in every member of the Numerator and Deno- 
minator,caſt away thoſe letters, ſo the remaining Quantities ſhall fignifie the Quotient. 
As, for Example, If ab be to be divided by a, the Quotient expreſt Fraction-wiſe 
will be®, But becauſe the letter a is found in the Numerator and Denominator, I 
caſt away a out of both, ſo b only is left, whickis the Quotient of ab divided by a: © 
* Likewiſe, If aa be divided by a the Quotient is = that is, a; (by caſting away 
i he Naa Debate) of | i 
Again, If aaa beto be divided by aa, the Quotient will be =, that is, a; by caſt- 
lng away az out of the Numerator and Denominator. And if abc be to be divided by | 


ab, the Quotient expreſt Fraftion-wiſe will be 725 that is, c, after ab is caſt out of 


gf 1 "F 5 a 
137. #: 4173S 


the Numerator and Denominator. 


After the ſame manner, if a5 be propos'd to be divided by as, (that is, aaaga by aaa) 
the 1 will be 4, or aa, by expunging a3 (or aaa) out of the Dividend L od, 
iviſor, bg r | * ee 


. 


"This Contration of 88 is like to the: tciahng of a Frattio 


N — hangs 


yumbers to more ſimple Terms, by inn the Numerator and alſo che Denoming- 
tor by a common Diviſor. | 


Again, If ab-+ac be to be divided by 2 the Quotient expreſt Fraftion-wife 


according to the preceding Seck. III. will ſtand thus 


ub 


where becauſe the letter a is found in ' Dividend, 5 4 abs, 11 5 


ad — af | Diviſor, ada 5 
every meinber of the Numerator and Denominator, Opotient, Ae 
it may be 1 ſtruck out, and then the new o- e dee 


tient will be 22< SER , Which Fraction is equal to the conttaBted, L 2 : 


former, and expreſt by more ſimple Terms. , 
1 af ab Ta be divided by a, the Quotien t (according to Seft in ) will 1 


ce, thar 


is, b+1; for by ey a, there will vmain ——— oe, that is, 


22 (fort. is but b, and + is 1 90 but hat b4+x — 
appear by by he proof of Diviſion, for b+1 Multiplied by the Diviſor 4 will pre 3 


: Fer the Dividend aba. 


Ss alſo to divide 3b6—2b by 2b+), I write 2771 for the Quotient . wien 


obſerve, that altho* the letter b be caſt out of every» Member of the given Dividend 
and Diviſor, yet the number prefixt to the letter caſt out muſt Rand ſti I in the new 


8 Quotient. 
But note dili 
4 letter cannot 
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| endly. Thati in this kind of: Diviſion of Com und Al n 
be cantel'd or caſt away, unleſs it be Sunil fn nd Metra calc In 


Dividend and Diviſor; and therefore this Quotient a cannot be 2 5 
— away any letter. I Gs 
More E. of cane e ix | pin aic dagen, un 
= to the Preceding 
| Dividend, ab [ de | .abe | : an: 1 | 
f Diviſor, ae LE 6” 4 ef rays b | 1 a3; + 01 
. Mid fp pa Hes > PAN = 3 * [pt _—_ . — I; — — 
2 aab dde | abc | 
Quotient, 5 1 27 ; W - 2 5 
3 ff b = a 
| Quotient 5 3 dd © 5 5 
Contracted, 7 RS > ©, TR 
Dividend, ab - | 4b—24 : b 
Diviſor, „ : 38 T's ©" 8 
ZR ab ra- . | ab—28a | 
Quotient, OY 3a iel 
Quotient Tae 1, b=2 3 ; 
tontralted, e 8 5 
Wi n rer BT 
N Genen, 
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1005 If an u Algebra ic ar whether Simple or Colman: "a to be divided by by 
mple Quantity, and there be ſach numbers prefix d to the letters in the Dividend 

aud ers as may all be ſeverally divided by ſome number as a common Diviſor with- - 

— leaving a Remainder, ſet the Quotients ariſing by the Diviſion of thoſe numbers 
by their common Diviſor, before the letters reſpeCtively, inſtead of the numbers that 
were firſt preſix d: As, for Example, if 8a be to be divided by 655 Furl, the Quotient 


expreſt F ration wiſe (according to &ection III. of this Chap.) will be = — then dividing 
the prefixed Numbers 8 and 6 by their common Diviſor 2, Iſet rhe Quoriens 4 and 3 
inſtead of 8 and 6 before a and 6, ſo the Quotient ſoughtis. 4 . 


no | 


In like manner, 6abs— abe Divided by be gives the Quotient 24” 2 75 


Dividend, 6abc — zdbe Far firſt, the Dividend nn Diviſor being ſet Frat lon- 
| Diviſor, _ wiſe will ſtand thus, W 0 as >. then, (according to 


Quotient, | 8 N Sec. V.) be is to be caſtou of the Numerator and De- 
2 . Ax nominator; laſtly, the prefixed numbers 6, 3, and 9 
Quotient being divided by their common Diviſor 3, give 2, 1, 


contracted Tal and 3; which being ſet before .the remaining letters 


a, d and F reſpeAively, give the contrafted 1 * 24 — =14, or 24—4 


More Examples of Contraltions 3 in bfu, A to Set V. and vi. 
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VIE. If creryMemberof a Compound 3 be multip lied by enge the fame 


ſimple quantity, it is evident from the . of Multip Keation and Bon, that 

if the Product of "that Muluipfication be divi ided by the Taid COPD Quantity, | 

the Quotient will be the fimple Quantity. = 
As, for Example, If te be = by a the Product will be 54 L- ca hid 5 


ay 6 Eu e by the Factor W Fr A 
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for the ſame Reaſo 
Quotient a. 


Again, If 2b a ＋ 2ca-+ 2da be divided 
2 — daa — aa be divided by 25e d, the Quotient will be aa. 
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VIII. When the Dividend and Diviſor are Compound whole Quantities, the pre- 
cedent Rules of Algebraical Diviſion will not always give the Quotient in the ſeaſt 
Terms; but the ſimpleſt Quotient may be found out by one of theſe two vrays, viz. 
I. When the Dividend and Diviſor ate Algebraic Integers, and there is a poſſibility 
of expreſſing the Quotient by an Algebraical Integer, it may be found out by the ge- 9 
neral Method of Diviſion handled in the next following Section, which way is like . 
that of dividing whole Numbers in Vulgar Arithmetic; but if the Learner find it dif- 
ficult, he may wave it until he has proceeded as far as the 8. Chapter of the 2. Book: 
2. The Quotient, whether it happen to be an Algebraic Integer, or à Fraction, - 
may be found out in its leaſt Terms by the Method hereafter delivered in'S2#; 7. 
Chap. 8. of the Second Book; where the manner of finding out all the Alignot Parts 
. or Juſt Diviſors, every one of which will divide the Dividend and Diviſor propos d 

without any Remainder is exhibited. 3 55 4700] {in 2 BY EN 
IX. In this Section 4 general Method of Diviſion in Algebraieal 7 is hand! 
led. As to the order of the Work, it agrees with that form of Diviftion in whole 

Numbers which I have explained i Mr. Fingate's Arithmetic, but the Work it ſelf 
depends upon the preceding Rules of Algebraical Divifon, Multiplication and Sub- 

traction, as alſo upon this Rule for diſcovering the due Sign belonging to every par- 

ticular Quotient, viz. + divided by+; or by, gives + in the Quotient; but | 
I divided by —, or — by +; gives - in the Quotient. Whether the Operation 
be begun at the Right Hand or the Left, it matters not; but becauſe tis eaſier to DE 
Write forwards than backwards, I ſhall (as in Vulgar Arithmetic) begin to Divide 


— ena * 


at the Leſt Hand, and proceed towards the Ri gilt. n | 
Example 1. Let it be required to divide ac ad- bd by ct. 
Having placed the Dividend and Diviſor in ſuch order as you ſe in tlie next Page, 4 
firſt I divide ac by c, (according to Sect. 5. of this Chap.) and there ariſes +a, 
(+a, becauſe + divided by + gives ,) therefore I write F or a in the Quotient; 
then Multiplying the whole Diviſor ed by the aid Quotient a, I write the Product 
ac ad under the two firſt Members of the Dividend towards the Left Hand, to wir 


under ac+ ad that done; drawing a L. ine under the ſaid Product ac-+ ad, I ſubtract 
the ſame from ac T ad, (the two firſt Members of the Dividend) and there remains o; 


* - 


which I ſet under the Tine zs vou may ſee in the Page following. 
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Then there remains to be vided 5 pd which 1 1 Fay to the Remainder ©, 
and renew the Work, viz. I divide'+bc by Ac, and there ariſes +b which I write 


in the Quotient next after az then mulrphing ing the whole Diviſor cd by the ſaid 


Quotient , the Product is bc-+bd, which 1 and ſubtracted from that 
which remained to be divided, there remains o. So the Diviſion isfiniſhed, and the Quo- 
tient is found a+b, but that it is a true Quotient the Proof will make rwanifeſt for 
4 T6 multiplied by the Diviſor cd produces the Dividend ac - ad- bc H 6d. 


Example 2. In like manner, if aa— öh be to be divided by a+b the Quotient 
will be found a—b, For firſt, aa divided 2 a gives à in the Quotient, by which 
e 


multiplying t whole Diviſor ab the Product is 
a) aa — bb (a—b aa fab, which ſubtrafted from the Dividend aa—bb 
aa + ab 5 there remains to be divided — bb — ab. Now 
* — rene the Work, and divide — bb by its correſpon- 
— -a dent Diviſor b. (not by a, becauſe the Quo- 
— bb —ab tient will be a Fraction, We for is to be avoided when 
— — there is a poſhbility) and there ariſes — þ to be 
I vrritten next after a in the Quotient, I ſay — 5, not 


+6, for according to the Rule before ies; — divi- 


ded b + aives— inthe Quotient, then multiplying the whole Diviſor a-. by — þ 


(laſt ſet in Sis Quotient) the Product is — ah — bb, or — bh — ab; which ſub- 
watted from — bb —gb that remained to be divided, chere remains o; ſo the Diviſion 


is finiſſd and the Quotient is found a—5, to wit, ſuch a Quantity char wh it be Re = 


tiplied by the Diviſor a- l, it will produce the Dividend as—— 56. OS 


at 3. Again, If it be deſired to divide ana bb by, 42a — e the Gee. | 


tient will be found 'a+b,” and the Work will I 3 3 


as —ba++bb . 0 oy . F2 1 
5 ; $5.43 £2 7 oF. A . 

got 7 — e n 5 
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In which Example, firſt (as before 2:4 begin at the firſt Term of the Dividend tos i: 


wards the Left Hand, and dividing aaa by. aa, (not by — ba nor by +66,” becauſe 


each of theſe will give a Fraction in the Quotient ) there ariſes a, which] ſet in the 


Quotient; then Multiplying the whole Diviſor as — ha- hb. by the ſaid Quotient aj 


the Product! is aaa * ba, which I ſubtra& from the; Dividend Ps x0 


there remains to be yet divided bb 4 ban —bba. Wit, gal 
Now I renew the Work, and divide . 5% by its correiÞgndent Dinkins: + bb. (not 


by ag, nor by —ba, becauſe each of theſe gives a Fraction) and there ariſes ], 


which I write next after a in the Quotient; then multiplying the whole Diviſar m- 


+6b by the faid Quotient +6, -the Product is e which ſer unden 


and ſubtract from the Quantity that remained to be divided, ſo there remains o, and 
the Quotient ſought is a+b : But that it is a true Quotient the Proof will diſcover 3 


for if the Diviſor aa — ha bb be multiplied by the — N it will OE | 


the Dividend 888 
Et ram · 
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„ In like manner, if-aa#—bbþ- be divided by an- ha- ET b, the Quotient 
1 be and the work will ſtand thus: 33 i 2 
„ 8 Des. Um e 
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Te — 5 
| bb —bhaa - bba 


-O o o. 

Example 5. Again, If 9dddd-+12ddde—4qdece—eeee be to be divided by 3dd—ee, 
the Cond will be found 3dd-+ 4de-+ee, as will be manifeſt by the ſubſequem 
| * zdd—es) ont 1 2ddde—4deee—eeece ( 3dd + 4de-+ ec 


dd— 3ddee 


+ 12ddde-+ 3ddee—gdeee | 1 | 

.- +12ddde - —4deee | | wes 4 
&, + 3ddee— eeee | | OY 1 
dd — ee „ 


— — 
6 


ey . d e 


ln which Example, firſt I divide ↄdddd by 34d, and it gives 34d, which write in 
the Quotient; then multiplying the whole Diviſor 3dd—ee by the ſaid Quotient 3 
the Product is 9dddd—3ddee, which I write "under the two firſt Members of the Divi- 
dend, and ſubtract the fame from the ſaid two Members, i there real. of i 2ddde 
+ 3ddee, to which I bring down—4deee (the next Member of the Dividend) and it 
makes A 1 2ddde-+ 3ddee—4gdeee which comes now to be divided; therefore [ renew 
the work, and dividing*-+12d4de by +3dd, tives +446 which I ſet in the Quo- 
tient next after zdd, rhen multiplying the wholeDiviſor, 3d4—v by the fad Quoti- 
ent ade, the Product is + 12ddde—4qdeee, which I write under A 12ddde-+ 3ddee 
— 4deee (the Quantit laſt ſet apart to be divided ;) and havingdrawn a Line under 
the ſaid Product T ſubtract it from the faid particular Dividend, ſo there remains 
＋ 3ddee which I write underneath the Line; that done, to the ſaid Remainder I adde 
1 bring down —eeee, (the laſt Member of the total Dividend) and it makes + 3ddee 
—eeee which is yet to be divided: Therefore I renew the Work, and dividing ＋ 3ddee 
by +344, it gives +ee which I ſet in the Quotient next after + 4de; (or I might here 
divide -+ 3ddee by —ee in regard it. will give an Algebraical Integer in the Quotient, - 
as I ſhall ſhew in the next Example:) then multiplying the Diviſor 344—ee by + ee, 
(laſt ſer in the Quotient, ) and ſubtrafting the Product + 3ddee—eeee from the Quan- 
tity that remained to be divided, there now remains o. So the Diviſion is finiſhed 
without any Quantity remaining, and the entire Quotient is + 3dd- Ade ee. 
Vote. By this general Method of Diviſion the Quotient may oftentimes be found 
out and expreſs d various ways, both as to the Order and Multitude of Members in 
the Quotient, but yet the entire Quotient in each Form will have one and the ſame 
value, as will ap fende following manner of Dividing the two Quantities pro- 
pos d in the laſt N Eo EE. Ten "EY . 
Let it therefore be again propos d to divide gdddd-F i zddde-ꝗ dees eee by 3dd—ee. 
Firſt, I work as before in the laſt Example to find out the two firſt Members in the 
Quotient, to wit, 3dd-+ 4de, and then there remains to be divided - 3ddee—exec which 
you ſee ſtands at this Mark & in the following Operation: Now becauſe - 3ddee 
divided by —ee gives an Algebraic Integer for the Quotient, to wit; —34d, thetefore 
I write —3dd in the Quotient; then multiplying the whole Diviſor 3dd—ee by 
—3dd (laſt ſet in the Quotient) E ſubtract the Product + 3ddee—gdddd from + 3ddee 
= which remained to be divided; ſo there remains to be yet divided —eeee-þ ↄdddd. 
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Then I divide —eeee (which ſtands immediately under the third black Line) by 
its correſpondent Diviſor —ee, (for it cannot be divided by zd ſo as to give an In- 
teger in the Quotient, ) and there ariſes See, which I ſet in the Quotient; then mul- 
tiplying the whole Diviſor 3dd ee by the ſaid Quotient ce the Product is —eece+ 
3ddee, which ſubtracted from —eeee-+ 9dddd (to wit, the Quantity that remained to 
he divided) there remains to bager divided + 9dddd—3ddee, (which ſtands imme- 
diately under the laſt black Line but one; therefore I divide + 9gdddd by + 3dd and 
it gives + 3dd to be ſet in the Quotient; then multiplying the whole Diviſor 3dd—ee 
by the ſaid +53dd, it makes - + 9dddd—3ddee, which ſubtracted from + 9dddd— 
3ddee (the Quantity that remained to be divided) leaves o; ſo the Diviſion is fintſh- 
ed without any Quantity remaining, and the Quotient is found 3dd-+ 4de—3dd+ee 
+ 3dd, that is, 3dd4 de tee: So that the Quotient found out by the latter Ope- 

ration, after it is contracted by Algebraical Addition, is the ſame found out by the 
former way of dividing the Quantities given in the fifth Example. 
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* Exanple 6. Again, If yyy—8yy—1249—64 be divided by y—16, the Quo- 
tient will be found u) .f T., and the Work will and thus: 
eee eee ene eee 
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II the Powersof the Root y in the laſt Example be expreſſed according to Carte- 


fas his way, the work will ſtand thus: 
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CHAP. 5. Algebraic Integers. 
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But Carteſis in dividing the Quantities prop & in the laſt Examy ts wodks tel 2 
wards, viz. from the right Hand of the Dividend towards the left, 2s you here ſee 
in the following Operation. It. | 4 


y—16 ) y—$yi—1249=64 (AT 
——I8y 15 


| ＋874—1 28 | 
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More Examples are here added for the fuller exerciſe and illuſtration of Diviliod 
in compound Algebraic Integers, according to the general Method in Sect. IX. 
_f per. 55 1 
e Diviſor. Dividend. Quotient. 
2c—34d) 6ca—gda—8bc+ 12db (3a—4b 
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6ca—gda 


— —86c+ 1245 85 
se 12d. | 
= 
Diviſor. Dividend. Quotient. 
ab) e, IRY (aa—2ab+bb 


aa 
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—2aab-+ 3abh- 
 —gaab+ 2abb. 
100 oþ e 
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--— Divifon. - Dividend. | Quotient: 
Laa - 30) 4aana+12aabb-+ gbbbb (aaa 305 
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Diviſion in Algebraic Integers BOOK I. 
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Diviſor. Dividend. + Quotient. 

ab—aa) aah3+ a#h—2a5 (abba aab a 
© aabi——a3bb. Ws 1 
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Diviſor. Dividend. Quotient. 
zal— fas) fachi+tath—ai, (2abb +2303 gab +403 
Sab ( vir. 20bbo+{0ab f 205 
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| If Algebraical Divifion according to this general Method will not work off juſt 
without a Remainder, then 1 my write the Dividend and Diviſor fraction-wiſe, 
ap. Or 


according to Seck. III. of this Or ſometimes the Quotient may beexpreſs'd partly 
by Integers, and partly by a Fraction; as if b f. hd cc be to be divided by bd, 
the Quotient may be expreſs'd either thus — = 2; or elſe thus, b+ 8 7 
which latter Quotient is found out by the help of the ſald general Method; for af. 
ter you have thereby diſcovered as many Integers as can ariſe in the Quotient, you 
may ſet the Remainder of the Dividend as a Numerator over the Diviſor as a Deno· 
minator, ſo this Fraction together with the ſaid. Integer or Integers ſhall be equal to 
the Quotient ſought; as in this following Example. OY = 


a—b) 2aac+ * ꝛcc (aac· 34. 


2aac LESazabe 


E 8 
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4 * ew 


J 3aaa 
＋ 3aaa 
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of the je rl f Algebraic Halli a the manner of mee Integers and 
mixed Cuantities fraction- wiſe. | 


1 T HE O perations about Algebraic FraQtions are wrought like thoſe of vulgat ; 


F 1 4 by the help of the Rules of Algebraic Integers before deli 
will appear by the 1 llowing Rules of this Chapter. * ered, as 


II. From the manner of dividing Quantities according to Se@. 3. of the precedi ing 
Cbap. 5. Algebraic Fractions 115 as, if a be to be divided by 4, the Quotient is 


repreſented by the Fraction | 7 : Likewiſe *+#, which imports as much . as the 


— 


Quotient of a+b divided by _ allo — 2 and ſuch like, are e called Alge 


braical Fractions. 3 
| III. If the Numerator be equal to the Denominator, that FraQtion (or Quotient 


7 0 fraction-wiſe⸗) is equal to 1, ( to wit, Guity ) as before hath been ſaid in 


Chap. 5. | 
Ty. When _ 1 0 is to be expreſs'd Raction wise make it a Nha: 


rator, and ſet 1 for the Denominator; as if theſe Quantities ab and aa—bb be to be 


ſet in the Form of rien e will * . 35 


v. If an Al Ale raic e as a, a to be et! in the Sho of a | Fraftion thee than I 


have for its Denominator Tome Algebraical Integer eee, as d, multiply a by 
the bunu = d, and write the Product ad as a Numerator over the Devecal na- 


tor d, thus, - 1 which Frattion is equal to the Integer a. firſt ag and hath 


for its e en the preſeribed Quantity d.. 
_ Likewiſe the Quantity a reduced to the Form of a Fration whoſe Denominator is 


proſcribed 22 will ſtand thus, . © 


' Moreover tf a+ boca be reduced to the Sem ar a Fration that ſhall have 


d for a -Denominetor; 3 multiplied by the Denominator d, and to the Product 
ad add the Nimexator aa ; then ſet that Sum, to wit, ad aa over the Denominator 
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The Arithmetic of 1 BOOK I. 


Flow to reduce Algebraic Fractions to others of the ſame value 
in more fimple Terms, 


VI. When the ſame Letter or Letters be found in the Numerator and Denominator, 
let them be caſt out of both; and if the Numbers prefix'd can be abbreviated by fonic 
common Diviſor ſet the Quotients in the places of thoſe Numbers prefix'd, fo ſhall 
the new Fraction be of the ſame value with that firſt propoſed: So this Fraction 
abc will be reduced to nn and this 200. T dac will be reduced to 36+ 2c. This 
abd | d 1 6ad | = * 

Rule hath already been explained in Seck. 5. and 6. of Chap. 5. and may be further 
illuſtrated by theſe following Examples. „ oy 


al 4. | 124 _ 34d, 
2 


L 1 gabc bc 
bed 5 5 36aa 9a ; 
1 | aba+16da © bÞ+gd 


n . = 2 


VII. The ſearching out of the greateſt common Diviſor, for reducing an Algebraic 
Fraction to the ſmalleſt Terms, after the manner uſed in _—_ Arithmetic, is for the 
moſt part a tedious and intricate work, eſpecially when the Numerator and Denomi- 
nator are compound Quantities conſiſting of many Members; and therefore inſtead of 

that way of finding out a common Meaſure (or Diviſor,) I ſhall by a clear Method 
in Chap. 8. of the Second Book, ſhew how to find out all fuch Diviſors as will divide 
the Numerator and Denominator preciſely withont leaving a Remainder. But in the 

mean time I ſhall recommend to the Learners exerciſe the following Examples of 

Fractions abbreviated by Diviſion according to the general Method in Se@. 9. Chap. 5. 
of this Book; which Examples, together with the Rule above- delivered in the 6. Se&. 
_—_ great helps to reduce Algebraical Fractions to lower terms, when there is a 
PO 101 It. | | 1 85 
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: Lide, 1 wantities, | Fverally without 4 Remainder. Der 
vm. PO ot mote k ebrai ic Qua ntities whether Simple or Compound being pro- 
poſed, the ſmalleſt Quantity that can be divided b every one of thoſe given, without 
a4 Remainder, may be found 1 by the followin tion, ( which is grounded u uP- 
on 3 7. Elem. Euclid. ) and" e Uſe thereof will hereafter appear.” © 
bo 23 if it be deſired to find the ſmalleſt can be : divided 
A aac and cd; ſer them in the Form of a Fraftion : 8 
W | 8 2 ; - 
us, "i: and reduce the Fraction to its ptimi- 8 7 
88 or equivalent Fraction in the ſinalleſt Tags" 1 * 
7 which, being near the former, 2 Ed 
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In like manner to find the ſmalleſt Quantiry that can be divided by ab+ac 

* 3 and ad—af eg [ ſet them Fraction 
ab ac | 4 | Win rn ab Lac ö — 3 oo 
2 . = 8 ib, 2 this reduced to its low- 


8 


eſt Terms gives Ec then [multiply croſs- 
Www +. wiſe (as before) viz. ab ac by d—f or ad 
—af by bc, and there ariſes abd -f acd fab —fac, which is the ſmalleſt Quantity 
that can be divided by aba and ad—af, ſo as to leave no Remainder. 
IX. But if the given Quantities cannot be reduced to lower Terms, then multiply 
them one into another, and their Product is 


pu 9% acd—fab—: W- 


bbc „ BB _ 3 _ So gr yr ſmalleſt 

7 Af Quantity that can be divided by bb+cc and 

OS ai} 412 if. 1 dd i ſeverally without leaving a Remain- 
bbdd+ ccdd-+ bf cf der; ; becauſe _ cannot be reduced to 

more fimple Terms, I multiply bb cc by dd+ H, and there is produced bbdd-+ ccdd 


bbff+ ccff the Quantity ſought. HI Ag 5 
nen — more Quantities are given, the ſmalleſt Quantity that can be 
divided by them ſeverally without leaving aRemainder may be found out in this manner; 

1 _ viz, To find out the leaſt Quantity that can 


W ** aa—ab be divided by aaa—abb, aa al- bb and 


— II ES aa=—bb 3 I firſt feek ( after the Manner of 
. the eons Example in $0.8.) the ſnalleſ 

— | | bbb Quantity that can be divided by aaa—abb, 
aaaa—aabb + aaab ab and aa+2ab+bb, ſo I find, aaaa—aabb 


+aaab—abbb ; and becauſe this Quantity may be alſo divided by aa—bþ (the third 
Quantity propoſed) it is manifeſt that azaa—aabb-+ aaah——abbb is the Quantity 
ſought. Fi | + W 

in like manner, if there be given theſe four Quantities, agaa—bbbb z aa ah; 
aaaa- Taabb; and ab; Firſt, I find out (as before) the ſmalleſt Quantity aaaaa 


 —abbbb that can be divided by the firſt and ſecond Quantities aaaa—bᷣbbb and aa-+ab , 


aaaa—bbbh , aaa—aab4-abb—bbb 


8 rr 7? 


Then becauſe the ſaid aazaz—abþbh cannot be divided by the third Quantity 4a 


'+aabb, I ſeek the ſmalleſt Quantity that can be divided by aaaaa—abbbb and aaa 


* 


T © ON . +. +aabb, ſo I find (in like manner as be- 
aaaaa—abbbb Ny aa—bb Tore eee | oo becauſe it is 
e e ee 7 UE 1 ivifible by the fourth Quantity propoſed, 

1 1 e ee 10 . o wit, by ab ſhall be the Quantity 5 — 3 

| aaanaa—aabbbb Dix. a%—aah+ is the ſmalleſt Quantity that 
8 aan be divided by every one of theſe four 
Quantities, a%—b+; aa ah; a+4aabb; and a+b. And ſo of others. 
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Howto retluce Algebraical Fraftions which have different Denominators, into other 


e 2 ; F 
4 6 
. n - bal. * 


Fraftions of the ſame value that may have a common Denomiuator. 


Fer. When two Fractions having different Denominators are to be reduced into two 
other Fractions of the ſame Value that ſhall havea common Denomingtor multiply: 
the Numerator'of the fxrſtFraQtion by the Denominator of the _—_— and the Product: 


ſhall be a new Numerator correſpondent to the Numerator of thatfirft Fraction; 9 5 | 


cans Algebraical Fraftions. 


_ 


h Numerator of the ſecond FraQtion by the Denominator of the firſt, and 
Mal diets} is 2 new Numerator correſpondent to the Numerator of the ſecond 
Fraction; laſtly, multiply the Denominators one by the other, and the Produdt ſhall | 
be 2 common enominator to both _ new Numerators. 


As, for Example, to reduce 2 and 22 4 (whoſe Denominators c am a are unlike * 


F action that ni be of the ſame value with thoſe given, and have a 
ey "0 other l common Denominator; Firſt, I multiply See vix. the 


Numerator ab by the Denomi inator a, and the Product i is. 


ab | 1 adh for a new Numerator inſtead of ab ; likewiſe I multi- 
ER a ply the Numeratorbd by the Denominator c, and the 

6 ——— Fro oduct is bdc, for a nem Numerator inſtead of bd, 
2008 bd: — Hlftly; the Denominators c and a multiplyed one by theo- 
5 * ther produce ac for a Denominator to each of thoſe new 


Numerators aab and Ide: 5 the Frafticns = and 


12 are found out which —_ a common Degominates i and are equali in value 1 to 
ac 


the Frattions firſt given, viz, ps is 5 equa to =: , and = — oh 322 to 5 a8 was 
zequired. 


aa 


In like manner 7 and ” (which have urlike Denomiraro) will be redu- 
: ced into 255 and == 4 wh ich wave a common. Denominator. | 
Allo, Z d. 2 and — 6 will be reduced into 9 60 and — b - : 

a 3 Ja _ 

Again, to reduce SET and dee id to a en Denominator, I model 


croſswiſe (as before,) viz. aa+ 255 by ani 23cc —dd by c; fo the 
Products are aaff+ 2bbff, and 3ccc = edd+ zord — dd for New Numerators; then 
multiplying the Denom natorsc+dand ff one into the other, the Product is of +dff 


for a common Denominator, and the . ſought are aff +2 and 


N 
==> cdd+ 2ccd— dad 


if + dff | 
XII. When three or more Sn having unlike mn are to "be redu- 
ced into as many other Fractions that may be of the ſame value, and have a common 
Denominator; e the Numerator of each Fraction into all the Denominators 
except its own, ſo the Products made by that continual Multiplication ſhall be new 
Numerators; multiply alſo all the Denominators one into eee and the ann 
ſhall bea Denominator to eyery one of the ne Numerators. | 
As, for Example, To reduce theſe three Fractions 7 5 and 20 1 into three 
others that Rp: be > of the fame value and have common Denothifane\ P mul. 
; tiply the Numerator @ into the Denomi 


xt 1 — FI of nators d and g, ſo the Product adg is 2 
— * . 'S ne Numerator inſtead ofa; again, I mul- 
nie 43 gly the Numerator c into the Denomina- 


B tors 5 and g, and the Product chg is a 
„ hf Numerator inſtead of c; Mig an. | 

| bag big bag plying the Numerator 2ef into the Denomis 
nators h and d, the Product 2bdef is a. 

Numerator inſtead of ef ; laſtly, the Denominators , d and g multiplied one into 
another produce bdg fora common 1 to thoſe three new N TR and . 


Lang thros Fractions ſought * i HATER 
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In like manner theſe three Fraction 1 au 2. will be xeduord 60 


| Have for a common Denominator 7aabb— 56bb. 


ſought. 


K* 


and aaa aabb ſha 
mon Denominator 


— 
bio 


T #4 4 1 
. 1 
” 


1 — 2. , and 444% — 84200 which 
yaabh — 56bb” Jaabb — 56bl 5 7aabh — 56bb nn 


to theſe three, to wit, 
XIII. But if the Nenominators of the given Frattions, can be reduced to lower 
Terms, then thoſe Fractions may oftentimes be reduced more compendiouſly than by 
the Rules in the two laſt preceding Sections, into others in the ſmalleſt Terms that 
have a common Denominator, in this manner; viz. Seek (by the Rules in Sed 8. and 
10. of this Chap.) the ſmalleſt quantity that can be divided by every one of the De- 
nominators wichoura Remainder, which quantity reſerve for a common Denominator; 
then for the Numerators divide the common Denominator by the Denominator o 
the firſt Fraction, and multiply the Quotient by the Numerator of the firſt Fraction, 
ſo ſhall the Product be a new Numerator inſtead of that firſt Numerator ; work in 
like manner to find out the other Numerators, and ſet every one of them over the . 
common Denominator before found out. ; Os pe 


As, for Example, to reduce theſe Fractions - = and — to a common Deno- 
minator; I ſeek firſt of all the ſmalleſt quantity that can be divided by the Denomina- 
tors aac and cd, and I find that verge to be aacd, which ſhall be the common 
Denominator; then I divide the ſaid aucd by each of the given Denominators aac and 
cd, and multiply the Quotients d and aa by the given Numerators bbbd and aaa, ſo the 
Products bbbdd and aaaaaſhall be the new Numerators, which being ſeverally ſet over 
the common Denominator aacd, there will ariſe — and for the Fractions 

1 aacd 52 aacd n ; 
Likewiſe, to reduce rand 99eD: þ bb toa common Denominator, having 
5 Ada — aad cd — dd e ee e 
firſt found the common Denominator aacd— aadd, to wit, the leaſt quantity that can 
be divided by the eee eee and cd — dd, I divide the ſaid com 
mon Denominator by the aid given Denominators ſeverally, and che Quotients d and aa 
multiply by the Numerators böbb and aaa-+6bb, and then ſetting the en 
erally. over the cc inator, the Fractions ſought will be 
eve 185 X 5 > the Fractions ſought wulf be —— ———_, 
A daaaa aabbb | | 1 
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- Again, to reduce theſe three Fractions, to wit, 
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o 
 $ 


ab bh 
and gh o emen Dengrinaor rſt (as i the fm Frampl in 7.10, 
of this Chap.) I: ſeek: the ſmalleſt — that can be juſt divided by every one of the 


three given Denominators, and I find aaaa:aaab — aabb—abbb, for à common 


Denominator; then dividing this quantity found 5 eyery one of the three given Deno- 


minators (according to the general Method in Sed. 9. C 1 2 will be 
0 thoſe ients by 
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F. or frſt by the help of the given F eee, ah ſalleſt ener Denomi- ö 
nator 4 — aab+ is found out by the Operationan the laſt Example of the preceding 
Seck. 10. (of this Chap.) chen the ſaid common Denominator being divided ſeverally 2 
by the given Denominators a+ — - b4, aa+ab; ae aabb,' and :a-+b; the Quotients — 
aa, a+ — a3b-+aabb — ab3, aa — by, and a a+b-+ ab abs; which multiplied 
tefpeftvely 2 _— ven Numerators as, a Laab, aS—bs," and aa+ab-+bb, will 
produce th dumerators weh are before' Tet t over _ penn Deo 
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XIV. If two or more + Face to be added have one common; Dean add 
the Numetators together, and ſet their Sum asa ne Numeratot qver the common De- 
nominator, ſo ſhall this new 1 be the · Sum of the Fractions given 10 be added. 


bb | bb; in 921 
As, for Example, to add = to gl, the Sm wil be= 5 eee e 


2ab ** 241% 1 "ys 03 aba St 
_ Soalfs, 2, aided 0 7 ＋ makes 2. e e —— — 
Likewiſe che Sum of . => and F will deze Eee 0 the ge | 


Nunes 5a— 30 band. 2 — 3a 1 make nk * 
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_, XV. But if the Fraftions Nope to i A0 toget 
tors, firſt e e as hoſe as 


to add - os, firſt I reduce them to 2 = and * ps hy 
nator 4s; 3. then ſetting the Sum of the Nam aul. 


W as, then“ Will be © 2 er us Sun peer: 
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aaa 3 - : E 
I reduce them to three others of the ſame value under a common Denominater; (as 
in the third Example of the preceding 13. Seck.) and 1 ſetting the Sum of rhe 
three new Numerators over the common A I find the Sum or the given 
Fractions to be L- I ; 
aaaa+ ch TAY or fab oo —m | 


he 
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XVI. When mixed quantities are to be 5 colleft the Fractions into 


one Sum, and the Integers into 3 thea.thoſe io Sums added together give 
the Sumdeſired ; as for Exampte : -* Tg 


To add theſe mixed quantities . — 


The Sum of the Fractions, After LE 5 
they are reduced to a common — 
5 : 2NORL aft, is ; . 2701 0 5 ai be.,; 
| w_ which. Sum adding the Ine» } _— 
£7379 Ell, chop Geka be — ky 
— quoſed, the Sum defir'd f 


i lee ben mixed Cd D 
2 rations, ( 98. 5, of bg) and.then 56d co 
ing Examples ; as, 


To Togddth dd thoſe mixed quantities in 
laſt Example, to wit... 4 85 
1 Firſt reduce them to theſe F a. A Fe 
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5 on be the 1 ugh: * 2b 871 295117 FJ; TK: 
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XVII. But if the wo Factions given have um Dendwinators, ful reduce 


5 them to a common Degominator, and then n before; ſo as from. 44 — :5e ED 
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be deſir | to fubraft 751 roduce them 0 2 mhich tare dd 
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ür hen from if „ | r 


the Remainder ſought. EE. HHH 
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| Likewiſe from ELL ” to take away e, , iſt reduce wer ire Phat 
ions to a common Denominator, (as inthe — Example of Seck. 18. of this 
Chap. 9 and 6 1 in ag . ha l whit et Price ene. 


Bt 18 57 e 1 841 (it -} 4 L 9 | 
en from eh Former there remains — . on 1 2 94 
 aacd =, eee 
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Again, If from a it be defired to ſubtratt a—* 1 rſuoe a into the form 4 


2 I I * 
J of; 35 orpnunonis or hg 
a Fradtion whoſe Dean eee. and. 0 
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from which desen 


XR. 3 two ionic Fraftions are given 10 de. aul 9 
ther, multiply their . _ 3 the other, and "keg Prod © ier 


likewiſe multiplyi Denominators 7. 
Thall al de d how £7 97 FraQjon 18 the Pre 


As, for Example, to multiply = I multiply (as in —— based the 


"Sci by the Numgrator 75 4 4 the Prodact 2abis 4 ble Numetatof; ie 
wiſe 1 multiply the Denominators, d andf © one into the other, 8 and * Frodutt 


* 
Eat lg 3 


* 


241 n 


e ney Denominarog 20 5 i the Produtt Gut, | 8 
1 £259 fat 8 TIO „ 1 2103 Ss 2 J0IBate Ol 18415 oP 
* In tike manger; 2 | 


Madre er ney lth os ook whe abs re 
XX. When either or both the Quantities, .7 reduce 
mixt Quantity to the form of the gon Tem the Rale in Sf, 5. of n 9 


they wu 2s before 80 to mitpIy cf ELD — 1 


re — ae e Me rwy 


thoſe rake Quantities to theſe Fractions, e = then multiplying the 


tor c4+bb by the Numerator ac, the on A Net be- Me. 
ha oy alle mikiphing the : Penominators 9 q and cd one by the Other, the Pro- 


: duct is 2-18 ech hew Denominator, and the Produgf fought i is — 2 


XXI. When" an Integer is tö be Multiptied by a'Fr: 


1 
by Fraetch, expreſs the In teger 
Fraction- wiſ by giving it unity, (to wit, 1). Y. for a enominator, a to Seck. 


4. of this Chap.) and then multiply as in t nem Evdtnp of 
As bo multiply by — — ; that i, © £ by E the 5 tain beef to 


— Sent 1795 422 + ne 8 82 3117 

Multiply aa £ by l, Tx educe aa ay * to "a2 * then mulciplying the 
dg I 

Numerator aa bb by the Numerator 44 — bb, the Product aaad = II ſhall 

be a New Numerator ; Likewiſe the Denominator, cd fs multiplied by the 

Defender I gives doe. for a New: CEOS oa and the New Fraction 


En But oftentithes there may be this uſeful Contiion i in __ e 
of F Fractions, viz. When the Numerator of the one and the Denominator of the o- 
ther may be ſeverally divided by ſome common Diviſor without a Remainder, take 
the Quotients inſtead of the ſaid Numerator and Denominator, and chen er 
as inthe preceding Examples. 4 2.42 % 382 . 
aa 2a F 
As, for Example, to multiply #24 iT by © TONE 3 


F od. as the Numerator of the firſt F raction and the Deno nominat tor . fthe 
latter may be divided ſeverally by, a+b without a Remainder, I ſet the Quotients 
a+b and I in the places of ua · 1 and bh, and by that Exchange the 


Fractions will ariſe, to wit ; 1c; 
a+b ad 


* 2 * * . x 
. her f 7 5 * 0 » > 5 F -y 7 & * * ; i 
A 4 | 


Eiern nnn Wes" 9 TY. dl iT 41 
In like manner, tecqnſe cd dd the i of the * of the two Fraftions 
laft aboysiivritten, and dd the Numerator of 'the latter Fraktion, may be ſeverally 
divided by d without a Remainder, I ſet the Quotients c— d and d in the 1 of 
cd dd, and dd, and ſo theſe new Fractions ariſe, to wit; etc dog; 001 

| a-tb + . | | 9 | 

— 

Then I multiply (as before) the Numetators a+6 and 2, one by ha and 
the Product da db is a New Numerator: Alſo multi plying the Denominator c c—>d 
by the Denominator - 1, the Produt c d is a new Denomina tor, and the new 


Frattion — day db is s the Product fought being equal to that which would be made 


| 2} c—d. 
by the mutual Multi plication oft - 77 bh and "5s ; the Fraflions uſt et 
to be Multiplied. ie) vicewdoo ! : Vi 25 Sex; * 


S0 as alſo, If it be deſired to Multiply ak - 2 wy 2 1. that S, 


5 5 ot 
aa 4 ah * by 1 Foralinuch. as the Numer a of the 
latter Fraction, and the Denominator a—b of the former, being feverally divided 
by their common Diviſor a—b will give the Quotients Cab and 10 therefore 
I ſet theſe-in the 5 of — ee and 4a — -b, He theſe on 2 * 
| ariſe, to wit, = 405 a Go eto] 10 7571329 19! ! 
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Which being multiplied one * the other will ive 


for the Produft ; ; t wit, the Namemtde of the given Fraction * 


| that are found among; 10 815 Arg Member o 
needs no other work þ ut thecaſting away ſuch letter or letters out of the Denominator : 


either thus ===, or thus, ThÞ an, Aud ſo of others. 


2aa— — D 


4 
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e 200 — 7 1 hos 1 | 
Again, us Fraftion' * — - * 5 wulle b wy IN will | 


28 
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os == For aah — 558 For the 1 Rds of the * Fraftion and | 


a 
the Denominator of the arte being Weh divided by their common Diriſor . 
a uotients will be aa— bb and d; Alſo, the Denominator ofthe firſt Fraction and 
the Ne metator of the ſecond being ſeverally divided by their common Divilor a-+ 6, 


the Quotients will be a-+b and as —ab.; then ſetting the two former Quotjents in 


laces of the two firſt Dividend and the two latter Quotiems in the places of 
5 emo latter Dividends, theſe wo Nations will ariſe, to wit; ae 


aa bb i at 

i and 5 ä | | | 

multiplying the Numerators as -— bb and 2 — ah one into COPY 3.45 alſo 
Lat, nat ab, and 4, (as in fortner Examples, ) vou will find the Produk 


to wit 
daa PE Pf (262 —atb— ab ably 
2413 | ad- 17 


XXIII When A Fittto'n ! in to 0 Eh ed by ſome Inte, er that happens ts 
be the fame with the Dehominator of the Fra — take the N Nai L ppes 


duct required. As, for Example, to multiply 55 * OY Fi 1 . aa * ab 
Abb for the Troduet of their multiplication, 
Likewiſe, ltiplicd by the Deivininator c; ine che pes 


tor b for the Produtt, "The reaſon of this ContraBtion is Evident 3 for if — £ bo mul. 


I — mm 
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: arten by 6 or , de ec way, the Pct will nd ths, © kai, 


 Denomin: ror; gives þ 
£39 3; ; 229 | 9 4 x 


Hence alſo, if an Algebraical Fraction be ta, be mpltiglied by. fs ltr of e letters 
inator, that multiplication 


As to multiply = 42 7 ? bye, the Product i r 45 where obſerve, that becauſe the multi- 


27 plier c is found in Fa: given Denominater cd, I ſtrike it quite out. 


| Likewiſe, © to multiply = mh by a, I write 2 f for the Produtt - And to multiply 


=" Z * ac Tancel porn the Deneminatr, and wit e for the - 


2 "The ra "aking of ene the quantity 4 b imports the lame thing wht the 
mueiplyi ing of by +, and the Fiodutt may be expreſt either thus, 2 ='1 or thus, 2 24, 
0 Likewiſe : 3. of e, or the Product of b+c multiplied by +, , thay he . ei- 


g 7 a , 3 7 4 
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Divifion in Aggebraical Fractions. 


XXIV. When the two given Fractions, to wit, the Dividend and Diviſor, _ hav 
a common Denominator, caſt away the Denominator, and divide the Numerator o 
the Dividend by the Numerator of the Diviſor; ſo that which ariſes ſhall be the 


Quotient ſought. As, to divide 85 by — I caſt away the common Denominator 


35 6, and divide aab by bb, ſo the Quotient ſought is 7 that is 5 
In like manner, _ divided by 1 gives — 75 that is, ab for the Quotient. 


id aaa — abb n on 1 Gnn——abh 
Again, If =” be divided by 1 there will ariſe n 


which abbreviated (by dividing the Numerator and Denominator ſeverally by their 
common Diviſor a+b) gives _— - the Quotient ſought. | | 


XXV. If the given Fractions have not a common Denominator, then (as in Di- 
viſion of vulgar Fractions) multiply the Numerator of the Dividend by. the Deno- 
minator of the Diviſor, and the Product ſhall be a new Numerator; alſo, multiply 
the Denominator of the Dividend by the Numerator of the Diviſor, and the Produ 
ſhall be a new Denominator ; ſo the new Fraction is the Quotient ſought. 


As, for Example, to divide a by ad I multiply ab by a, and the Product 


ro - 
is aab for a new Numerator ; alſo, multiplying e 
=} ab faab by dd, the Product is dde for a new Denominator; 


a) „ pd tte Quotient fought is i F 
I Is aa—bb 3 e 5 . Dy ads Md | 
Likewiſe, If — be divided by TP the Quotient will be — r 


For aa—bb the Numerator of the Dividend being multiplied by aa-+ bb the De- 
nominator of the Diviſor, the Product azaa—bbbb is the new Numerator: and c+4 
the Denominator of the Dividend being multiplied by -d the Numerator of the 
Diviſor produces cc - dd for a new Denominator ; whence the Quotient ſought is 
ccd | | | re EO 
 XXVI. But oftentimes there may be this uſeful Contraction in the Diviſion of 
Fractions, viz, when either the two Numerators, or the two Denominators may be 
divided by ſome common Diviſor without a Remainder, ſer the Quotients ariſing out of 
ſuch Diviſion (or imagine them to be ſet) in the places of the ſaid Numerators or 
Denominators that were divided, and then divide as in the former Examples. 

As, to divide py by 2 , Foraſmuch as the Numerators as — ab and 
a—b may be reduced to more fimple Terms, to wit, a and 1, (for aa — ab and 
a— being ſeverally divided by their common Meaſure a—b give a and 1. And, 

becauſe the Denominators cc and cd may likewiſe be reduced to more ſimple Terms 
c and d, (by dividing the ſaid cc and cd by their common Diviſor c,) therefore in the 
places of the two given Numetators aa ah and a—b I ſet the two former Quotients 
a and 1, and in the places of the two given Denominators cc and cd I ſet the two 


. LG ( la latter Quotients c and 4; ſo there will be . 
„„ „„ D DE PS 607 T0 E B15 77224ich:@ 
ES: 7) ES >: ED | Fs 1 1 ER 
1 : - at = for a new Dividend and Diviſor; then (as 
2 before) 1 multiply a by d, and the Product is ad or da for a new Numerator; 


Alfy, e multiplied by 1 gives c for a new Denominator, and the new FraQtion — is 


the 
* 
or Py 


ee  - 


new Denominator, whence the Quotient ſought is 


| C H A F. ; s 6 1281 . Bee 


* * „ 


the Quotient ſought which i is equal to that which would ariſe & by aiding aa 


bs 3 to wit, the Fraftions fiſt propoſed. 
| p 


» 13 nee  aadga—bbbb 1. 4 Ab 
Agaln, If it be defired to divide — 71 by — 


Numerators azaa—bbbb and aa ah may be reduced to aaa—aah+4-abb—hbb and a 
by their common Diviſor a Ch; and the Denominators a—2ab+bb and a—b ma 


© reduced to 1 4 and 1, by the common Diviſor a—5 z therefore inſtead of mul- 


tiplying aaaa—bbbb by a—b,1 multiply the ſaid aza—aab+abb—bbb by 1, and the 
Product is ada - aaf abb— þ 

aa—2ab+bb by ad Tab, I multiply a—þ by a; ſo the Product aa—eb ſh 
aan—aabK abb—bbb 


aa—ab 
In like manner, 1 adag—625 | be divided by aa SD the Quorin will be 


ag—1oa+ 25 


aag—5aaH: 254—125 , For a. -625 and aa 5a may be reduced to aza—5ar; 


aa— 5a 
2 and a by the common Diviſor acts; Alſo, aa -I 25 and 25 


Foräſtnucll as the | 


bb for a nba Numerator ; and inſtead of multi tales 


be reduced to a—95 and 1 by the common Divifor a—5 and 1 ; whence inſtead | 


of the Fractions given we may divide 
aaa 254125. by 
| ES. 257 5 1 
12 the Quorien ſought will be aaa—$00 + 2501 : 


aa -a 


Again, to divide aaa—2aah + abb by — I fe I for a Denotninator rides 


the Dividend aza—2abh+ abh, and it ſtands thus — abb z then foraſmuch 


_ 


v4 1 75 
+. * * * 
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as the Numerators aag—2aab abb and aa—ab may be reduced to -s and 1 (iby . 


Bete 


the common Diviſot aa—ab ) RR _— (6) EF given Fan and 
4 
we may take ho 2b 


80 alſo, If 4 T 2 be to be divided by a+, that 1 22 


E. CL the _ will be found 29+ zah, And —- . divided by xx-þ 5x, Sives 


a+4b 
7 
Laſty, 9 2 divided by «+ 5 gives the Quotiear — 


22 #8 hi * 


4 Quotient . 
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Tube Rule of Three in Quantities repreſented by Letters. | 


he Rule of Three in Algebraic Qyantities. BOOK I. 


c HAN VI. | 


S in Vulgar Arithmetic ſo here in Algebraical, if three Quantities be given to 

find out a fourth in a direct Proportion, that is, when the Nature of the 
Queſtion is ſuch ; that as the firſt Term is in proportion to the ſecond, ſo is the 
third to the fourth ſought ; then (reſpect being had to the preceding Rules of Alge- 
braical Multiplication and Diviſion ) multiply the ſecond and third Terms one into 
„and divide the Product by the firſt” Term; ſo the Quotient ſhall be the fourth 


Proportional ſought. 5 ls: 
As for Example, If the Quantity a 3 what ſhall c give, in a direct Propor - 
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The Proof, 


tion? Or, to the ſame Effect, find out a Quantity which ſhall have 
the ſame proportion to c, as þ has to a; here I multiply þ 
| by Gs, and then dividing the Product bc by a, the Quotient, 


— is the fourth Proportional ſought ; as will appear by the 
0 | | 

Proof of the Rule of Three direct: For if the fourth Term 
bc pe multiplied by the firſt Term à, the Product will be 


ahbe, which (by Seck. 5. Chap. 5.) is equal to bc, to wit, the Product of the ſecond 


Term multiplied by the third. 


In like manner, If a 
Anſwer, - 


+b-give d, what ſhall cd give, in a Direct proportion ; 


Aͤgain, If 4 gives 3, what ſhall 84a give ? Anſiv, 2 that is, =. 
Moreover, If aaa—aab-+abb—bbb give an- hö, what. ſhall aa—b#/ give? 
Anſw. a++b : For the ſecond and third Term being multiplied one by the other will 

produce aaaa—bbbb, which divided by the firft Term aaa—aab+ abb—bbb (according 
to the general Method of Diviſion in Sec. 9. Chap. 5-) gives ar the fourth Propor- 


tional ſought. 


IT. When any one of the three given Quantities is an Algebraic Fraction ſt the 
other two if they be Integers, in the form of Fractions, by placing 1 as a Denomi- 


nator under each Integer. pe TS. | 
- Alfo, when any one of the three given Quantities is compog'd of an 


Integer and 2 


Faction, let it be reduced into the Form of 4 Fraction, (by Sec. 5. Chap. 6.) then 
if the Proportion be Direct, multiply and divide as before. . 
As for Example, If a+ LL give cd, what ſhall - give in a direct proportion? 

. g | : 


For fiſt, a+ being reduced to the Form of a Fraction 


acf+ bbf” | 


will ſtand thus 
third Term 


— — 


the firſt Term 


by the ſecond Term d, the Produkt is =, which divided by 
2 T2 gives —© bed for the fourth Proportional ſought. 
acf + bbf EE 4 
C 


| 8 nn oth, „ 
In like manner, If — give d, then 2 will give 4 that is, — ( for i 


being abbreviated according to Sed. 5, Chap, 5. gives =. 


ch 
Alſo, 
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III. If after the three given Quantities ate ordered or ſer in the Rule actotdi 
the uſual manner in Vulgar Arithmetic ; the Proportion flows backwards, viz. if the 
Nature of the Queſtion be ſuch, that as the third Term is in_proportion to the ſe. 

| cond, fo is the firſt to the fourth Term fought; then (as in the Inverſe or backward 

Raule of Three in roy Arithmetic) multiply the f and ſecond Terms one by the 
other, and divide the Product by the third, ſo the Quotient ſhall be the fourth Pro- 
portional ſought. Bur I ſhall not need to give Examples of this Rule, I — Cs. 
application 0 Algebraical Arithmetic to the Double Rule of Three; Rules of Fellow- 
ſhip and Alligation ; fince he that underſtands the manner of working thoſe Rules in 
Volga Arithmetic, as alſo the Rules of Algebraical Arithmetic before delivered; 
cannot miſs of performing the like work Algebraically when there is occafion. 
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An Introduftion to the Extraction of ROOTS o © 


— 


Algebraical Quantities, 


141 P is not my deſign in this Chapter to treat of the Extraktion of Roots in general: 
4 (that Doctrine being hereafter handled in the third and fourth Chapter of the &- 
cond Book) but chiefly to ſhew how to extract the Roots or ſides of Simple Powers 
expreſsd by Letters, as alſo of Squares formed from Rational Binomial Roots, in or- 
der to the Explication of divers Equations in the following Chapters : For I would 
not willingly affright the Learner with tedious and intricate Operations until he h 
had a conſiderable Tafte of the praQtice of Algebra in the folving of Atithmetica 
- Queſtions. 3 I on ed re i - ee 
II. As in Vulgar Arithmetic, the Extraction of the Square root of a gb Ni * 
ber imports nothing elſe but tlie finding out ſuch a Number that being iplied by 
it ſelf will produce the given Number; fo the Extrafting of the Square root of the 
| 8 aa implies only the finding out ſuch a Quantity, which if it he multiplied = 
by it ſelf will produce aa; and fince a multiplied by a products aa, therefore a is 
_ the Rene die of eee SST et IIS.» 
Likewiſe the ſquare Root of 4% is 25 ; for 25 multiplied by 25 produces 40%: 
And for the fame Reaſon, the ſquare Root of 54a (or = i 4a; (or =) Alſo, 
the quate Root of Bb is ha; and the ſquare Root of aaaa is o. 
Moreover, Foraſmuch as as; or the Square of the Root a, being multiplied by the 
Root a produces aaa, or the Cube of a, therefors the Cubic Root of a being ex- 
tracted there will come forth again the Root a. In like manner, the Cubic Root of E: 
gaaa is 24; for 2a multiplied cubically, (that is; fitft by it ſelf and then again by 
the ProduEt) produces Sana. GER FF 
III. The like is to be underſtood in the Extraction of the Root of a compound 
Power; For, as the . Root a+b, which may repreſent the Sum of the two 
parts into which ſome Number ox Right-line ies ES: IN 
divided, being ſquared br multiplied by it ſelf, a- r. The Root; -* 
oduces the Square aa-+ 2ab-+bb , So the ab _ „ 
quare Root of aa-+ 2aþ+bb being extracted. ↄq — Toons WES 
there will ariſe the Root ab. Here the” ' aaab ALY 1 
Learner may obſerve, That if a Number our +@b+bb | + 
Right- Iine be divided into uy two parts, (-. 
and h) the Square (as-{2aþ+b6). which is e ad, The Sh 
made of a-+b the Sum of the Patrs, is com- V 
poſed of (aa and bb) the Squares of the Parts, and of (2aþ) the Double Product 
made by the Multiplication of the Parts (a and ea into the other. - 2 OY 
+, f e 4 ; | = -. 
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44 Concerning the Extraction of Roots. BOOK J. 
: So the Square of 8, or of «+2, is equal to 254920, that is, 64. | 
Again, As the Binomial, or (as ſome call it) the Refidual Root a—b, or b—a 
being multiplied by it ſelf produces the Square aa—2ab++bb , So the ſquare Root of 
en api 07 __ aa—2ab+bb being extracted, there will 


come forth the Root a—b, or 5—a ; ( for 


8 N The Root. OS either of theſe Roots will produce the ſame 
DIRE 1 5 Here alſo the Learner may obſerve, 
— Ik̃h)st if a Number or Right-line be divided ® 
naa 1 . | into any two parts, (a and b) the Square (aa 

| —ab-j Sh 9 work + made by. 9 Multipli- 
2 4 0 c Se 8 cation of (ab, or b—a) the Difference of 

aazab-+bb. The Squate. the Parts into it ſelf, is equal to (an bb) the 


. Saum of the Squares of the Parts, leſs by 
(2ab) the double Product of the Multiplication of the Parts one into the other: So 
the Square of 5—3, that is, of 2, is equal to 25 9-30, that is, 4. | 


IV. From what has been faid in the laſt Section, this Theorem may be inferr'd, 
viz. If a compound Quantity confiſts of three ſuch Members or ſimple Quantities, 
that two of them are Squares, each of them having the ſign + prefix'd ro it, and the 
third is the double Product made by the matuot Multiplication of the Roots of thoſe 
ſimple Squares, the {aid double Product alſo having the ſign + prefix'd to wit; that 
compound Quantity ſhall be 2 Squate whoſe Root is the Sum of the two Roots of 
the ſaid two ſimple Squares: But if the ſaid double Product has the Sign — prefix d 
to it, then the difference of the ſaid Roots ſnall be the Root of the ſaid compound Muare. 

Hence aa 6a+9. will be found a Square, whoſe Root is a 3; for it is evident 
that aa and 9 are Squares, whoſe Roots are a and 3; and 64 is the double Product 
of the Multiplication of thoſe Roots a and 3 one by the other. At 5 
. Likewiſe, 95 Te cc is 2 Square, whoſe Root is 35 ,; for 9bb and cc are 
Squares whoſe Roots are 3b and c, and 66c is the double Product of the Multiplicati- 
on of the Roots 3b and c one into the other. Alſo, ,aaaa+baa++4b will be found 
a Square, whoſe Root is aa - 2b. EE 3 ang 0 
_ Moreover, (agreeable to the latter Caſe in the Theorem) This compound Quan- 
tity aa—1o0a-F 25 will be diſcovered to be a Square whoſe Root is a—5, or 5—d. 

And bbaa—2bca-bcc. is a quare whoſe Root is ba—e, or c—ba; For from either of 
\ theſe Roots the ſame Square bhaa—2bca-+cc will be produced by Algebraical Mul- 
"Tf the Learner be well vers d in this Theorem, he may oftentimes diſcern at firſt 
fight whether a compound Quantity that conſiſts of three Members or fingle Quanti- ' 
ties be a Square or not; and if a Square, what its Root is. 


V. If a Quantity out of which a Root is to be extracted be ſuch, that the Root can- 
not any manner of way be exactly extracted; that Root is uſually deſign d or repreſented 
by prefixing the radical fign before the Quantity propoſed. So to extract the ſquare 
Koot of the Quantity , (whether it repreſents a plane Number or a Superficies) I write 
Va, ory (2)a, which ſignifies that the ſquare Root of a is extracted or to be extracted. 
So allo, V: aa f: or, y (2): aa rb: denotes the ſquare Root of the Sum of 
the Squares aa and bb. 4 airs Too oy | e 'S 5 bo 
©. Likewiſe, to extract the Cubic Root of ö, I write (3)b; as alſo V (3) aab, to 
ſignifie the Cubic Root of aab; which kind of Roots are called Surd or Irrational 
Quantities. ( As hereafter in Chap. 9. of the II. Book will be more fully declared.) 


Vl. When it is required, to extract the Root of a Fraction, the Root of the Nume- 
rator and the Root of the Denominator ſhall give a new Fraction which is the Root 


fought. As for Example, If the ſquare Root of 5 be deſired; foraſmuch as the 


W Wo 
ſquare Root of aa is a, and the ſquare Root of }þ is b; I write 75 for the Root 
177 ĩͤ boo 007 2005; OO COLO OO 
O3. 85 L . : * ; 
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(AP. "be compleating of Squares formed, 
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Cubic Root £72 is 257 or . 
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1 „„ [1.93 6% | : 
In like manner, the ſquare Root of 75 is © 
is ab, and' the Root of dd is . LE 
on be EmareRoot? HED is: 
Again, the ſquareRoot of r 
the ſquare Root of the Numerator aa Cha- ꝗ is a+3 ; and the ſquare Root of the 


| Detiominator bb is b. Alfo, the ſquare Root of 8 e Send the 


7” 2 


z ( for the ſquare Rovt of aabb 


<73, Fer (by the foregoing Self, 4 


| = oy RT: „„ . , | 
VII. But if the Root fought cannot be extracted out of the Numerator and Denomij- 


nator as before, the Radical ſign is to be ſet before the given Fraction; as to extract 


the ſquare Root of 5 [ write vo or becauſe the ſquare Root of the Numerator 


1b" 


aa + 7 za. 
* | , orthus, V : aa-+bb: : 


is a, the ſquare Root of 55 may be expreſs'd thus ; likewiſe the ſquare Root of 
- þ 08. - 


may be written either thus, 


55 5 aabb ab N 
N = % 
ad ; RY 
R . : + X E-3 jo 
; l 4 | ? - ; 4 
5 : l > L Z Chis 3 , . N : \ he , x . . $f , 
” 1 * , % 
; b Ei WAI Þ 9.5 2 3 ; 4 SA BR: 4 
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Which teaches how by any two of the three Members of « Square | 
formed from a Binomial Root, to find out the third Member. 


I. T7Rom Seck. 3. of the precedent 8. Chap. it is evident that every Square formed 

T froma Binomial Root, that is; a Root of two Names or Parts, confilts of 1 4 
Members or diſtin& Quantities, to wit, two Affirmative Squares, and the double f 
the Product made by the mutual Multiplication of the two Roots of thoſe ſquares; 
which double Product is ſometimes Affirmative, and ſometimes 85 2 So each 
of theſe. compound Squates gaa-+12a+4, and gaa—12a+4, wh 


tes gaa-r 124- +4, whoſe Roots are 33 
+2, and 34—2, (of 8 conlifts of two Squares, to wit, 9aa and 4, together 


0 


with 1 2a, the double Product of 3a multiplied by 2; which sa and 2 are che Roots 


of the ald Squares dau and 4: Now if any two of the three Members of a Squate 
formed from à Binomal root be given, we may find out the third Member by one 
d T 


II. When two Aﬀirmative Squares are given as two of the three Members or Parts 


of à compound Square formed from a Binomial root to find out the third or mean 


Member; extract the Square root out of each of thoſe given Squares, then the, double 
of the Product made by the . of thoſe Roots one into the other ſhall 


either by A or —, will make a compleat compound Square having a Binomial Root. 


As för Example, If the Squares gaz and 4 be given, firſt I extract their Roots 


which are 34 and: 2, then multiply ing theſe Roots one by the other the Produkt is 6a, 


2 > = 


which doubled makes 124, the middle Member fought; this Joined by + to the Sum 


of the given Squares 9##. and 4 makes the compound Square 9aa-+4.+124, or 
9aa-+ 12a+4, whole Root is 3a+2,: But if the faid double Product 124 be joined 


I 3 
y . 


to the Sum of the Squares by —, there will atiſe the compound ſquate 9aa+ 4— 


0 * I * : 


12a, or 9a9—12a+4.'; Whoſe Root is 3a—2, or, 2—3a. 


In like manner, If 4 and 650 be propos 28 two of the three Members of a 
compound Square that has a Binomial Root, the third Member will be found 1 2b; 


t, which if it be annexed to the two given Squares 


and the Square ſought will be either 4aa-+ 1 206 F h, whoſe Root is 24 f 30 ; or | 


Elſe 4aa 1 24b f 9bb, whoſe Root is 2a — 3b, or 3422. | 


III. When 


ae 


P 2 9 
Py 


46 The compleating of Squares formed, &c. BOOK r. 


III. When the double Product and either of the two Afffrmative ons aforeſaid 
are given as two of the three Members of a 3 Square having a Binomial Root, 
to find out the other Square or third Member; divide half the ſaid double Product by 
the Root of the given Square, and the E of the Quotient ſhall be the third 
Member ſought, which added by + to the two given Members will compleat the 
compound Square, 1 7 B ON Po 
A s for Example, If 9aa-+124 be propoſed; the half of 12a is 6a ; this divided 
by 32 (the ſquare Root of gaa) gives 2 whoſe Square is 4, which added by + to 
9aa+124 makes gaa++12a+4, which is a compleat Compound Square, whoſe 
oot is a2. 80 2 e . 8 
In like manner, If 12a+4 be given; the half of 124 is 6a, which divided by 2, 
(the ſquare Root of 4) gives za, whoſe Square is gaa, which added by p to 124 
2 makes the compound Square 124-+4-+9gaa, that is, aa 1244, whoſe 
Root is 3a 2. 4 . 5 
Again, If aa— 2ba be given; the half of 2ba is ha, which divided by a, ( the 
3 Root of aa) gives the Quotient 5, whoſe Square is bb; which added to aa — 
2ba makes the Square aa—2ba-+bb, whoſe Root, becauſe — is prefix d to 20a, ſhalt 
be a—b, or, b—a; but if + had been prefix d to aba, then the Root would have 
been a-+b, or b. 85 | | ; 8 
Note: If the faid Affirmative Square given be were by Letters, and has only. x 
(to wit, Unity) prefix d to it, rhen inſtead of the Rule above delivered in this Se&. 3. 
there may be this Compendinm, viz. The Square of half that ity which in the 
double Product given is drawn into the Root of the given- Square ſhall be the third 
Member ſought to compleat the compound Square: As in the laſt Example, where 
aa—2ba was given, becauſe 1 is prefix d — muft be imagined to be prefix d) to aa; 
take the half of 2b to wit, ö, which multiplied by it ſelf gives bb, which added by 
＋ to aa—2ba, will make (as before) the compleat Compound Square wer," 
So alſo to make az+6da a compleat Square, I take the half of 6d which is 3d, whoſe 
uare ↄdd added by + to aa+6dz makes the compound Square aaf Eda dd, 
whoſe Root is a+ 3d. This will be further illuſtrated in the next Section. 


IV. If a compound Quantity confiſts of two ſuch. Quantities that one of them is an 

Affirmative Square expreſs d by Letters, before which 1 is pr xd, (ar ſuppos d to be 
refix'd) and the other is the Product made by the Multiplication of the Bock of that 

uare by ſome Quantity, which is uſually called rhe Coefficients that compound Quan- 

Why ly be made a compleat Square thus, viz.. Add by the Sign + the Square of 
half the Coefficient to the compound Quantity given, ſo ſhall the Sum be a Square, 

whoſe Root, when + is prefix d to the faid Product, is the Sum of the Roots of the 

Square given and the Square added: Bat when — is prefix d to the ſaid Product, then 
the Rovt of the compound Square found ſhall be the difference of thoſe two Roots. 

As for Example, If the eq ound Quantity..ga-+ ca be propoſed, I take the half 

- of the Coefficient c, to wit, den the Square of. 40 bs 466, which added to aa- Ac 

makes aa+ca-4cc , which is a Square whoſe Root or Side is 4 4% to wit, the 

| Sum of the Roots of the Squares aa and ac; But if the ſaid qc be added to aa—ca, 

| then there will ariſe the Square aa—ca + 4c, whole Root is a—1s, or 1c—a 

In like manner, To make aa+ 5ha a compleat 


| a+ 5ha : eat Square, and to diſcoyer its Root; 
I cake the half of 55, to wit, {b, the Square whereof is 4, which added to the given 
compound Quantity aa. ba makes aaf Sha , which is a Square whoſe Root 
Js aT 40, as will eaſily appear by multiply ing the ſaid Root into itſelf. 3 

So alſo, To make 412 a perfect Square, I add 36 (the Square of half the Co- 
efficient 12) to aa—12a, and it makes the compound Square aq—12a+36, whoſe 
Again, To find what Quantity muſt be added to azaa+aa; Or add 1aa, to 
make a compleat Square; I take 2, to wit, half the Coefficient 1 which iel : 

is added 


do aa, (the {quare Root of aaa) and then the Square of the ſaid . is4 1 
to aaaa-F 1aa makes: the Square aaaat 1a T , ot, adaa a, whoſe Root is 
un. , to wit, the Sum of the Roots of the Squares adaa and g. 
| ' . ; | e Fara %, n 1 * | N „ g 3 7 * f b 5 
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dient is 3 


| pound Quantity propoſed, makes 


1. The Sum of mp two Quantities propoſed is 


KS n. 


.. 3s The Quotient of the leſſer divided by the greater is | - 


10. The ProduCt of the Multiplication of the Sum 


E 6 CH A p. | 10. . l — e 


Ader the ſame manner; to make 4670 1 
this Compound Quantity a compleat þ , . ad or 
„bb KG OE 5 
I take the half of the; n 7 2 


24 
4bb-+ I —— 2 


Which Square added to the Com- e I DE, dr 


— 4 to wit, „„ 
Then the Square of that half Coeffi- F 


Which laſt Compound Quantity is a 4222 2b+ 20 
_ whoſe Root is 24 


ikewiſe, If it be deſired to rake this compound Quantity a compleat Squaie, 5 | 


wit, aaaaaa+baaa, I add to it the Square of half the Coefficient ö, to wit, 4b; ſo 
there will be aaaaaa 8 the _—_ defned, whoſe Root i is pa 


A c ollefton of 4 8 to a the Rules. 
hitherto delivered, | 


19 


I. Here are two G whereof the grea 3 is a "IF 2) the leſſee or 2. 
What is their Sum? What is their difference? What is the to lrg 
Multiplication? Whar is the Quotient of the greater divided by the leſſer > What 
is the Quotient of the leſſer divided by the greater? What is the Sum of their Squares? 


What is the difference of ie Squares? What is the Sum of the Sum and differ- 


ence of the two Quantities firſt prope poſed ? What is the difference of their Sum and 
Difference? What is the Product made by the Multiplication of the Sum by the Dif- 
ference? What is the Square of the Sum ? What is the Square of the Difference ? 
What is the Sum of the Mga, of the Sum and Difference? What is the Differ- 


their 


ence between the Square of the Sum, and the oi of the Difference ? What is the 


the ſaid two Quantities? ? 


hoes E La, v 


Square of "_ of mg of the MAC: 


2 
7 


2. Their Difference, or the exceſs of the greater 
aboye fn .. Es Js. | 
85 The Produr ef thai kiuidhüsaten . Hg 


4. The Quotient of the greater divided by the leſs t 
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4 ail 
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7 The e r 5 "es * — * 
2. The Difference of their Squares Ee — os. 
8. The Sum of the Sum and nce of the two? t. 5 


— 
2 4 
* * 


Changer ſt bre F A 34. Fw 125 
9. The difference of their Sum and Difference is. 2 | 


11. The Square of the Sum sz 
r of the — + 555k 


by the Difference 18 „ 73 0 : | Bt 


"Queſtions 10 —.— f B 0 K 1. 1. 


In like manner, If the greater of two Quantities. be c < or = and "i jeſſer be 
=, (which we may ſuppoſe to repreſent — that is, 2; yp putting b for 


| 15 The Bw "of hs S uares of the Sum and} | I R 
| 55 Ti Sim of th es of he Sum ad i — 5 2⁵ . 
14. The difference between the ae cf the 4 5. 5 — 4 35 
1 and the Square of the Difference iss 8. 5:l; 4: 1% 
15. TheS = of the Product of the 2 cad = EE 36 I. 

8 tion of the two Quantities is e 


20, and d for 123) Tc. | x 
1. The Sum of hoſe too Quant will ia e 1 8 
1 | honey 
2. Their Difference IS 4 60 e e ( b—d wed Lo 
3. The TERS of their Multiplication is "OTIS. > | FR 2. 
5. 82 Quotient of the leſſer 8 by the greater þ | bg 1 . 


6. The Sum of their Squares is | NO, + ett M 
5. The Difference of their Squares is. NED. 1 Þ 1 


8. The Sum of the Sum and Difference of the two? t bg 1 4 
_ Quanrities fe men Diſc ce rno} 2C Fil a 


252d ; 
9. The Difference between the Sum and Difference ss di = I 
10. The Product of the Sum multiplied by the Dif- ee 1 12 | 
| — — 25 1 Oy ': of 
— nr . CODER i oh 24 7 * — N n 4 
1. There are two' Quantities whoſe Sum is , (or 20,) "wo the greater of them 
4 put a, (or 12; 7 What is the Leſſer? What is their Difference > What is the 
Product of their Multiplication > What i is the Sum " er Suns] ? What is the 
Difference of 4 A | 5 : J 
I. If from the Sum of two Quantities * i 4 
be ſubtracted, the Remainder ſhall'be the leſſer, & 24 
therefore the leſſer „„ |. 5; « 
2. If from the greater Quantity a, the leſſer þ—a be}, | +; 0 | 
ſubtratted, the Remainder or Difference a 2 
3. The Product of the Multiplication of the two? | - e 
| Fee 1 | 4 
„ 4. The Sum of their Squares is g q —— 208 7 
TR he The nr a ak eir * „„ +, 0-57 5 | 
4 cir if the Sum of Tino Quantities betepreſtitel b | 
2. And for the leſſer of them there be put „ I 
q 4 The greater Quantity ſhall be. © 0008 » . = 
E: | dei Difference ſhall de tee, N 
= 751 he Product of their Multipli cation. be 
; - 6. The Sum of their uares NINE | $5 


7. 42 * wt; heir PD veoecorager fbf 
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— Leſſer quantity Dune. 
2. . Then the Sum of the twoquantities will be. 


3. Their Difference is „ hs ns ; 4: 
*S The Produtt of their Mattiplication 8 * 1 | 
5. The Sum of their Squars i ; 8 5 i | 
6. The Difference of their Squares is; 5 wo _ 


h 5 
* 


7 . 
rr 8 n N W N FI? 


a 1 1 _—Y Py 
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Mo,; *— Qpeflions 1 70 crereiſe Algebraical 4 Arithmetic. 


III. There : are two Quantities whoſe Difference is d, (or 4,) and if for the Greater 
Quantity there be put a, (or 12 ; ) What is the Leſſer > What is their Sum What 


is the Product of their Multiplication ? What is the 


is the Difference of their Squares? 


1. By ſubtracting the Difference from the Greater 


hand of their open 2 What 


IV. There are two Quantities, 3 the Grames "I ſu 


Leſſer as v (3) tos, (2,) now if for the _ quand 
at is their 


What is the Leſſer > What is their Sum? 


111 


quantity, the Leſſer will beeeee ME 1 4 8 
2. The Sum of the two Quantities is 2a — 4 20 
3. The Product of their Multiplication i =... „„ my PE 5 
4. The Sum of their Squares is 2aa--dd — 2da 208 
5. The Difference of their eir Squares i „ a 8 
1. But if the Bar of two quantities be. £5; 4 1 7 
2. And for the Leſſer quantity you put © p 8 
3. The Greater ſhall be the ſum of the Difference 9 TOR 5 
and the Leſſer, rowit, . . , E . 12 
4. The Sum of the two Quantities i Ws | ' oi bg * a 
5. The Produtt of their Multiplication is. de- ee „ 
6. The Sum of their Squares is.. „ 2 208 
. The Difference of their Squares * du 2de „ 


— — 


ch Proportion to the 
there be 
ifference ? 


a, (15, 


hat is the 


Product of their Multiplication? What is phone: _— of their * ? What is the 


Difference of their Squares? 


1. Firſt, ſay by the Rule of Three, If r "give s 55 
what will a give? Lnſw. 75 which is the & 


Bur To hs Tas 7 20 a 
Crna s-(2,) tor (4; ) Then 


1. The Greater Quantity will by the a 


_ This! be found „ { 


2. And che Sum of the ono Quan wil be... 
3 ; The Dirac 1 7 ” 60 5 : : 


511 20. * 240 


4. The Produd of their "I TOO 


titles be Go) ad bas fach þ Proportion to the 


. 1 


1 


tot 8 0. 8 lune: 10 exerciſe rad PET = 5 0 0 K I | 


LIST? 
* i *% 


V. There are Fi > Quantities, the Product of whoſe Multi 1 180 (20; ; ;) and 
if for the Greater quantity there be put à ('5,) What is the Leſſer > What is their 
Sum? What is their Difference? hat | is La their x Squares: 2 Wbat is the 
Difference of their Squares? 


1. The Product divided by the Greater n | 8 4 
F a gives the Leſſer, to wit, 5 3 
2. The Sum of the two Quantities is e : - a+ 4 | 
3. Their Difference is . 45 = „ ©5% : | a—Z. 
4. . Then cho Sub of their Squares.is „ 1 - 3 2 2 l 
5. The Difference of their Squares is | 2 8 ; i 


PIY 8 * 


But ift the Produdt of the multiplications oben two Quantities be be b (269 and for the 
Leſſer there be put e (4. 


1. The Greater quantity will be. 5 Pe” 4 
52. The Sum of the 8 1 7 8 | 
3. The Difference i IS. . | «<8 8 2 * * 


4. The Sum of their Squares is 1 „ dogs 


5. The difference of their Squans $5 5 f - >_ 


Y RIG . 


VI. The a of Roots may be exerciſed * theſe Town weten 
Tour being had to Seck. 28. Chap. 1: a8 alſo n 8 Q 2255 ke: 


if 1. What is the Square Root of 444437 Anſw .. 124. 3 


2. What is the Square Root of ah? Anſi. ab. 

3. What is the Square Root of gaa— 6ab-+bh; ? btw. $4—$, Or, þ 5 

4. What is the Square Root of 4er e e ? _ v. 222449 | 

J. What is the Cubic Root of 125aaabbb > Anſw.” Fab. 0 77 

1 If b be put for 65, and c for. 8. what number. is ignified. c _ 
Anſw. 5. 

Z. Ihe ſame things betng put as in the laft Queſtion, vihar number is fignified ty 
Vcc. Lic? Anſw. 12. 


8. If a be put for 8, and ba as, vat ee i gui by vf 


Hifi. R. 2 
9. But the ſame things being put as in the laſt Queſtion, this, uanti 7 J 
ſignifies 12, or, 3. 464, Cc. that is 3 $58, ©. 15 'y Vaal a 


_ 10. Wei for vnd þ for nnn is Fgnifid by LOT: Ups 
Y. 3 212 
4x But the ſame things being put as in the laſt | Queſt ths Quantity 


Y.). agg 2: fignifies V(3) 37, or, 3. A4, r. 1 
I. The Rules of the ninth Chap. may be. exerciſe 15765 g fullowing 
I. Whit Quantity is that which if it be added to 


Fo wil make thn fie 
_ Square? Hnjy. The Quantity to hg added fa be . 2 85 | 


x7 a 
* x ' * 
. a 2 
Fa * - : 0 
o "7 * | = 


= 


90 
n 
; 
4 


4 * 7 


and the Square ſought is either aa-+ 104.25, whoſe Root or fide is a+ 5 or el 
the Square is aa — 104 25, whoſe Root is 4 — 5, or 5 - :. 
* 


hat Quantity is that which if it be added to +3 aa-+4bb, will make the Sum 

a Square? Anſw. The Quantity to be added may be either Tab, or —ab and the 

Square is either -E ab4-3bb, whoſe Root is 44-+24 : Or elſe the Square is 
ib, whoſe Root is 22— U; or 3b — 44. „ö 

3. What Quantity is that which if it be added to aa za will make the Sum a 


Square? Anſw, The Quantity to be added is ?; and the Square is aa-+3a+2, whoſe 


Root is a+2. | £ "PIE 
4. What Quantity is that which together with aaaa — 2bbaa will make a perfect 


CHAP. 11. Queſtions to exerciſe Algebraical Arithmetic; © 51 


Anſw. The Quantity to be added is bbbb ; and the Square is aaaa — 2bbag 


quare e | 
Sap whoſe Root 18 da — bb, OT bb — aa. ; | : 
5. What Quantity is that which if it be added to aa 60, will make the 
5 : ; - ; | : a f : c | | 


Sum a Square? ſv. The Quantity to be added is 405 + and the Squate is a 


5 


+ 0,4 2606 iwhoſe Root is a+ | | 
6. What Quantity is that which together with aaaaaa — aaa will make a compleat 
Square? Anſw. The Quantity to be added is ?; and the Square ſought is aaaaaa - aaa 


+2, whoſe Root is aaa — 2, of * — aaa; 


3 
bow 
C 
hy 
J., 
8 
þ 
| 
* 
1 
* 
1 
N 


„ 


Concerning an Equation, and the Neduction of Equations, 


I. AN en in the Algebraical Art is a mutual Comparing of two Equal quan! 


f the yalue of three Shil- 


tities or things of different Denominations : as, 


_ lings be compared to thirty ſix pence of Engliſh Money, that compariſon imports an 
\ Equation, which may be Symbolically expreſt thus, 3 s. = 36d, that is, three Shil- 
lings are equal to thirty fix pence. Likewiſe, foraſmuch as nine Crowns are of equal 
value with the Sum of two Pounds and five Shillings of Exgliſß Money; the compa- 


—* 


ring of theſe tu o Sums to one another is nothing elſe but an Equation which may be 
briefly expreſt thus, 9c=21-+ 5s. In each of which Equations the Moneys compared 
ate of different kinds; for Equations between equal things of one and the ſame 


name, as 25 = 26, or 5 25, and ſuch like, are fruitleſs. 


After the ſame manner, this Equation a=b+c may ſignifie that ſome Number or 


line repreſented by a is equal to two other Numbets or Lines & and c taken together as 


one ; or, if the number or Line a be divided into two parts-b and c, then alſo 


a=b+c; for the whole is equal to all its parts. V 
II. Eyery Equation conſiſts of two Parts, which are uſually ſeparated one from 


another by this Character =; ſo in the firſt Equation in the preceding Sec. 35 is the 


firtt Part, and 36d the latter; alſo in the ſecond Equation, 9c is the firlt Part, and 
21+55 is tlie latter; likewiſe in the laſt Equation of the ſame Section, a is the firſt 
er. 5 Ne 
II. The fingle Quantities or things, whereof each part of an Equation is compoſed, 
are called the Terms of an Equation ; as in this Equation, a=b-+-c, the Terms are 


zh and. ²˙ð*⁰ So wit. a a EE na. 8 
F 2 IV. How Equations ate found out, the Reſolution of Queſtions will hereafter ſheiv 4 
but when known quantities are intermingled with unknown in begs og the firſt 

cope is t to ſeparate the 
known quantities from the unknown, that at e Eqadriot nay renin in the 


Scope is to clear the Equation from all ſuperfluous quantities, 


2 


4s 2 2 ; ; 
? 5 3's & 


* 


— __—— 


| "Bn J\ 0 ©. 2 3 CE 
Then by adding bb+cc to each part * ; e 


0 PY 3 . 
Reduction of Equations. 


feweſt and ſimpleſt Terms, ſo diſpoſed, that the unknown quantity or quantities 
may poſſeſs one part of the Equation, and the known the other, this work is called 
3 and how tis perform d the Examples in the following Sections will make 
manifeft. VEW 35 


BOOK IL. 


__ 


—_— 
ts. 2 


— as a 


* 


Keduction by Addition. 


V. Reduction by Addition is grounded upon this Axiom, (or common Notion) 
viz. If equal quantities, or one and the ſame quantity, be added to equal quantities, 
the wholes or totals ſhall be equal. As, for Examples; | 


If the letter a repreſent ſome number un- | 
known, and it be granted or found out > ; , . a—3=12 
that S: 0 ” pe SOLES: 24:8 | 

Then by adding+3 to each part of that} „„ „11 
Equation, this ariſes, to wit, . . . F ** © 3+3 = 12+3 

That is, (becauſe — 3 and + 3 added DEL 
r n 


* 2 


W 


In like manner, to reduce this Equation. . 34 — 4 6—a 

Ladd -+ 4 to each part, and there ariſes . . 34 — 44 6— 444 
Which Equation contracted makes . . . . . . 34 = 10 -a 
Then by adding + a to each part of any © of 006 


laſt Equation, this ariſes,  . 5 | 
That is, after each part is contracte . . . . 44 = Io 
gain, If this Equation be propos d to . N $ 
reduced | 3 1 "this Eq ® * | Y " 95 b=d+b Be 
By adding +6 to each part, this Equation ? „ 5 
e den, = coat F, ++ aa—b+b=4+644 
Which 1 uation, after due contraction 2} Rr 
gives 8 8 5 75 „„ . 3 193 aa = d+ 2b 
So alſo, IF 1 ä . „ TY 
Buy adding +6 to each Part, there ariſes a=b 
/// MM ooeme 
By adding a to each part there ariſes ; . ., . 65 2 
Moreover, If 5 ES: i ; a0 bb oc iid * 8 7 


at 
5 


. 


Laſtly, If . . 5 . FRE PLS 2. 4a — 6 cc — da 
dg + to each part, th Equation Y 5 ͤͥ ( 


. ** 
And by adding +da to each part of the t.. 4 de Ce ö 


| From the premiſe i i event, That fin g Equation any Quantity which jug 


the ſign — prefixed to it, betransfer'd to the other part of the Equation with the ſign 


I. that work effects the ſame thing as the adding of that Quantity to each part of 


the Equation, and is called Tranſpofition, - | 


. 
, , F a ' * 
N . . C2 A * - 
„ a 2 * 3 LEY if * * b Fi 
N — 8 FIST * 2 — Wege 4 
— * . 4 * * - — ” - n E — - — — — yr 2 * * 
7 et _—— 0 
p * * * * - a ” # + ig — * a 
. : | f - : : $ * * x 
= — ks * 4 * * 7 8 n » « 1 ES af os 5 3 pn 
- - 1 


. Redu8ion 


K e of —.— 


C HAP. Ir. 


Relais, hy Subrraflion. wy 


y. Tf from equal Quantities you take away equal or one and ih 
Quantity, the Cuonities remaining will be 5 "on n 


If it Na taken for granted that  aÞ3 = PE 
Then by ſubtracting +3 from exch LES 3 
there ariſes „„ 9 
In like manner, Tf . 1 * ab 3 
I Subtract +b from each ru, and there} 2% „ 
ariſes OY, me d w 0 2 4 = 5 3 
fs po & bb from each a and oo» bam = 4. rec : 
Fir ubtra om eac E On EO 
there remains nn EET aaa = aa oc—bb 
Then 2a Subrrafted from each part of the L: 1 
- laſt ee leaves this, to wit, 2 . = my Cc — 5 
„ 1 mm Po Iron 
B ſubtracting Abe from each part, RE E 
* _ MO E H fb f 8 | w> _ 2ca rd. 
And by ſubtracting 2ca rom eac part o * . U 
Jaff Equarion, this ariſes, to wit. A q aa ac = df—h—c_ 


Hence itis evident, That if in any Equation any Quantity | which * the ſigr 
refixed to it be transferr'd to the other part of the Equation with the fign  fgn+ 


P 
work Effects the ſame thing as the ſubtracting of that Quanti * each f 
the Equation, and is alſo called e "a OR * part o 


5 2 n ; 4 % * 
D — * 4 ; WE A — > + 7 * o — ER 8 


a. 


wn.” $ watt . 


22 „ Multiplication: 2 


VII. If equal Quintitlas be multiplied by equal Quanti 
ſame Quantity, the Products ſhalt be equal: Hence —— 
e are red uced to other Equations an — of 


As, for Example, if ) ci re [= 3 6 

Then by multiply ing each par iy 5, my 1s: 
en by mulrtiplyi 8 
Equation is produced x : = AP ” 5 26 

Again, to reduce this Equation to another 7 818 — 9 5 3 ; 
in Integers, vx. | Tn ——_ 


I multiply each part * —5 and there} R 
—— | — — —— 
Likewiſe, to reduce this ; Equation to _ i 
ther i in Integers, VCC 1 : y 'L | . A : CY | 


Firſt, I multiply each art by the Denon. = CREE 00 
nator 5, and there wi be produced „ "OI, _—_— 


Then Multiplying each part of the laſt” DO EUR Ts © SB £2 
Equation by the ware c, Lind e » 4 q - ag = cdi 
this Equation- - 6: oihpmotth og ß , 
Hence it is fanifeſt; That an | bn whereof each part is2 Easton, may 
reduced to another Equarioal in Oy by . croſs- wiſe, as in the Redu jon 


. 


- 


6 Reduction of Equations. BOOK I. 
of Fractions to a common Denominator, and then omitting the common Denomina. 
tor, a new Equation may be inſtituted between the new Numerators only. 85 


: o 
. 1 0 ec; 


© When either part of an Equarionis cemposd of Integers and Fraftions, firſt 6: 
duce that part into a Fraction, (after the manner of the latter Example in Sc. 16. 
Chap. 6.) and then multiply as in the preceding Examples: as, N 


— 


If this Equation be propoſed - . . 7 ++ d = be+ = 
Firſt, I reduce that Equation A we ae cad 
| a 


Which laſt Equation reduced by Multipli- } PRE one 
cation as in the preceding Examples, > ont 19288 + abc Þ+abd * bbca bild 


But here is ts be noted, that in reducing Equations which conſiſt of Fractions into 
other Equa tions in Integers, the Operation may oftentimes be facilitated by the ſame 
compendium that has before been ſhewn in the Diviſion of Fractions (in Sed. 26. 
Chap. 6.) vix. When either the Numerators or Denominators can be reduced to more 
ſimple Terms by ſome common Diviſor, ſet the Ouotients in the Places of thoſe Nu- 
merators or Denominators; and then reduce theſe new Fractions into an Equation in 
Integers, by multiplying croſs-wiſe as before: As for Example, | 


To reduce this Equation to another in } aaa __ ba—bb 
Intceers,. |... - „„ 3; _ —__ a+b_ 


Firſt, after the Denominatdis a -M bh C74 
x2 * 


a+b are reduced to a- and 1, by 


| : aaa ba — 33 
the common Piviſot a+b, this New — a — 3 


e 1 


/// » - oe 

Whence by 1 mn (as in} | | 
the preceding Examples) this Equation -: 3 Ir 
in Integers is produced, . . . . .. wg ne Bk 


e 1 * — N » 
— 4 4 


g. bha— cca _ bbb—bce © 


Again, to reduce this Equation to another 
JJ au lg 
Firſt, the Numerators reduced to a and 

b by the common Diviſor, bb—cc will -- 42 + 


a . a 


32 
* 8 


32 1 a | a+b a g 
. hence by Multiplying croſs-wiſe, this Þ - - 14412 
7 Equation is produced . . . . 8 F „„ * 1 


In like manner, to reduce this Equation. — 

Firſt, I reduce the Numerators to aa and 6, 0 

by the common Diviſor 5 —c ;, alſo 
the Denominators to c —a and 1, by the ., . as 3 
common Diviſor c; which new Nume- : 12 
rators and Denominators conſtitute this 
Equation, . o - 


Fog « 5 ; * o * þ 
Whence by multiplying croſs-wiſe, N „ FO 
Equation is produced . . . . . . 3 * * * aa = bc ha 
So alſo to reduce this Equation . .'. . = 3 
© : 4a — ba 5 
Firſt, I ſet 1 for a Denominator under the 6 


propo- p- 


Integer ic — cc, ſo the Equation 
2 ſed will ſtand thus, ** 


. aa — lar 1 


\ . 


——— u ͤ— —— 
CHAP. 11. : A 7. . eee, 
2 — — 
| Then, after the Num rators * — ca and 1 | 
Ic cc are reduced to 43 and c,) by the DR 3 | 
common Diviſor 9 — 9 this Equation rn 2 Fs 
aries.” | 


Which laſt Equation, by hich croſs- 


wise, gives this in Integers, . . + - * + » 4 = = caa—cha-þ hh, 


—— — 
——U— — 22222 — 


= emma" none NUTR — — 


"When ore part of: an Equation is a  Surd quantiry, (that is, ach which hasa a Radical 


L ßen prefixt to it, as, V, ory(3), &c.) and the ot her part s a rational Quantity; that 
= uation may be reduced to another which ſhall be free from any Surd quantity, by 
caſting away the Radical ſign, and multiplying the zational part of thegiven Equation | 
either quadraticaly or cubicaly; „c. TY tothe i import of the Radical fign z as, 


If there be propoſed : * „ +.» Va = — 6 
Foraſmuch as the Squares of equal Roots). ; A 
or Sides are alſo equal, therefore by (. 1 


_ ſquaring. each part of thar N this 
is produced, to wit, „ 


— i 5 | i hs „ Va = ts | 
multiPly1ng ea part into it ell, t | 3 a 
"Equarion e, NT” 33 bbge 
f 8» 33% Weave 
E ſquaring each pare, there comes forth . „ 42 2 5 

And, ĩ - 3 8 1 = Ie: 


B ſe uaring each art, ach iS done b | -.t 
„ —— *. part, will ariſe 1 9 a = K -b 


So alſo if this Equation be propoſed, e 1 


By multiplying each into it ſelf, this? 1 8 
Equation is produced, . 7 - +... . 5b . 4 


r al 1 | 1 , 

multiplying eac to it elf cubi- ] 

- "cally piping each p pu 3 4 I Tod a = 512. 

. DE 0 = N Ec: a: 

oo "caſting away v6) * HR Ja "th __ 4h Fe by 
it gives hs SS Ty . oe he et i 83 . 4 = Nc. 


VIII. If equal Quantities be divided 1 equal Quantities, or by one and checks 
Quantity, chere will come forth equal Quotients. Hence Equations N to 
Others of lower Degrees: As, for example Y 


If it be granted or found out that = a4 . 32 
Then by lng Sach part by a, denk n 
agen * 5 . aaa-Thaa = bha 

y dividing eac uation . 2 

ariſes 8 | ban by a : Equar 1 * aaf ba = 6. 

ſo, If __—. Fe #: 4 1 „ 6 8 $5 . . F Ja = 15 : 
ay dividing each] Bo t by 5, there ariſes % Maes 2; 48 
Likewiſe, If FO ow. | be=be ie 
By dividing e each part by 6, this *Y 6 „ 5 | 
an es, "33 ns Jn OY vs Bae 2 + 9 . If”: . . N 
Again, dba e . 2 : 1 88 
By dividing each part by hora) ther arts 4 55 1 

„ Hen „ caa = H 


By as ce pr Fr; ins „ 7 


* 


— EX 1 — 


Reduction of Equations. BOOK I. 
Moreover, If „ OT, . 7 3 3aa+4a = 29 . . 
By dividingeach part by 3, there ariſes . . aaf = 13 


Likewiſe, If . . + +  Cadag—-ba = odd _ 
By dividing each part by c, there ariſes . . . aa— a = id 
| Reduftion by Extraftion of ROOTS. is 


IX. Foraſmuch as the Sides or Roots of equal Squares and Cubes, c. are alfo 
equal between themſelves ; therefore, | — e 


— / ĩͤᷣͤ K.. aa = 36 

By extracting the Square Root of each Part „„ 
,,,, > 7 

In 8 . 1 aa -= bb 2bc+cc 
By extracting the Square Root of each part . | 
rows e VVV 7 „ e 

| 2: aa = 29 


Again, If 


By extracting the Square Root of each part, Ds VV h 1 
— . . -.. 1 N n 

een If . 8 r aa = bh —dd 
hen, by extracting the Square Root out o „ r op] 

each part, there ariſes us ws * „ 1 V:bb dd: 

Again, It * ; . . © 2 „ . © - . 3% o aaa = 27 | 7 

Then, the Cubic Root being extracted out? W 5 

of each part there comes forth 81 55 1 ä 

— 7 s h © W R 3 f ©, h „ „„ aaa = 12 ID — 
y extracting the Cubic Root out of each = 5 4 
part, this Equation will ariſe „„ a = V(3)12. L 

Likewiſe, If . ME I” aaa = hc dd | 


#2 


Then, the Cubic Root extracted out if 6k DE N 
each part, gives „„ 3 of = V(3):bbc+cdd: 


** —— 


vr - a. 
—_—y 
Dr 


r 
f?} 


X. By the help of ſome of the foregoing ReduQtions, I ſhall here ſhew (after the 45 
manner of Fran. van Scooten in his Principia Matheſ. Univerſal.) the certainty of the the 
Rule before given concerning + and — in the Algebraical Multiplication of Compound : 
Quantities : viz. That + multiplied by —, or — by + makes —; alſo, That — in 
multiplied by — makes T-. 1 5 e ee Int 
Firſt, let a - b be to be multiplied by c, then the Product according to Algebraical 1 
Multiplication is ac — bc : now it muſt be proved that — b multiplied by c makes 
— bc; to which end, let f be put equal to a—b, and then if it be proved that ac By 
bc = fe, it-is evident that ac— bc is the true Product ſought ; and conſequently, — þ IM 
multiplied by +c makes — bc : But that ac— be = fc may be proved thus, ſt F 


Foraſmuch as by ſuppoſition, „ a „ 


Therefore by adding b to each part, it makes +a = fo+b 


And by multiplying each part of the aſt} , 5 8 "ol 
Equation — — there will be produced . 5 * * * 2 = fc = .. N WI 
Wherefore, by ſubtracting bo from each , 3 . — 
part of the laſt Equation there remains N fe 2 Lil 
Which was to be proved. | =» 5 5 


After the ſame manner it may be proved that — multiplied by makes 4- : For. 
If a —þ be to be multiplied by c— d, and there be put (as before) f=, it may 
be ſhewn that ac—bc — ad+bd is w_ toa—bxc—d the Product ſought, and 
therefore -h multiplied by — d pte 3 


\ 


uces d. For, . 


E N 1 


hae r * 4 3 Hall Tie e | FRESH EET 8 772 
Therefore, by multiply ing ack part into —. 45 


That 1 18, 0 2's = 8 2 o 
| But it has been Jets in the a Er s 
N . — that * 2. 8 hs ; | 


„ 


ual to 555 5 a 
1 0 21 of the fiſt i Elina a} 
= 74 this will be produbed 
Wherefore, If from ac—be in the fifth 


ation th ere be ſubtracted add 


ee er of 'f4 equal to ad —bd, "there 
ill remain according to the Rule 0 


” * _ -- nite Wars, + 12 c 2 


„ 
«„ ͤ — — 
2 1 * 
; os * - % 
8 8 12 0 a 8 .* * . — — v2 BE F + es ? 
* > * A ” 
; - * 
* — ” * F . | 
. 0 FX * ” * 7 3 + * 1 7 » = 
* ag 7 = » 
F 4 
> "C % 4 „ $£* 
" 4 Y . . * - 5 1 » * 8 


Algebralcal SubtraQtion I % TT ER pe, 
e614 was eee „ es 
. — = an —— e 1 3 1 — I 5 BY 
5 = | 
: > a H. A F. XII. 


F 


Whi 41 1 in OO Order. he en in 8 0 ving 
Chap. 11. are 10 be uſed to reſolve — or * heat 5 


Pan, then fot Rabin. 1 bg” | 


: 1 
7 


L 40} Co 


a 


1 Y the help of the * Reludion either the value of Es . * 
or Quantity ſought-in an 2 will be found equal to ſome known Quan- 

tity or Quantities, and conſequently the Quantity fought is then known alfo * or yo i 

a new Equation will be diſcovered, from whence the ſame ny ſought m Ko . 

made known by ſome other Rule or Rules hereafter delivered: But in EE * t | 

thoſe Reductions, the work may oftentimes be facilitated by an orderly proceſs, nd fo 5 

is the Scope of the five foflorving Sectionr; where I affume the Vowel a to ſtand 

the unknown Root or Quantity ſought; and Conſonants for known Quantithes. © 
II If in any Equation the Quantity ſought, or any Power or Degree of it be aſs RR 

in a FraQtion, reduce that Equation to another that IM ad expreſsd altogether b y : 

Integers, (by Setz. 7. Chap. TI. As for Example; 3 - 


”r this Equation be propoſed, - « Ale * 25 Ws — = d 8 a 


' By multiply ing each part thereof by the TER TT. 
Denomirator LE this ; Equation als ing 2 b—a = d-+f—< 
e a . Fa. x — 
"ASD iregers, tf leo bi . ot | 109 2 — J Wo | f r ; 
P ” — — 


If the fe mam IS uarion ulti- as. © mT D A f 
5 | plied by 4, 2 0 N WM * 2 0 Au * I N 8 2 OO > 15. — 

Will be reduced 1 into W 8 „ „ %% a aa ＋ 24. 5 60. 939 575 , 
— 5 8 * — — — — 


Likewiſe this'Tquarion - „ 3 * 189 2 perm ans 
r „ —— ttt = bends 


WET ROT 


* 
ka * — $I 2 
* \ 
5 R pay o * 
4 # 1 N. 1 ; + 5 2 ay - - ; * = a 5 RENE * 3 a F | : 

— TY _ 3 8 A8 8 tt 8 2 Vis 1 8 Fe "CY * 3 3 1 
Na a 8 3 ——— 

* f Ret * 1 * Y 4 Q x * 4 1 7 * 75 of e 1 

wy 3 — — EY . © 7 1 N 8 1 L 13 * 91 71 v4 : * N 

0 * -4 1 - . 16 - . * N 4 4 7 3 


9 


- The Vſe of Reductions in Chap. 1 5 "BC Oc 7 * 1 


unknown . may make one part of an Ws and all the + known Quamitie 


By tranſpoſition of —26 to the other part : CEE. . 
of the Equation, under the contrary ern „„ 22 = 8+26=34: 
JITE d Dane os rote 
| — — — 2EU 
In like manner, IlIIf.. 3 2/52 ͤ;ͥoð ͤ 8 
By tranſpoſition of . lier the contra Ty {5,61 2101 ap e 8844 
_ y ſign — it gives E 63 6-—0..0 + 2 6 rindi, Tas IPOS. 
77 Sb ß di AWWW - 
2 . 1 1 — — — mens 
Again, If ES Porn 5 5 bis Ec x. be * | ba—g = 20-4 Ty: 
— 4, this uatio Ss 0 . 
— mii > ons 7 e OE 


If there be propoſed. ; 3a = 66 
Becauſe the unknown Quantity a i . 7 : 
ed by 5, 1 divide each part of the Eau YE 1 a = 12 
tion by — and there ariſes . S | - = 
| Again, © 1: ta = cc+dd 
. Becauſe c is drawn into a the 3 — „ 


the other: As for Example 115 
. ˙ A 2 2026 = 8 


wv 


Then by tranſpoſition of—a, I find ? „ 6a a = 20+4 


Which lat. Equation being contracted by ee Sw 

. < «|. @ vo we So IR 24 
Likewiſe. If » % . . | J 8-6: * b—a = def 
K due Tranſpoſition, this Nivarion Wild, '-; 5 „ 5 
Alle, % A 20 6:90.09; 1 6 | | | =: 
. 1 8 


1 When ſome Power 2 05 2 0 of the Dae ſought happens to be tied 
into every Term or Member of an Equation, divide every Term by that Degree, fo 
will that Degree or Power quite vaniſh, and con uently the Equation will be. de- 


preſſed, that! is, reduced to Iower Degrees or more on Terms : 4s 15 Pr. All 
: ; Oo on | Bei 
| IF there be propoſed 3 e 1 = 204” - 1 
Foraſmuch as à is drawn into every Term} _ 55 \ 
of. that Equation, I divide every. Jer by 1 8 43; = 20:; 5 GEES 

a, and there ariſes . » Yu 1810 e -vd exc "1 
Whence by equal ſubtraBtion of * Tfind b et rom e , or 1 
; — — — —— Seck 

In like manner, . aaa = 34a ; Equ 
By caſting away aa, tac is, — diriding Þ 6 e to t 
each Part by 4, there will ariſe To : we 1 Pin Qua 

: R — ——— toge 
_ E. | . Fe 0 So dee be, = lia 8 
y expunging aa out 0 every erm, there BOS, os If 
ariſes „ =y 3. 1b. 9 17 5 By 1 


V. When ſome kom Quattiry is gh, into the Mee Power or Degree > of 
the Quantity unknown or ſought in an = tion; divide each part of the Equation 
by that known Quantity, to the end the ſaid higheſt unknown Power may have 00 
Co- efficient or l but 1, (or Unity; As for e 


I divide every Term og the Equation 5 4 = c 4.44 | 
ms and E e no ond? 1 nayin xl OG Jef; FT WT 


2 


— 1 


| *» — — — . — , — 
a 2 e I 
SE, Ie 


—- 


2 ; e 1 72 
N 7 40 — 1 TS 2 ; *# Is M54 7 : — 
1 * *. , q 134 2 N = + » 2 * * L # 18 


0 
Co 


— — HSE ddu es pho per — — tbe — — 
By v dividing each part by 4 which ITY 0, "A213 
drawn into ous there ariſes  , © > | Nas en 
| Again, FF % co: x „ _  3aa—je=24 
Becauſe 3 is "drawn into as which is the 7 a”. 
higheſt unknown Power in the Equa*Q - 8 
tion, I divide every Term by . Joey f 
"thete als 8 . 
Likewiſe, If 5 A ccaa Ada = 5 ; 
Becauſe 2cc is drawn into a which 1 By re i 
the higheſt unknown Power in the ER —_— 25. 3 | 
Equation, I divide every Term * . e 8 8 2 | 
and there ariſes 1 . | : 
Again, 1 „ ea = ccdd 25 


IId, If . | 20094 2408-066 =' i260 


Equarion, chen ca away the Radical ſign, and cxalt the other — of the Eg 


By multipl Er „ 
By plying each part into it ſelf d "> $26; 7 ee 11 


c H A — 712. Td, Reduftons * . 9 


— CRETE 


W 0 


_- 


| Likewiſe, . . i — 4 zeal. 

Becauſe 2b+ 36 is drawn into o the un. 55 | 
known Root a, I divide each part byy Go. 4 =. 4 
— and there ariſes 1 5 


Becauſe 25 - 30 is drawn into as the. 

e x arty 25 0 . Rs, 
tion, I diy 3 . BY 
| es, there ariſes 3 4 13 | | * 5 25 e 


-- 


ho % * 1 _ SS E . 


2 


Becauſe 3 18 . BY 443 * de 
unknown Power in the Equation, I di- 
vide each part by 3. and Wie 


VI. If there be a ſurd Fae in an 1 tat K if 4 | Radic asV ; 
or v (3) be prefixed before ſome in an Bqua firſt d Tran firion 1 
Seck. F. or 6. — Chap. 11.) make the ſitrd Qlamtiey 2 5 of * part 


to the ſame Degree or Power which is deneted 
Quadratically or Cubically, &c, fo ar length an 


together by rational Quantities; As for  Exaniple ;; JJ 311 ONT 
2415 £5. V1; Af; - os 
If this Equation be propoſed , . +. Wh va; lis 
— 1-11 mane there wilt be produced 3 „ 


8 
I 
92 
Ly 


In like manner, Foe 


quadraticaly,, there comes forth .. .F, * * * þ 1 
Then dividing each part of one laſt, „FG 
Equation . 5. — ariſes „ 4.49 5 #5 gas = 15 14 15 8 
Again, Ii If . CE OW | 2 — | — — — — 
Firſt by tranſpoſition * b thass ariſen” 79 5 HEE . no 
f "04 = ond in 


Then by ſquaring edel part of mil | . 1 
Equation, thre will be produced 7 ed e 4 
Whence, by e eac pare by Þ, ke __ — 33 27 75 5 pd e 


there | 2 4 
hh ariſes 8 | ' Q3 705 en to: Us - 
— w— — — — — — 
; TR | N — 


i 
* 


— — — — ͤ E—U 
— ä ——ů — — 2 2 


0 " Reduftion 7 — FLY 


Likewiſe, If . 3 „. eee 
Firſt by rranſpoſiion of =, this Equation . VIiba da = BA! 
en of 4 
en by uaring eac garr © w „ 
L prod, h part of th laſt N 
aſtly, iding eac part o the . 
Equation by 2 there ariſes . bn nels 
| Again, EFF. . * = 4 5 
By multiplying each part Cabicaly, there (3/5 : : 
will be produced . .. -—- 90 = 27 
And, by dividing each part of the laft Equa | = 
tion by 9 there ariſes ; + 1 > 148 3 


— eonomommao——— eds 
F I VE Oy Ae tree en. FY 


Putt be So IR wy 7805 Fug PRES = J 
t 
*—— n be poſition of +c t is Equation N 
Then multiplying each part of the laſt Equation cubically, this ** will be pro- 


duced, to wit, 
ba—ca= bbb—3bbc+ gb cc. ccc: 
Whence, by dividing each part 5 — _ value of a will be diſcovered, viz, 
5—2 * cc. | 


— 2 82 FY "V7 IF <A 8 * 


VII. When after the uſing of all, or any of the foregoing Rules of this Chapter an 
Equation ariſes between a perfect Square, Cube or other higher Power of the Quan- 
tity ſought, and ſome known Quantity; then extract ſich'a Root out of each part 
of the aid Equation as the Index of the ſaid unknown Power denotes, ſo will the 
value of the unknownRoot or _ mage be made known: As, for Example; 


283 


If this Equation be Fe. to wit, 


, a 


84 — = x20 


Firſt by ſubtraQting 8 * each part, N 
Equation ariſes, 5 


Then each part of the laſt Equation being 
| multiplied by 5; gives 


And by dividing each part of the ht Equa- Wore 5 
tion by 6, this ariſess. , 4 „„ 
Laſtly, the ſquare Root of cach part r 
laſt Equation being extracted, the value - a = 10 


* * 8 


. #26 


Gaa ; — 600 


— 


of a will be diſcovered, to Wit. 


again ; 1 * EE: 
Then by ceanſpoliion.of —84 FFPD ariſes. 


And by multipl ing each rt of the aft 
E des by * this will be 2 7 


And by dividing each part of the laſt Equa- F. 
tion by a this ariſes, to wit ” 1. 


vide M— 4: - 
Lay W lng the Cubic Root out 


of each part of che laſt 


2 


uation, the va - 


al N = 648a 15 | 
| 2a0a = 648 
Likewiſe each part of the lalt Equation di- be | 


lue of a will be diſcovered, to vit, 


— — 2 
— . „ 


_"_ i . 22 1 75 ee . 
15 ſquare Root curated, out of each part, 3 1 1 785 5 
af by tranſpoſition © 'of b, ; the * Ul Ee ih — 
df a is diſcovered, to 125 75 „„ a | 
7 XIII. 


F ET I 


bi h ſhe ” 35 to convert Analogies i into E quations, | 
and Equations into Analogies, | 


4 


I IF four ri -ht-lines or numbers be Proportionals, the Product made by the ant 
1 cation of the two Extreams is equal to the Product of the two means. And if 
three right-lines or numbers be Proportionals, the Product of the Extreams is equal 
to the que of the mean, (by- Prop. 16. and 17. of 6. Elem. and by 19. and 2 of 


. Elem, Euclid.) Hence Afalogies may be converted into Arr. 1 in the follow- 
ing Examples; where for the greater evidence let a repreſe nt 23 5,6 9 12 zand 431 5 
TION ”— 234008, 35 
1. Let there be four Proportionals, ſup- _ ] WC 
pe ee, „ 3 „ 
Then by the Theorem above expreſs, wil - de = 25 FI b en 
ran; will oo... ; * K Sn —_ : 
Now to find the value of a in that quation, : ei 
- firſt by tranſpolition of —ba this .Equa- | 22 : bd — 
col ME; . . / «no 5 5 
Then each part divided by d+þ gives fs Le r 
8 — 2 AZ hes e eee d ae s 1 3 4 
2, If there be three — —— 5 4a 8 ol. 
nals; ſuppoſe theſe, :- e yp Hs, oo Rs an 
That . Ss 1 Lee 5 F i; iu The: 8 — 34 V 
Then, e latter part of rhe Bid Theo. ˙ . S009 SOL EW 
rem, this Equation will follow, . .. .F ** © A 
Now to find the value of a in that Rquation, / - 
extract the ſquare Root out of each part, , .. 6 
| and there ariſes . 3 „ R eee: a IS? SY * 


Laſtly, each part of the laſt Equation —.— 2 = 7:1 20 
TS x ng = 9 nd So 


. 3 — 


53 0D ASS ö - ůãQuͥ»m a 


as either of the Factors in either of thetwo equal Products begs to a bacler of the 7 
Kind in the other Product, ſo is the EE in this latter Product te the other 
Factor in the former. Hence Equations may ofrentimes be reſolved into ee 

If chen ie propoſed... i. - . 363 = > 
From that *Equarion this Analogy may be? 
* mm "OIL; - AS „ 


— 8 ” a <1 * 2 


r * . 23 ” , 414 4d 
* 


Again. 4 FE ies tr RET i ag 
That 3 may be teſolved i into _—_ q b yt 
Forportionals, h,, 1 2s * 27 


6 ata. ts * 
a þ 1 


— 2 
— : — 


mer creo ooo EW 
| Then it ſhall be, As r $3: 34a 


— . 2 


LS 


— 


—— 


\ 


6 The Camserſian of Analogies into Equations, &c. BOOK 1, 


#4 if dS. ov ado ries 


4 ED 


ITT. When there happens to be an E uation between an Algebraical Fraction and 


metrical Queſtions, that the farlt and ſecond Terms be of one and the ſame kind 
is, either both Lines, or both Planes, or both Solids. As for Example; ys that 


cd 


If this Equarida be propelled, ©. .....,.,.... 5 = 
It may be reſolved into theſe Proportional, , 3b , c::d.a © 
| But that they are Proportionals, I prove thus 5 
Firſt, It is evident that theſe are Proportio- ) 
nals, ( becauſe the Product of the ex- 3 
treams is equal to the Product of the C „ DM Re 2þ 
means ẽ . eel | Rs 
And by the Equation propoſed, * e e 000 a= 55 
Therefore RELLCSBC. oc, wv 5 ct „ =) 
Again, J · | K 
| That Equation may be reſolved into theſe C - 1 5 | 
| Proportionals, . „ + Fe :: , . — 
| | Likewiſe this Eguatien con F | 
q . may be reſolved into this Analogy, . $b+2c » 6+b :: a 7 
And this Equation ...,...: ws 3 EEE 2 4 17 a 
may be convetted into thefe Proportionals, 544 . bc :: b+c, @ ? 
Alſo, this Equation EY 3 „ : | 
may be reſolved into theſe Proportionals, . . . 36d . 6 :: bc. az + 
: Or into theſeiaꝝaůauůͤmp . . 364 :: bb .aa : 
But this Equation _ Xs * £0 00 0.9 00 - . Fo WD 2 2 4 | : 
- cannot be refabved into-Proportionals : . „ , up - 13 
| any otherwiſe than thus, 5 IT 1 +, | . 8 1255 os . - vh 875 . Net's | | 
— ——— 9 n r : 
; , | Nor can TUSEQRUIION lr ooo oo doc 0: Ned — (3 
\ . i 1 


VV 
be converted into Proportionals,unleſs thus, g. V: lcd: : ; v:bb+ cd; . a 


7 -- 
4 
_ 8 * 
—_— ww — — , * * 
w * * — ” RR »——— _ — x — 
» 4 = S ; : 
. * * * - * * 
— - —ů 
«4 4 * 3 FAT Od 


- on AS 


all be aſſumed or ſuppoſed to be known; a 


” Wwe £ 


CHWP: 14. Reſolution of Arithmetical Queſtions, &&c. _ 


CHAP, XV. 


Various Arithmetical Queſtions Algebraicaly reſdlved; wheieby 


moſt” of the Rules hitherto delivered are exercis'd, in the Ii. 
vention and Reſolution of Pure or ſimple Equations. £ 


2 onto ue , . 
| Þ,Quations may be divided into two kinds, VIZ, 1 0 ber e nded. 
"M0. & pure or ſimple Equation is of two kinds, viz. Firſt, when the Quantity 
ſought is expreſs d by a ſimple Root only, as a; as in this Equation, 6a 12: Se- 
condly, when the Quantity ſought is expreſs d by a ſimple Power only, as aa, or aaa, 
Kc. as in this Equation, zaaa = 24; likewiſe in this, zaaaa : 32, and ſuch like. 
III. An adfected or compounded Equation is that, wherein: there are tyo or more 
different Degrees or Powers of the Quantity ſought ; as in this Equation, aa - 62 
=27,, where aa and aexpteſs two different Degrees or Powers of the Quantity ſought, 
the one ſignify ing a Square, and the other its Root or Side: alſo in this — v4 
aaa-＋ G. 24 r 28, there are three unlike Powers or Degrees of the Quantity ſought, 
to wit, aaa, aa, and a, „ "fi or lo 
IV. The Invention and Reſolution of pute or ſimple Equations is copiouſly illys 


. o bs 


ſtrated by Arithmetical Queſtions in this Chapter, as alſo in the ſecond and third 
Books of my Algebraical Elements; and the Reſolution of Adfefted or Compound 
Equarians, in, Numbers is handled in the 15, 16, and 17. Chapters of this Book, as. 


allo inthe 10, and 11. has fro of the Second Book. But how'Algebraical Operati- 


ons are applicable to the ſolving of Geometrical Problems, I ſhall ſhew in my fourth 
Book off Hhebraical Ble“ I r l 
V. When an Arithmetical Queſtion is r the number ſought muſt firſt of 
no you may repreſent it by the Letter a, 
or any other Vowel: You may likewiſe repreſent the given Numbers by Conſonants, 
as, ö, c, d, &c. Renates des Cartes puts for givenQuantities the former Letters of the 
Alphabet; as, a, b, c, d, &c. but for Quantities ſought the latter Letters, 2, y, æ, Nc. 
Then with the Letters 8 Numbers given and ſought, an orderly proceſs 
muſt be made, by adding, ſubtra ing, multiplying or dividing, Cc. according to 
the Import of the Queſtion, until at length an.Equation be found out between the 
Number ſought or ſome Power or Powers of it, and ſome Number or Numbers given: 


Laſtly, when the Equation fo found out is a pure or ſimple ee the Number 
ſought may be diſcovered by ſome of the Reductions in the foregoing 12, and 13. 


Chapters; but when the Equation is Adfected or Compounded, the Reſolution 


thereof belongs either to the 15. Chapter of this firſt Book, or the 10, and 11. Chap- 


ters of the ſecond Book. ie ee ,,,, 216d Hed} Þ lomo 
VI. In the Reſolution of every Queſtion, I proceed from the Beginning to-the End 
by ſteps numbred in the Margin, by 1, 2,3, 4,5, &c, And becauſe Numeral Algebra 
is more eaſie for Learners tlian the Literal, (though not ſo uſeful for the Reaſons be- 
fore given in Se. 8. ye 1.) I have in many Queſtions expreſs'd the Operation be- 
longing to every ſtep in bot 
So in the ſecond ſtep of the Reſolution of che following firſt Queſtion, the leſſer Num- 
ber ſought is expreſs d by Numeral, Algebra thus, 26-4; but. by Literal Agebra thus, 
5-4. Alfo, in the fourth ſtep, the Equation by numeral 71 he is 24a—26=8; bur 
by literal Algebra it is 24a—b=c. JE 3 „ 
VII. When an Equation is found out in any of the following Queſtions, I take it 


for granted that the Reader knows how to reduce it, if need be, according to the 


Rules in the foregoing 11, 12, and 13. _ that I may avoid tedious repetiti- 
ons of, what has been already explain d. Theſe things premiſed, I proceed to the 
Queſtions themſelvees. 1 7 >, V0 


* ». 
— 


h kind gebra, that the one may explain the other: 


63 


E. 
* _ - g 5 £ 
. + N - N 5 1 1 9 * \ 
| JJ 
* » : Py 5 . 4 5 * » 4 114 a 4 * „ 1 44 7 22 . 2, y * 
- 4. 5 
: 2 4 L * . — > J 


22 _ -—_ 


"Reſolution f Arithmetical D 


_ will give this 


ſuch proportion to the leſſer as 3 to 2, or, as y to 55 wg are the Numbers? 


- "whence" the leſſer Number is . 4 e 4 


QUEST. 


the exceſs of rhe greater above the leſſer) is 8, 00 orc 3) What are the Numbers; > 
RESOLUTION: | | Nine, ©) nan 


1. For the greater Number put „„ 
2. Then ſubtracting that Number a Fon; the | | 5 
giv en Sum, the Remainder will be the leſſer > 26-2 ba 
umber, to wit, . ol 
3. And by fubtracting the leſſer number from 
the greater, the Remainder will be _ 
difference, to wit, 5 
4. Which difference found out in the laſt ſtep 2; 
muſt be equal to the given difterence 8, 690 
vrhence this Equation ariſes, . , -- 
5. From which Equation, after it is duly re- 
duced according to Se. 3. and 5. of Chap. C 
12. the greater number ſought will be diſco- 
vered, to wit, i 
6. And conſequently from the fifth and ſecond . 
. the _— Number is alſo diſcovered, | 9, that * 


to wit, * o „ . 1 .. . * 


80 the Numbers ſought are found 17 and 95 vhoſe Sum i is OY and their die | 
ence is 8, as was preſcribed. 


Moreover, If the two laſt ſteps of the literal Reſolution be experi by woods 
THE 0 R E A. 


- Half the Are a of n any two Numbers added to half their s 
ter Number: Bur half the difference of any evo Numbers ſubtr el from half their 


Sum, leaves the leſſer Number. 
Therefore the Sum and difference of any two Numbers being given ſeverally, the 


Numbers themſelves are alſo given by the ſaid Theorem; N but it preſuppoſes that the 


Number given for the Difference muſt be leſs than the umber given for the Sum. 
Note here once for all, That the Numbers given in a Queſtion cannot always be 


choſen at pleaſure, but ſometimes, they muſt be ſubject to one or more Determinati- 
ons, which for the moſt part (though not always) are diſcoverable by the Theorem 
or Canon that reſults from the Reſolution. Bur how Limits or Determinations are 
diſcovered, I ſhall have occaſion to ſhew RIES in-my one, third, and 3 


Books of Algebraical A lements. 


1 
8 5 
i 4 
4 £ 
ak \ F 
— 


_— * 2 


| | ere Ss T. 2. | 
There are two Numbers hoſt Sum is 40, 0 or b, ) and thi Sauber dender has 


— ä —  —_— 


1. For the greater Number ſought 4 4 


2. Then to find the leſſer Numb, wer ty by EY Af ab 


Rule of Three, ? 
| apts ein YI I 
If 3. 2 4 e een 2 1 at noi 
F 5a | 4 . 4 


nee x1 83 


/ 
* 
— 4 %- + 
1 : 
. B O O K I + 
> 
* 11 * * . Y 1 2 o 


There : are two Mien whoſe Sum is 26, 0 or = and their diference, 7 to wit, 


gives . grea- 


1 


[SY 


- 


2 — 5 
„ 4 4% * « CD IE ELIE 
2 * % 4 MN 
3 . * 


— — — — — 
CHAP. 14 which erbte — Equations: F 
5 p pag, 1 


3. Therefore the Sum of the two Net my 3 

” ugh is _ er EE -E #+= 
I; Which Sam found but in n the lalt ſdeg 0 moe] eme g of 

muſt be equal * the given Sum 40, far 2 he} „ DIE 190% ee 

þ,) whence this Equation . . © = 5 a+—=þ, 


5. Which . after due Reduction ac. 
cording to Sed. 2. and 5. of Chap, I, > . 4 "4; 
gives the greater Number . F 3 > 5 


6. * from the fifth, firſt, and Roca ph ITE FS 
the leſſer Number is alſo diſcovered, to wit, is, or 7 


in the Queſtion; for their Sum is 30, and the greater 

leſs * . a5 99s png : 1 1 ” has by Proportion to the 
Moreovet, If the tuo eps of the litera nen be lved i 

onals according x to Seck. 3. FO 13. there will ris this into Proper 


THEOREM" 


bers; 10 is the 
greater Number; and ſo is the leſſer ke to the leſſer 3 1 Term to the 


—— 


Therefore the Sur of two N Number 
tion 3 che Numbers ſhall alſo be given erally by the alt Thiveem, 


bk 8 8 As. EN 
W Rota 
ſuch e to 2 as 3 t0 2 (6r 4 0 15) ulut ars the Numbers? 


1. For the greater Number puuillt G 8 


— 


4 


2, Then 27 he elke Nurber ſy by che 
Nee e 1. 


d Fro. r 14 YH). 

| whenee the leſſer Wether b * I'S Fb! | 270 a 
3. Therefote by fubtracking — de) 4 > on” Mun ac 

ber from the greater, the Remainder ſhalt” ' 1 e 
be their difference, to uit, FE 
4. Which difference muſt be equal tothe given 4 = $ . ES, 

difference 8(or 4% hence thisEquation =Y "0 | a= . 
5. Which Equation, after due Reduction, dif- 5 > BT na 

covers the grearen Number ſought, to . —4 
6. And from the fifth, firſt een, 5 B 
leſſer numberwwill alſo madek own, towit, 5 3 16 NE NM! 

So the Numbers fought ate Vun 24 and 16, which will fobve th © 1 


their difference is 8, and they are im the proportion of 3 t6 2, 35 was 
Moreover, If the wo laſt ſteps of the literal Refolution . LN 
tionals (according cb . 3. Chop. 13.0 ene eee ee 


” * * 1 - 4 
; „ F . 3 
* 


"THEOREM, 12 1 f 17; "ir 
6xprok ek e e el 


greater Nusnaber; 2 W 9.55 che greater Term to the | 


Therefore the Di ce and Reaſon of being, any 
Numbers chemi a 2 given by 7 * auen, ho. 


* 


e -_e 
- 


4 . 
_ ” - 
a 8 * 
— 
. 
* - a 
Bed - . 8 * 
0 S - 
” : 4 c 
7 {4 . 


So the Numbers ſought are found 24, ind 16, which 11 Fed * 5 


As che Sum of borh th Twas which « xpreſs the Reaſon. 667 propom ob) 28 
um 


ing given, as alſo 1— or * | 


hoſedifferenceis 8 or 4) und — aki—e als * | 


ah 1 9 


: i 
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There are two Numbers whoſe Sum is 7, (or h,) and the difference of their Squares 

is 21, (or d ;) what are the Numbers? , _\, „ 

1. For the greater Number ſought put. a „ N 

2. Then ſubtracting the greater Number from7 5 | | 
FS r 2 


the given Sum, the Remainder is the leſſer > 

MRS WR. . ik ee . N; 

3. Therefore from the firſt Rep the Square of } 

we RT Nov . 41580 1 7 ik SES . 

41 And from the ſecond ſtep tt uare of Þ Ts FR 5 

. fe te ER rn Le OL eee eee 

5. Therefore the difference of the Squares of }. _ VV 

„ numbers ſought ſhall en 3 * ee 2. U : 

6. Which difference muſt be equal to the7 6 201 %%% CBA 

given difference 21 (or d,) whence this 

— . . -j%,- -.- - 

7. Which Equation, after due ReduCtion ac- 7 0 litt. Z 

cording to Se&. 3, and 5. of Chap:12:dif- > = [| _ a=22TE - 

covers the greater number ſought, to wit, 7 ä tent 09 
8. And from the ſeventh and ſecond ſteps, 7 VVV 

the leſſer number will be alſo made known, -- 2 6-44 ; 

1111171717 00 » a » | | 2b 


So the Numbers ſought are found 5 and 2, which will ſolve the Queſtion ; for their 
Sum is 7, and the difference of their Squares is 27, (to wit, 25—4z) as waspreſcribed, a 
Moreover, If the two laſt ſteps of the literal: Reſolution bs expreſs d by words, Fg 


they will give this | 
* | THE OR EM. FEE 
If to the Square of the Sum of any two numbers the difference of their Squares 
be added, and the Sum of that addition be divided by the double Sum of the two 
Numbers, the Quotient will be the greater Number: But if from the Square of the 
Sum of two Numbers the difference of their Squares be ſubtracted, and the Remainder 4 
| be 2 the double Sum of the two Numbers, the Quotient will give the leſſer 
lum r. | | | ; IN + „ 7 . | 
Therefore the Sum of two numbers being given, as alſo the difference of their 5 
e numbers themſelves ſhall bogiyen ſeverally; but it preſuppoſes the ſquare 
of the given Sum to exceed the given dit rence. | 1 tat. 


" — 1 > 4 
RT 4 
4 v „ 5 7 
aa = ord: 
"5 +257 1 18 
4 2443 * A 


» 
8 89 f 6" Bas 
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1442—49 2 21 2ba—bb=d 


BY . wats 


— 1 2 1 | 4 
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- , AE 
There are two nimbers whoſe difference is 3, (or c,) and the difference of their 
Squares is 21, (or d.) what are the Numbers ee 


I. For the. leſſer number fought pu ' @ © © + ca @ t 
| — ana me ghen dilkrence a2. men 2 
bor c,) the Sum will make the greater -— z | 2, 1 
N JJ df. oc. + - » 3 
3. Therefore the ſquare of the greater number is aa Ct aa care 0 
4. And the ſquare of the leſſer number is aa 4:6 en ei . 
5. Therefore the difference of thoſe Squares is 6a+9 2 20a t 
6. Which difference muſt be equal to the / bi 2020 elgnols 
o . % 1 of, ; 
given difference of the ſquares ; whence þÞ 6a-+9=21 2cahcc=d4 
this Equation ariſes; to wit. & 1 55 | 
7. Which Equation, after due Reduction (ac- 7" _ | 1 
cording to Seck. 3, and 5. of Chap. 12.) a=2 N 
5 q #8 ; ie Se a+ „ JJ r PR 1 1 « #5 7 7 
| diſcovers the leſſer numbet, to wit. Fo Poet | 
bl 8. And from the ſeventh and ſecond Equati-* e a I der | 
1 1 2 th 5 Herne 17 will f nd. ; 3 a 5 . ö 4 72 P2436 #1 
ol F % found: 73, 2, 4 
| ; 6 Urnen hor h hdd Yoo ern to WES ou AG 2h We favs ay 13 eyagrrt::: 
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: 18 
— 4 * 


2. Then hom the Age of the eldeſt Son ſub- 
.  trafting 4 (or 6) there will remain the . 


| © rafting 4 (or 50 the Remainder Will he 
4- Again, from the third Son's Age ſubtra- 


* 


— ES 


2 


duce fimple Equations. 


; | 8 oy = pe 
» 8 - — 
- wi - 
4 % _e bs [ 
- 4 1 » 
la cas ab pk A wag — R —— te gr Ws # FT. om. 
4 © 
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ence is 3, and the difference of their Squares is 21; as w 


s | as , 
Moreover the ro laſt ſes of the Thea! Reſlarion aſd this 


Tross 8 


Il do the difference of the Squares of any two Nymbers the Shunts of their diger · 


ence be added, and the Sum of that Addition be divided by the doubſe of yl 
ence of thoſe two Numbers, the Quotient will give the 1 17 9 
from the difference of the Squares of two Numbers the Square of their difference he 


| ſabtra&ted, and the Remainder be divided by the double of the diff | | 
Numbers, the Quotient ſhall be the leſſer Number. © difference of thoſe two: 
Therefore the difference of any two Numbers being given, as alſo the difference of 


their Squares, the Numbers themſelves ſhall alſo be given feverally by this Th 
bur je peolupgoſes the given diſcoryce of the Squares of the two Naher Hons 
the Square of the given difference of the ſame two Numbers. COS.” 


fivered ; the eldeſt was four Years (or h) elder than the 
elder _ — — the _ — four Years 2 dung c 
eſt; and the double of the youngeſt Sons Age was equal to th ; 
what was the Age ora: - . e Age of the eldeſt; 


k 5 
7 ran” - 
het * — 4 


1. For the Age of the eldeſt Son war > © 8 FN 


fecond Sons Age, to wir. 
3. Likewiſe from the fcond Son's Age ſub-- - 


the third Son's Age, to wit. | 
Eting 4 (or 6) there will remain the fourth - 
or youngeſt Son's Age, to wit. 
5. But according to the Queſtion, the double N 


to the Age in the firſt ſtep, — yall 24 % 26 


N a -I2 


—— 4 


the double of the Age of the youngeſt. 
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ws > A 5 HIV 190.7 00S | n ein, 
A Merchant began to Trade witlt a certain Number of Pounds: By his firſt Voy- 


age he doubled that Stock; by his ſecond he loft 18 FoundsiC(orb) by his third 
he doubled his remaining Stock , by his fourth he loſt again 1 3 and then 


had no money left. The Queſtton'js* t err eee N 
rr 


So the Numbers ſought are 5 and 2,which will iblve the Queſtion; for their Ailer. 


* 
N 


: jy . . 9 2 . - 
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88 - Reſolution of Arithmetical Queſti B 
W . — — 2 — th = i Eueftiqns . 
1. For the number of Pounds which the * . . 45 5 
| Merchant began to trade with put . 
3:4 f that number gives the | 1 | 
2. Then the double of that number gives the } „FF + 
number of Pounds he had at the end of his „ 24 
firſt Voyage, to wit, S026 6-0 3 4 6 2 RD , 


3. From _— laſt — TEL _ | | 
(or b,) the Remainder ſhews the number 1 ùL»i»„! as 
fonds that remained to the Merchant at C 291209 „ „. 

the end of his ſecond Voyage, to wit, . . „„ : 

4. Which remaining number being doubled N | 

ives the number of Pounds which the ( = Rs 
erchant had at the end of his third Voy- 2 [ GI os bY 
[[[ „ 

6: _— laſt panther Corr. again Y 
1200 (or b) Pounds lo the fourth Voy- ( 57 | 

Age, the ide muſt be equal to no- 4 3 οο⁹m j, | 

thing; hence this Equation, . . . . + . 1 | 

6. Which Equation, after due Reduction, gives a,“ | a=, 


Whence it is found that the Merchant began to trade with 900 Pounds; which 
number will ſatisfie the Conditions in the Queſtion. ©  ' 
Moreover the laſt ſtep of the literal Reſolution ſhews, that if inſtead of 1200 

— other number were gi ven; the Merchants ſtock at firſt would be three Quarter 

of that given number.. 5 27" f 
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A Gentleman hired a Servant for a Lear, for 120 Shillings (or e,) together with 
a livery Cloak valued at a certain number of Shillings : But when +2 (or d) parts of 
the Year were expired, the Maſter falling at variance with his Servant puts him away 
and gives him the Cloak with 50 Shillings, (or f;) and fo the Servant received ful AR 
ſatisſackion for the time of his ſervice. The Queſtion is, to find how many Shillings iſ : 
the Cloak was valued at? fas a ew ww 8 55 | 


1. For the number of Shillings which the 
Cloak was valued at punrr . ..$; 
2. Then to find what part of the value of the} 
Cloak was due to the Servant when +7 (or i 
d) parts of the Year were expired, ſay b 
the Rule of Three, d COT Ty 
HCI je. op: „ 
| 12 os «of (OM 


* 
99 


9 * 
5 . N ; 
& * p 5 0 5 f 9 0 
8 1 8 


I 2 


— {6 - 
whence the deſired part of the value of | 
JJ TONnd ©; oe ee eo, 
3. Find likewiſe what part of the 120 (or 
c) Shillings was due to the Servant when | _ 

Z (or d) parts of the Year were expired, | _ Tao 

: e s — 41 DI IP 
=: i. fc :3 4], (@ „„ 

nadie; GET GE. 
4. Now foraſmuch as the Cloak together with the 50 Shillings the Servant rect 
ought to be equal to the part of the Cloak, together with the part. of the 225 
-- Shillings that was due to him at the time he left his ſervice z therefore from the 


8 Qs& SD 


* 2 * 
N 
1 
* 


? 4 * 
TaF 4 


premiſes there ariſes this Equation: — 97, 
ee, 0, af=dſchh 


a 
10 4 7 4 


E CH A P 74. ch Fades aps > Equations. v . 


h Equation * due Reduction according to Seck. 2, 3, and ;of ch 8 I: | 
0 e of the Cloa to wir | 2 | 3 5 ap. 1 


42 48 = 4 =. 


ene it is niet dat rhe Cloak ns value ar 48 Shllings andthe HAEque 2 
bon diſeovers this 
cCAanOoM 


| [ti K the Mo which the Servant was to receive befides the Cloak for 2 Yan 

D... by the ems, # ſerved ; then divide the difference between that Product and 

the Money he received when he left his ſervice by the difference between 1 (or unity) 

and the ſame time he ſerved ; ſo the Quotient gives the value of the Cloak. 4 
By which Canon the value of the Cloak will be found to be ah 5. as $ above, 


The PE ts. FP 
48 +50 = 9 
el 48, + Z of 120 = 98. 


N 2 8 T7 F 


QUEST, 9. 


A certain Man finding divets poor Perſons at his Door, gave every one of them 
three pence (or #,) and had fix pence (or c) left; hut if he would have given them 
four pence (or f) a piece, he old have wanted two pence (or g.) How many 
poot erſons were there? 758 „ 


1. For the number of poor N put VVV d 
2. Then foraſmuch as that number multiplied by 3 Gl b) TY the Product increaſed 
with 6 (or c) makes che whole number of pence that the giver had: And, becauſe 

if the ſame number of = Perſons be multiplyed by 4 (or f) the product leſs by 

2 (org) muſt alſo ma e the ſame number of pence: hence this — ; 
3a ＋ 6 = 5 = 
Or, ba c = fa—g. 

3. Which Equation after due Reduction according to Se. 3, and 5. © of e 12; 

On the number of pork Perſons to be 8: biz. 

23 c 2 p 


AES 10. 


One bn Abel what a Clock it was, anſwerd, That the time theh paſt from 
Noon was equal to 22 (or, b) parts of the time remaining until midnight : : What 


was the preſent Hour? ſu poſing. the time between Noon and e to be divid⸗ 
ed into 12 (or c) equal Hours. 


1. For the Hour ſought after noon put * > 4 
2. Which ſubtrated from 12 (or c) leaves?! . 

on * 2 aten to — . 62 me ES ery | 
en or of the remain- | We * n 
ON ing time SON Ms ds 8 ©» © © 4 * = =p" , Beha 

4. Therefore from the firſt and third ſteps 
CL to 92 abe eee 1 e 4 . 5 


TR. 


70 is — eee ee E 60 KI 


22 ST: 2 my 9 5 ; 55 : + 


A W of an Army ln ſt his Soldiers i in a Square Battel, there happened 


to. be 500 (or b), Seidler to ſpare; but 70 increaſe: the Square ſ 2 
might conſiſt of 1 (or c) Soldier more than the fide of the — Si | 


would be 29 (« (9) of 4 * Soldiers want The OY to find ho 
the General had i in his Army. | us 1 20 W Soldiers | 


1. For the Vicraben of Soldiers char made che 


{ide of the firſt Square, pur 1 9 code ra e 
2. Then that fide multiplied by i ir Rf gives e . 
the Number of Soldiers in the firſt ſquare - a m _— 
Toene Wit» >: i. ür N 5 1 | 
3. Therefore the number of So ters in the | 
whole Army was * 2 FOE aa+b 
4. Then to the end the fide of another Square} © En] ES 
may exceed the fide of the I 7 ec. 
(or c,) let. it be : OY | 
5. Which — muy rea by Ly rs ©. | 
ves the Number of Soldiers in the Wet * aa. . 
1 ande of 800 : f m__ d e 
ut the number of Soldiers in the e] the u. ber of Sol 
© General S Ar rmy by 29 (or d;) Ye Ret FEY ing 29 55 > cha e 


in the laſt ſtep, the Remainder muſt be equal to the WR in the third mach 
hence this Equation ariſes, to wit, | 
ank 24 +129 = aa+x00, © 
Which Equ 125 at bee — TY , 
7 ich Equation atter due Reduction ( acco to Se 
makes known the fide of the firſt Gan, __ 7 5 " a * & OF 12) 


3 


8, Laſtly, If the ſid ound 5 
the Wa e AY ed = 500 60 J 1. * Gr aud * by i 5, an 


Soldiers that were in the Generals 5 ATTY, to — 
bb 2bd-+-dd 
70196 = =. * ＋ cc bid. 


ACC 
Whence it is manifeft-that the General had 70196 Soldiers i in his Army: Athd, th 

fide of the firſt ſquare Battel conſiſted of 264. Soldiers ; and the fide of the * 

265; this multiplied by it ſelf produces a which exceeds the ſaid 70196 by 29: 


Wagen the ſaid 70 i cert IPs 0 & 264 _ 5003 5 as a ey Rs 


2 5 
85 Tw9 Perſons, Aand B, diſcourſe of their: Money i in this: manner, viz. © 4th. 1 
B would give him 2 Crown (or c,) then 4 ſnhould have as many Crowns as B had left; 


but B faith, if 4 would give him a, Crown, then B ſhould 
Crowns as 4 had left. How many Gowns had Each Nea * 2D) mm oF 8 


A STENT 


-” 


+ * 211 
3 


1. For the number of Crowns which 4 pe | 75 nt br 
2. Then, according to the Queſtion, il eee be Pe with 3 
1 Crown (or c,) the Sum will be the number of Crowns: that re- . 
3 WED | 1 1 to 4 to w... 
nd conlequently, by adding 1 Sun (or 0) to the Lid ttwinber: 700 
of Crowns that rSmained e e 1 Crown te 4, qa 
ee e be chomimbe of Crowns which Bad a fi te wie © 


' 4 


— 2 a . a, eee eas hs — r „ . 


EH H 1 DE 14. 2 re deer fimple | Ee 2 J 


e . 
4 Again, according to the Opeſtibn, if 1 Crown (or c) be added | 
to the ſaid 2+ 2c in the laſt ſtep, and ſübtracted from a in the ( CE 
firſt lep) the Sum muſt be equal ts the double bf the Remain- CT 32026 
der; hence this Equation, ' 0 1 | | 
5. Which Equation, after due Reduktion, diſcovers the number of -—_ 
© Crowns that 4 had at firſt, to wit, 5 8 
6. And from the fifth and third ſteps, rhe number of Crowns which 
B had at firſt will alſo. be made known, to wit, . . a+26=76 
80 it is found that 4 had 5 Crowns, and 3 70 rooms, as will be evident by 
| 117 ov :The Roof. . | EA 
$6. 1s! rs 1 = * N 1 = 3 a 
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A vintner having two ſorts of French Wines, to wit, one fort worth 10 00 or 5 the 
Quart, and the other 6d (or c) per Quart, would havea mixed Quantity of both ſorts 
ro.conliſt of 100 Quarts (or n) chat might be worth 7 d. (or f) per Quart. The Queſti- 
on is, to find what Quantity of each ſort of Wine muſt be talen to make that mixture? 


1. For the number of ;{ arts that mult be 
taken of the 5 ort of Wine to 11 
the mixture, p 3 
>. Which he N Kid How" 100 | 
| (orm) leaves the number of Quarts of the 
worſer fort of wine in the mixture, to wit, 
Then find the worth of tie better ſort of 5 
Wine in the mixture at 10 d. (or b) per „ 
Quart, and ſay by the Rule of "my „ | Ih 
3 4 0 * 5 4 (roa, TTT 
Or, if 1 1 (. 8 x 14 
| 
| 


\ 
, 


7 — 


„ 2 <0v 


| So the Quantity of the better fort of Wine 
in the mixture is found wotth . . 1. 4 2 
Find likewiſe the worth of the worſer ſort 

of Wine in the mixture at 6d. (or ) per | 
Quart, and ſay, VVV 


bet If 1 6 :: T0, — 8 50064 

25 Or, 1. c :: na ee 1 3 x * 
by So the Quantity of the worſer ſort of | © 

he Wine in the mixture is found worth 1 bart 7110 Deli 
15 Therefore the Sum of the values of boch the: 3 
. 8 444-600 | batons 


anti _— in the wo laſt yr A 
Which Sum mu equal to the Froduct made by the Mu tiplication of 100 
(or m) the total mixed d uantity, b or.) the preſc mean 

this Equation ariſes, to = _ ; 1 ” TT 2 1 F 5 e 


jy 6 % 4-&0c . wt 325 — . 
IT - Spa 42 9 2 o, 


Which Or, RAKE. * > fence = adn” 

Whi Bene er due R ion, diſcovers the value fs to wit, t 

ber of Quantethar mult be taken of TE fort of Wine to make the as a 
Rack Wolle * 2 en — pf 


And from the ſeventh and ſeco 
ken of the worſer Toft of Wa rom 


v 


to be ta · 
Far? 


: 79 


e 
OP laſt oy is efidear, That 25 Quarts of the better ſort of Wite: and 
Tort, mult be taken to make 3 mixture; for thoſe 


"NIE | 


75 Quarts of the 


wm A 
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BOOK 1 


quantities at their reſpective prices will be worth 1n the whole-700 Wo: which 
we alſo the juſt worth of 99 arts 1 va per quart. 

— If the latter part chr the! ene ede ine Propotticaiais, 
wo ing to jk 3.0 130 and by expreſs by words;hopinll give rhisfollowiing 


2 THEOREM. | „ A pom Sg 
As the liference betyveen tlie given [os & of tro ſorts of Wines or other Abings 
whereof a mixture is defired, is to the total Quantity required to be in zhe mixture; 
So is the exceſs by which ſome mean price pr Fed tor the total Quantity mixed 
exceeds the leſſer of the two given prices, 15 the Quantity to be taken of the better 
ſort of Wine: And ſo is the exceſs of the greater of the rwo given 3 above the 
mean price, to the Quantity that is to be taken of the worſer ſort of Wine. 

This Theorem contains the ſubſtance of the Rule of Alligation- alternate in Vulgar 
Arithmetic. But how Queſtions of this nature, when three or more things — to 
be mixed, may be ſolved more we enerally than by-that Rule, TfHall hereafrerthew in 
Chap. 13. of of ſecond Book o Agra Elements. 
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BF bod! QUEST. 1. 5 | | 
A Ciftern i in 4 certain Condyip+ is ſupplied with Water by two Pipes off uch | 
cities, that by both their Cocks 4 and B ſet open at once te Cltr will be er 
12 (orb) Hours; but by the Cock A alone in 20 (or c urs: The ee is, 
to find in what time the Ciſtern will be filled by the C 24 alone So 


1. Suppoſe the time ſought P $14 _ 
2. Then find what part of the Ciſtern 911 be = 5 810 toon f. 
filled by the Cock B alone in 12 22 b) 04235 873 0 eee ee e 


a . i 92 0 12 Ci _— « 6:2, - A PAY 7 +415 8 1 5 


— 3 1 8 n * 


— 
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whence the ſaid part A 
Find likewiſe w rt of the Ciſtern will 
be filled by the ; A alonein 12 (or 2 3 
Hours, and ſay, 


* T2 1, © $355 
ho .ir$: 12. . 8 — 


Or, if «c a 5: 6 „ | | 


whence the faid part is found ee 
32 ut thoſe parts Fund out in the ſecond and F_ 


ird eps muſt be equal to the whole Ci · 
ſtery, to wit, Is hen _ uation axiſes, 
5. Which Equation, uQionac- of 
” — to Seck. 2, 3, = 1 of Chap. 12. dis 
diſcovers the value of a, to wit, the time a ; 
36 _ 


ſought, OO 2 SW pe OTE Te» I 


Whence it a 0. that b de kal F the Cock I ſet open alone the Ciſtern would be filled 
in 30 Hours: x of the literal, Relation be reſolved into Pro 


* leg 7 "Ne 3. Chap. 13. chere will ariſe this following 


a " © cn 8 

As the Ane of the twommibersor pages of Se qi 
either gbnhem, fo: is the. other to. the Time ſought, viz NC 
As 8 ( 2012). 12 * . 7% | 


> 5 n a = 
Or, as. . „„ oh, a 2 3 


a 4 * " * 4 
2 . i if «s O74 ; ; x 1475 
5 1 NG A | - 4 — y 7 a 6 0 b 1 * 3 | 1 85 T 4 3 2 74 7 i 41 33 19%E F : 441 7 10 * 
- 4 3 8 x S 4: + 4 
: ' 


% 4 t +» 


l 
| 
| 


* 


1 MANY 
< 


"i 


„„ 


afford this 1 


5. Which 2a being ſubtracted from a in the third 5 51 


6, Then the half c of the remaining flock in the laſt ſtep is Ta—, 


© H A p. © which — 7 mple Zee. 125 


The Prook may be Na by fling this Queſtion, vl. b | 
If a Ciſtern will be filled with Water by 4 Cock Ain 20 hours, and by 3 


Cock Bin 20 hours; in what time will the Ciſtern be filled by both Cocks ſet open 


at once? Anſw. I2 hours. | 
Firſt find what part or parts of the Ciſtern will be filled by each Cock in one and , 
«the lame time; then it ſhall be, As the Sum of thoſe parts is to that common time, 


Jo is the whole Ciſtern (to wit, 1,) to the He wherein the * Ciltern will be 


UE 'by both Cocks Et open at ys vix. 


Ci 1 | bo. 
Hurt, If 1 40M 30 Ü 64 Ciſtern, 
„ | uk ; add 1 Ciftern. 
Sum, 12 Ciſt. 


80 it ik found that 14 « Ciſtem will be filled in 20 hours by both Cocks A and B Et | 
dee): at once; chen n ſay again by the Rule of Three 
6 1 = de. + 5225 
22 0 12 hours 
If the Operation of this latter Queſtion be formed Algebraically by Lent it will 


| 'CANOM 
As the Sum of the two given numbers expreſſing ſpaces of time in the latter Que- 


ſtion, is to either of them; So is the other to the time me ſought. 


= 
— 1 


— — — 
— — — — — ——— 


UE ST. 15. 


4 Shepherd in the time of War driving a Flock of Sbeep,fell i into the hands of three 
Companies of plundering Soldiers, who compell'd him to deliver the half of his flock 


92 — 


with half a Sheepover and above to the firſt Company; alſo half of his remaining flock 


with half a Sheep to the ſecond Company; likewiſe the half of the reſt of the flock 
with half a Sheep to the third Company: All which Diviſions the Shepherd exactly 
perform d without killing a Sheep, and then there remained only 20 (ot h) Sheep fot 
himſelf. The queſtion is, to find How many Sheep the Shepherd had in his flock at firſt? 2 


1. Let the Number of Sheep which e had in his F lock 


- at iſt de repreented ß r . 40 1% 
2. Then the half of that number is 2 to which adding - LE we that i is I 0 jt 
half a Sheep,) the ſum will be the e of — delivered > A 


to the firſt Company of Soldiers, to wit, a 
3. And by Iuberafling” the ſaid 19h from a, the remainder will } 
be the number of Sheep that were left to the Shepherd aver he itil vis, 7 
| had ſatisfied the firſt Company of Soldiers, to wit. | ET 


4. Then the half of that remaining Flock is 4a— =, to which ad- {7 


ding 2, (that is, 4 Sheep,) the ſum will be the Number of Sheep 24 +7 
delivered to the ſecond Com any of Soldiers, to wit, . 


the remainder will be the number of Sheep that were left to the 
Shepherd after he had farisfied the ſecond ompany of 1 
to wit, 


to which adding 2, (to wit, + Sheep) the Sum will be the num- $ 
ber of Sheep delivered to the third Company, to wit 

7. Which zug being ſubtracted from 4 — in the fifth ſtep, 
the remainder will be the number of a that were left to the 
Shepherd after he had ſatisfied all the three Companies, to wit, 


ö 8. But the remainder in the laſt ſtep muſt be e to 20 (or b). the 4 5 8 


number given in the Queſtion; hence * on 5 


9. Which 9 hag ag Redution, d iſcovers oy Number os | 
_ ought, to wit, "3 Þ 5 6 4 7 rwy » 1 we 


eren tha the Shephen na h arp nb a. 4, 


2 - 


hmetical Queflions BOOK l. 
x , id 94 dog off 
1. The half of 167 is 834, to which adding +, the ſum is 84, which was the 
number of Sheep delivered to the firft Company of Soldiers; and then there remain- 
— . „ modo: 5 
„ 2. Again, the half of 83 is 415, which increaſed with 5 makes 42, the number 
of Sheep delivered to the ſecond Company; and then there remained 41 Sheep to 
3. Laſtly, the half of 31 is 40, which increaſed with 2 makes 21, which was 
the number of Sheep delivered to the third Company; and ſo there remained 20 


S heep to the Shepherd, as the Queſtion declare. 
4 3 in the laſt ſtep of the Reſolution ſhews, That if any 
whole number inſtead of 20 be preſcribed in the Queſtion, that number multiplied by 
8, and the Produtt increaſed with 7 will give a number capable of the like Divifion 
a$ 167 that anſwered the Queſtion: So if there had been but one Sheep left for the 
Shepherd, then his Flock at firſt was 15 Sheep, if 2 had been left, his Flock at firſt 
was 23 ; if 3 Sheep had been left, then he had 31 when he firſt met with the Sol- 
diers; and ſo by a continual addition of 8, all the odd Numbers capable of that Di- 
viſion the Queſtion requires may be orderly found out. But to have nothing left af. 
ter ſuch Diviſion is made, the Number firſt to be divided is 7. 9 
It is alſo Evident, that by continuing the Reſolution an odd Number may be found 
out, that ſhall be capable of being divided according to the import of the Queſtion, 
as many times as ſhall be defired. JJJj%%%%V%V DL ot 


74 Reſolution of Arit 


8 


— — 


— _ — — —_ 4 — 47 
_ __— 


CAS ST. 16. 7 7” 
Two Merchants, 4 and B, wete Co-partnets in Traffic : the ſum of their Stocks 
was 300 J. (or b;) the Stock of 4 continued in Company 9 (or c) Months, and the 
Stock of B 11 (or 4) Months; they _ a certain ſum of Money which they 
divided equally. The Queſtion is, to find what each Merchants Stock was at firſt > 
1. For the Stock of A when he entred Partner- F TS: 
ſhip, put $24 DSS . > 4 1 | na a 
2. Then ſubtracting that flock from the Joynt VV 
ſtock 300 J (or b) the Remainder will be » 300 nd {| 552 
/ AAA „„ eee „„ 
3. The firſt ſtock multiplied by the time it? 52 is 
9s vw wp - 8 _— „ 9 | * 
4. And the other ſtock multiplied by its time? „ , 
produces. — 2 RO. pu ® * ; . 83 3300 114 Is 4 — da ö 55 > 5 
F. Now foraſmuch as the Merchants divided the gain equally, therefore the Products 
5" in the third and fourth ſteps mult be equal to one another, (according to the na- 
ture of the Rule of Fellowſhip with Time.) Hence this Equation ariſe * > 


ga = 3300 — 11a, 

6. Which Eq non, alter due Reduf — 2 3, and 3. um - 
6. Which Equation, after due Reduction, according to Soc 3, and 5. of Chap. 12. 
will diſcover the Stock which A put in, vw. N N 

5 6 ; CT Lo 
7-And from the 6,and 2.ſteps the ſtock which put in will alſo be made known, to wit, 


So it is found that the ſtock of A was 1651. and that of B, 135 J. For, 165 x9 


& Bis . 5 8 „ „„ 
Moreover, If the latter parts of the two Equations in the ſixth and ſeventh ſteps be 


reſolved anne WP 45 * Chap. 13. there will ariſe this 


As the ſum of both ſpaces of time given in the Queſtion, is to the given ſum of 
the two particular ſtocks fought; ſo is the greater time to the particular ſtock belonging 
to the leſſer time: and ſo is the leſſet time to the ſtock belonging to the greater time. 


* 


| b, — "Y 


Cl CH A e. 14 which — fimple — 


Que SEE. 


A certain Man being: asked howmany Years old he was, 


ert 
of the Number of Years he had lived, were multiplled by 7or : 
Lime number, the Produkt would give his Age. What was 5 =; N a 


1. For the Number of the Years 1 but % 4 | 

2. Then accordin to the Queſtion, multi +. ex 

a by en., ; Teen 7 beds 

3 . Which rodu equal to the nums 5 | = 

: ber of Years ſought, viz. . . . 25 = 1 . | 

4. Then, by reducing that Equation according 6 Bet bh un . 
to Seck. 4, and 5. of Chap. 12. the number . 2 432 * * * 7X 
of years Joughr will be diſcovered, vis. = FY ee bk 


Whence it is manifeſt that the Reſplnlane w was 32 2 of A | - 
is, I of 32, be multiplied by 20, that is, 4 of 32 ; the Product il r | 15 * | 
the Number of Years ſought. It is alſoevident by the laſt Equation i the literal 
Reſolution, that if 1(to wit Unity)be divided b TEST 76 yas altiplication 


* 


of the two numbers given in the 1c Queſtion, E 2 l will bet f e ugbr. 


QUEST. EE. 


There a ate two Numbets, the greater of which has ſuch roparti 
3 to 2, (ot as r tos;) and the ſum of the ſaid numbers 4 prop —— 1 5 
ſum of their Squares, as 1 to 13, or as b to c) What are the Num bers? | 


— 
£ 
: 


1. For the greater Number ſought _. 4 _ 5 
2. Eb Se 0 Queck. 2. in $2. 4.7 | 7 PM ny 
| p. 10.) the füm of the two Numbers 3 * | n 
will de ound . = TERS ee 
3. And (according to Queſt. 5. in tha ſaid Tx: 
| Se&.4. Chap. 10) the ſum of the Squares 132. ag 4 
of the two Numbers ſought will bee 7 9 7 
4- Again, by the help of the latter Pronottion : 15 | N | 
given in the Queſtion; and of the ſu nnn ] y 
found in the ſecond ſtep, ſearch out the ſum | „ 
of the Squares of the two ä + "ra 
viz. ſay by the Rule of Three, 1 
p fol Ir 1 7 2 22 84 - An ASS | 1161 X 2 8 fl | 2 7 
or if VU. e 4 =  _ ain 


— 


6 Wick gig aber cue Redfin, will ane dwgrnere he rs Nam: 
ders fought, * 1 WK 2011) 12 rf 
' 4 13 ate 916) 22dmns 15241 7 
7: White by the help of the firſt - ie Gul Tas 
 Nuoiben fought bp ce et ig vie,” Ty e 9 | 
CIR. | 16m SN!) nope ads doen? oa ice 


EL 


7 


* 5 — s - | 5 
e : „„ | | . "© 
| ob i 85 ; | 8 . 2 | 


"Reſolution of Laaer Queſtions E 0 0 JK) 1 | 


99 r r 


Dr * " 993 


So the Numbers ſought are 15 and 10; for they are in the given Reaſon of 3 to 23 
and their Sum 25 is to 325 the Sum of their Squares, as 1 to 13; as was preſcribed.” 

Moreover, the Letters in the latter _ of the two laſt ee give a * on 
to find out t the Nan ** 


1914414 4 


E "avesT. 19. 


There are two Numbels the Greatei of which has ſuch proportion to the ke Leſt, 
as 3 to 2, (or as 7 to 5;) and the Sum of the ſaid Numbers has ſuch proportion to 
the Product of their Multiplication, as 1 to 6, > (or as h to c.) What- are the numbers? 


1. For the greater number ſought put , ** 1 Sr yd 
2. Then Taccording to Def. 2. in Sec, 4. 1 3 
3 10) the 8 of the two numbers 5 „„ x4 — 

| . 3 

3. Ang! (by. OneB. 4. in Seck. 4. Chap. 7907 . 

the Product of chair Multiplication is . . "2-106 e ee 
4. Again, by the help of the latter e 1 5 27 0% © þ 
een in the Queſtion, and of the Sum e $5 

ind in he ſecond ſtep, ſearch N 7 pd 
-—quQtoffhe multiplication of the two nun- | 
bers b. ag vix. _— by the Rule „ 3  cra+ara 
14 7 „ —— 
0 if + 3 81 — cues, F-0) 1 : 
whente the Product is Wund "Tg HF ee ian Fabk 


5- But the Products found out in the two aft fieps muſt b be al to one ace, 


hence this 1 vix. 


ad 8 
* 10% 


FED 3 . - . 2 | 
Io: + „ __ arc 
$i Or, „ „ "Tix 


3 — — — 


6. Which Equation, ater due Reduftion, 0 citorer the greater of the t two Number 
ſought, viz. | | | 


4 2 458 —— Te PE 


80 the . are found T5: and 103 8. — hs that —_ will Move hs EE 
the Proof will make manifeſt : For the greater is to the leſſer as 3 ro 2; and their 
Siihi'9k Cis'to 150 the Product of their Multiplication, as 1106; as was preſcribed. 

Moreover, the two laſt Equations wu A Canon to find out the Number ſought. 


** 


2 


2 ren 20. 


There are to Numbers, the greatet of which has ſuch Proportion to os leſſer as 
7 t0 1 For 38 7 to 2) and the ſum! of che Squares of the ſaid . is 125 3 
5 ;) What are the Numbers? 


1. For the * number "> wh put, 2 as 5 
20 CThep Accord. ueit..1. in Seck. 4. 
"Chop Foy Ythe effet Name win he be found 2 
3. Therefore the Sum of their Squares ſhalt be 5 208 


* * 
* 114 


A. 


* 9 


1 8 


n 


er 


h 


* 
3 * 


. IE un wry 
- * "Pl „ =P _ I 
E * 


2 e 7 ime Equations 
m1 gg 


4. Which 3 muſt be equal — 125 25 0 or 4 957 9 2 
the given ſum of the Squares; hence this >> 


ation, . + 
Which Equation, after due Reduction (ac-" | 1 
” cording th Set. 2. 5, and 7, of Chap. 12.) a=10 | noe 


ge = 


122 


will diſcover the greater number ſought, viz. | FP Gt 1. 
6. But ifa had been put for the leſſer number, — 5 
ĩt would by the like proceſs have been found =. LE > 


From 3 two laſt ſteps the numbers _—_ are found 10 MP 5; ier will ſolve 
the Queſtion : For the greater is to the l er as 2 to 1, and the ſum of their Squares 
is 125 as. was preſcribed. 


Moreover, to find out the Numbers Sought, the two laft ſteps of che literal elo · 
lution sive this 3 


Multiply "He ths Squares of the Terms of the on Reaſon, by the given 


Sara of the Squares of the number ſought; then divide the Products ſeverally. 
Sum of rhe halt of the ſaid Terms laſtly, extract the ſquare Root — 0 — 


Quotient, ſo 


——_—_—. — 
7 
— 


There are two Numbers: the greater of nie has meh proportion to the leffer 
as 2 to 1, (or asr to 8 ) and the- e of the e iS 75 (or d:) What 


all theſe one's Roots be the re, ſe 1 


* 
* 4 — r n 4 PRA 1 


are the Numbers? | % Fo en 74 787 
1. For the greater Notes pught put 7 e „ * „ butt 
2. Then (according to Queſt. I. in Sec. . ' a i e 
Chap. 10.) the leſſer number will be . . 5. 1 —: 
— 5 . „ AT 992 93 107 A 
3. Thetefore the difference of their Squares is — ne 
4. Which Difference muſt be equal to the given 1 . 
Difference 75 (or dz) hence this Equation, viz. 10 4 © =75, hee 
5. Which Equation, after due Reduction, 10 V 
diſcovers the greater Number, vx. 1221 0. 70 1 
6. But ifa had been put for the leller Number?) 15 bie G1 .> 
it would have been \found by the like proceſs 2 5 Ro. | gum | 


So the Numbers ſought are 10 and 5, which will ſolve the Queſtion: For the greater 


is to the leſſer as 2 to 1, and the difference of their Squares is 75; - was preſcribed. 


Moreover, to find out the numbers 3 the two laſt | ſteps © of n * Re- 


ſolution give chis Tt 77 3c bas | 
CANON. epd gd egg ml Pg 


; 7 

4 8 ; 

4 Ci. . 22 +4 644 3 #3 ; 
— 


3 
Malt ſeverally the eqns of the Terms of the x iven Reafoh by the given 


„ 


Difference of the Squares, then divide the Products ſeverally by the Difference of the 


Squares Ef tde ſaid Terms; laſtly extract the ſquare Root of each "RO ſo 
ſhall — — Roots be the Numbers 1 e 4 0 


= * ES 8 25 7% 2þcr: 1 
8 N eee ear 206 n l 
QUE 5 To ge 2-2 $1 8H: „Jeu: 
There: are two numbers, the ſum of bite is 125 (or 0. and the Dif 
rence of their Squares is 73 (ord;) what ale the Numbers? | 2g 7%; 1.7 36k 
ein 57 TO +. 03 57 I 13 1 c 
15 For the greater purer bu. ä webe P 5 
2. Then irs Square will te , , ,. „ ee „ 5 aa Lang 
3. Which ſubtracted from 125 (or b) the) — I 
- Nw Süm, leaves ths 1 Ar 125 - | 5 


umber, to wit, .. 


n 


_ r Mt. 


| TH 1 | | Reſolution ; of Arithmetical = 5 B 00 0 K 1 1 ; 


4. And from the ſecond and third ſteps by © 757 85 wy IS Ls 
ſubtracting the leſſer Square from the 24 — 13 f 2a0mh 
greater, their Difference is . „ ge hd 

5. Which Difference mutt be equal td the) 1851 I I 
2 Difference 75 (or d,) whence” this C2 — 125 =75 | 2 — 54 | 

quation ariſes, . . 4 55 

6 From which Equation afar due Redufion.5 e 0m 


according to Sect. 3, 5, and 7. of Chap. 12. „ YN 644 
the greater Number ſought will be made C | a = ph - 
_ known, we. | aas 
7. Bur if a had been put for the leſfer Num- | | 8 ths” be 
ber fought, it ors the like prone „ my —4 
have been kl | EEE 


So the Numbers ſought are found 1cand F, which will ſolve the Queſtion; for the 
ſum of their Squares is 125, and the difference of their Squares is 75, as was reſcribed. 
Moreover, to find our t] the Numbers fought, the rwo laſt * of the literal Re- 


en e this | 
c OR 1 1 n 0 


The ſquare Root of af the fi of the given ſum and — 9 of the Squares 
of the two Numbers ſought, is equal ta the gteater Number, and the ſquare Roor of 
half the difference of the laid given Sum an Difference gives the ee N OR, 


3 = BE Atta as 


we. + 4 TT "VES VT me Y CY YT" "SY" WW w=ATEW LA dad N „ en 6 ** c 
2 * Tk * i — * 


rer en BVESE. „ 


There are two a the ſum of whoſe Squares is 340 Ba orb, ) and he Produr 
made by the multiplication of the two Numbers is equ 4 (or 42 run we 
Square of the greater Number; what are the Numbers > 


x. For the greater Number put I 
2. Then its Quare ICS» pb 167 gd; 
3. And? 5 * (or c) parts of that uh. a 60 


6aa 
4 | 4. Therefore alſo (according to the condition y e LI 
= inthe Queſtion) the Product of the multi- & — 5 
<a 
7 


— 


5 - plicatian of the two numbers ſought,ſhall be 
F. Which Product divided by the greater name d 
| ber a will give the leſſer number, to wie, 7 
. Thereore frem — 4 * EY 60 
5 of the leſſer nurabes eco 1 
And by adding t — inthe ? 8835 12 

7 ſecond Ind fixth ſteps, their ſum will be. 

8. Which ſum muſt be equal to the given ſum 2 85a 


340 (or li) whenee ts Eduation ariſes . 5 - wm _— . 


= f 2. Hom whith e. d d n DH 955 
4 . "= 12. the Seater number Suge yuh, > Pa; OY 1. 


= be made known, viz. . . . . . 
io. And. from the ninth And fifth 
leſſer number will alſo be diſcovered; .. . 4 


80 the two: numbers; fought ate found: 14 aud 12, TW will, lrg the Queſte 


for the ſum of rheir SULUES v56 and. 4 is 240; alfe, 14 multipli 1 makes 
168, A is — to 5 of the — 2 6 


A 


er, Tard; and if the number of pence pal 
R 2 LF 
s. 


- 


. o 


C 


H AP. | A which produce fomple Equations. 0 


of Yards bought, the Product wilt be 30800, (or c.) The Queſtion is, to find che 


number of Yards bought. 


1. For the number of Yards bought put p =] 
2. Then the number of Pence paid for the? © | WT SD 
whole Cloth will boo. 7 144 E 
3. Which Number multiplied by a (the nun-? 13 271 
ber of Yards bought, produces I2aa Baa 
. Which Product muſt, according to the Que- 3 | 
ſtion, be equal to 30000 (or c) therefore F 1244 = 30000 baa = 6 
5. From which Equation, after due ReduQion, 77 1 
the number of Yards ſonght will be dee 22 50 Ga 
vered, >» Ob 3+; © » at g LEE” TS SE 
ard makes 600 d this 600 multiplied by 50 (the Number of \ e 
duces 30000; as was preſcribed in che Oueſtien 1 ee bought.) . 


4 2 * ** 4 a ada... 4. 4. SR. By © : 
a. — 


bw — _ — JAM. MM £14 — = ”, * 
——— * 


Two Merchants, 4 and B, were Co- partners in Traffic; ie 1 

oo (orb) pounds, which continued in Company ſuch a time, that if it be — 

lied by the Stock of 4 it makes 50 (or d) At the end of their Partnerſh; th 

had gained 60 Pounds, whereof A had 40 (or 7 Pounds for his ſhare, and B * 

o wit, 20 (or 5) Pounds. What was the Stock which 4 put in at firſt, and how 

For the Stock of 4 put." * 1 3 

Then multiply ing that ſtock by the time it NE 

ON Company, to wit, by 4 (or wt ahem 44 | 

it makes” ß - Fe 
5 2 | | $f 


on : 


8 


rn | 


the Queſtion, by a the (ſtock of A J and the 
Quotient will give the time that the ſtock c 2 
of continued in Company, to wit. I 5 „ 
Ide Rocko B,to witzoo Le c, e gps 
plied by its time 7 (or ©) produces > | 5 5 I DO - 5 
. Then according to. the Nature of the Rule of Fellowſhi with Time this Ana 
_ -_ " 0 the —_— 3 — mutual — — of the 840 
and Time of A, is to the Product of the Stock and Time of B; fo is t "i 
A tothe gain of B: viz. SEN ne $0 the gain of 


A, 4a, Rn 4% 2% 


* 


Which Analogy ( according to Sc. x. Chap, 13. may be converted into this Equation, 


142 4 
* 


Or, 


5 1 | . 


+ C. *5 


e D 


ö . 93 „ 13 5 * 
. WW — . ik 73 5 i | SLY . » ; 
Or ds 2 Ls i 
e 
* 


- From-which Equarin (ater das Keduftin acting tn tr 9 5, and 7 0 

ation, (after due ReduQten according to SeF, 2, 5. and 7. of 
Chap. 12.) the Stock: of 4 will be diſcovered, ds. 5 28955 ". 
ED: 9 42 502 el ff... Cc 


— 


2 k ” 4 _ 
. *, it. * 
* b > . 
. 5 5 E 
— . 7 - 7 ” ” 
2 , 1 0 
5 4 a & 1 5 ay a "5 
— 5 Fd . N | p 
4 * « . , . * * 0 * * g f 
3 , * = * * 9 0 . * . * 0 1 8 5 8 pe , 1 Y 4 N 
, % 1 F %, 
, La. _ 
—— ? "_ ö 
| - * 


— — oh 


n 18 Taro of Arithmerical Gueflions 'B 0 0 1 T 


8. And from the ſeventh and third ſteps, the Time that tho Stock of B contimes; 
Company will alſo be made 21g Un. Mued in 


9. So it is found that the Stock . 4 put in at 1676 ws s 50 J. and the time dur 
” which the _ of B continued in Company w was one Month as will appear by 


The Proof. 


50 * 4 2 200 
100 * 1 100 


dee %%% 22997 
Then if 3 „ 1 100 


20 E S T. 26. 

Certain Noble-men made a 1 eſs for theit Pleaſure; every noble Man carrie 
along with him the ſame Sum of Pounds ; the Number of the Noble-men was equal 
to the number of Servants which attended = each Noble- man; the number of 
Pounds that each Noble-man had was the double of the number of all their Servant, 


and the ſum of all their Mony was 3456 Pounds: the Queſtion is, to find out the Num 
ber of Noble · men ; alſo, how many Pounds and Servants each Noble: man n had? $2 


1. For the number of Noble-men put OE SW. 
2. Then (according tothe Queſtion) the number of Servants that ” 
attended upon each Noble-Man was alſo . . .. .. j o 5s 
3. Therefore the Number of all the Servants was. PTY 
4. Which laſt Number doubled gives the number of Pounds that 2 
9 Nobleman had, to wit, . . «(RE 
5. And i the ſaid Number of Pounds be multiplied by the number 4 
of Noble- men, it produces the Sum of all their Money, to wit, - * — aa 
6. Which ſum muſt be equal to the given ſum 3456, therefore aa = 3455 
7 Therefore by taking the half of that Equation, there ariſes .' aa = 172 
8. Laſtly, by extraQting the Cubic Root of each part of the laſt 2 
Equation,” the Number of Noble· nien is diſcovered, 'to wit, n 


$9 it is found that there wete 12 Noble Men; alſo every « one of chem had 12 Se 
vants ts and 288 8 46% þ as > will en Wy EO 


0 85 2 1 
144 X 2 = 288 
= 3456. 


QUEST 27. 


A Niehler bought as many Pounds of Pepper for one 8 as was half the 
number of Crowns he laid out, then in ſelling the Pepper he received for every 2 
w of Pepper as many Crowns as he paid for all the Pepper; and in concluſion be 
had 20 Ch, The Queſtion i is, to find how many Crowns he laid out. 


1. For the Number of Crowns which the Merchant laid out, let} 
there be put af Git 

2. Then the Number of Pounds of Popper which te bought for == \ Spc. 
one Crown was ow 3 Cn 


3. Whence the whole 1 of "RO bought will be found „ 
aa 
„„ 3 


% 


4. Then 


2 . 


* 


g ** — n ———— _—_— —— f n ee 
rr > ex ——— e * 2 
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. Then find how many Crowns the Merchant received for the v8 


4 quantity of Pepper ſold; ſaying by the Rule of Three, 


If 25 „2 :::; aaa 
2 50 50 
whence the number of Crowns for which al the Pepper was ſold 72 | 
is found A * 
5. Which number of 8 Grand out in the lat ſtep, —_ "Oo 3 Hg 
er to 20 the number of Crowns given in rhe W de he.” = 20 


this Equation | 1 
6. From which Eamon, after i it is reduced according to Sec. 25 2 | 
4510 . 


and 7. of Chap. 12. there will come forth the tirſt-coſt of the 


Pepper, to wi 1 4 1 
So the number of Crowns which the Merchant laid out was 105 as will appear by 


| he Proof; for firſt, the half of 10, to wit, 5, will be the number of Pounds of Pep- 


per which he bought for 1 Crown; then fay, 


1, 44:5 5 Pounds of Pepper bought, 
10 ” 50 ; ll Crowns received for Pepper ſold. 
1M UE 8 T. 28. 


There are two Numbers, the greater of which has ſuch proportion to the leſſer as 
3 to 2, (or as r to s;) and the Sum of the Cubes of the two Numbers is 4375, 0 or 


2% what are the numbers? 


I. For the greater Number put ONE 0 B 
2 Then (according to Queſt. 1. in Seck. 4. os 2a 52 
Chap. 10.) the lefſer:namber will be found F, - "2 oF _ 
3. Therefore from the firſt ſtep, the ow of s LES _ 
the greater number is — 1 
4. And from the ſecond ſtep the Cube of the ü! TT ORE... 
leſſer Number is 7 ST antiec: 9 
F. Therefore from the third and fourth ſteps, 35aaa _ Laas 
the Sum of the Cubes of both Numbers is 27 wr 


6. Which Sum muſt be _ to the n Sum 43755 . b 3 whence this 2525 E ct 
tion _—_ BET | 
| 35008 435. Or, bees. . 4 . | _ 

2 rrr 


7 From which — after due Reduction, ( based to Sef, 2, 5, and 7: of 


Chaps 12 7 the greater number ſought will be made known, vi. 
= 0 


s55+rrv . . 


8. And from the ſeventh and ſecond Reps, the leſſer nu mber will alſo be diſcovered to NS 


5 = * d 
8 (3) SSS+rrr 


So the numbers fought ate found 15 and 10, which wil ſolve the Queſtion; for 
they are in the given Reaſon of 3 to 23; and the Sum of the Cubes of the Raid 15 


and 10, to wit, of 3375 and 1000 makes 4975 ha as was preſcribed. 
; the 


Moreover, to find the Numbers ſought; tter * of the Equations in the 


&venth and 185 * give this | 4 


Multiply San 1 Cubes of 17 Terms of the given Reaſon . or "Pro tion) 
by the given dum of the Cubes of the Numbers ſought ; divide the Products op erally 


by the Sum of the Cubes of the aid Terms; laſtly extract the Cubic Root * each 


of f the n ſo theſe FOO, 2 be the Number Want. 


* 
* 
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- r 
| Concerning the Reſolution of ſuch adſected or compounded Equations 
wherein their are two different Powers of the Quantity ſought, 


and thoſe Powers ſuch, that the higher of them is 4 Square 
whoſe Side or Square Root is the lower Power. 


IL THE Equations treated of in this Chapter fall under three Heads or Forms here. 
under ſpecified, which 1 ſhall firſt explain, and then ſthew how they may be 


Arithmetically reſolved. - _ 


/ Equations of the foſt Form : 

aa + 6a = 55: © . aa + ca = 5. 

aaaa + aa = 48. | | daaa + daa = . 

aaaaaa + 4aaa = 837.  aaaaaa + gaaa = 5 
n —— — — 6 
Equations F the ſecond Form. „ 

aa — 10a = 24. as — ba = kh, 

aaan — 6aa = 27. | 5 aaaa — -paa = d, 

aaaaaa — 2a = 


. addaaa — maaa g. 


= Equations of the third Farm. 

ioa — aa = 244. ca — da = NR, 
54a — aaa = & | va — aaa = 8. 

gaaa — aaa ¾ 8. daa — gaggan = t. 


98 kw 


the higheſt Term is aa, which may repreſent an unknown + cle * Root 
Multiplication of the ſaid 
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the middle Term. Bur in this Equation aaa+6a= 39 the Index of the higheſt Term 
aaa is not the double of the Index of a in the middle Term, (for the Index of the 
former is 2, and of the latter 1 ;) and therefore the Equation laſt propoſed cannot 
be ranked under any of the three Forms aforeſaid, and conſequently it is not reſolva- 
ble by — Rules of this Chapter, but belongs to the 10 and 11 Chapters of 
ſecond Book. . : | hag 
"Iv. Known Numbers which are drawn into, or multiplied by ſome Degree or 
Power of the Number ſought are by Vieta and others called Coefficients, viz. Fellow- 
Factors, or Copartners in Multiplication with unknown Powers: So in this Equati- 
on aa 6a=55 the Number 6 is called the Co-efficient, to wit, the Fellow-multiplier 
with the unknown Number à to make the Product 6a. Likewiſe in this Equation 
aa+ca=b, we may ſuppos the Letters b and c to repreſent known Numbers, and the 
Letter a ſome unknown umber whoſe Co. efficient is c. | 
ut ſometimes the Co- efficient will happen to be expreſs d by many Letters, as in this 


Equation aa- = (or —a) = Toy where à only is ſuppoſed to be unknown, 


and the known Number = is the Co- efficient, which ſignifies but one Number, to 
wit, the Quotient that ariſes, when the Product of the Number s multiplied by the * 
number c is divided by the number r, viz. if s=2; c=; and r=1, then 


| * or 8 is the Co- efficient, and conſequently 7 is the ſame with 842. 
- | 


wp. 8 | 22 27 K | ara $2 "Sh | 8 "I 
Likewiſe in this Equation - 2 a (or — — a 2 = , the Co-efficient is 
— which is to be eſteemed but as one number; to wit, the Quotient that ariſes 


„ ä | | 
| by diyiding the Sum of 2r and s by s; ſo that if we ſuppoſe y=3 and s=2, then the 
Equation laſt propoſed may be expreſs d thus, qa—aa=3, | | 
| Note, When no known number appears to be drawn into the middle Term of the 
Equation, then 1 (or Unity) muſt in that caſe be always taken for the Co- efficient; 
ſo in this Equation aa+a=30, the middle Term a implies 1a, to wit, the Product 
of a multiplied by 1, and therefore 1 is the Co-efficient. | 1 
M ice alſo. When the higheſt unknown Power or Degree is multiplied by any num- 
ber greater than 1, then every Term or Member of the Equation muſt be divided by 
that number, to the end the faid higheſt unknown Power may be clear d from any 
Co- efficient unleſs it be 1; as before has been ſhewn in Sec. 5 Chap. 12. . 
Theſe things being premiſed by way of Explication, I proceed to the Reſolution of 
Equations which fall under any of the three Forms before ſpecified. —G8ﬀ"|" 


V. The Arithmetical Reſolution of Equations which fall under the firſt of the 
8 three Forms before ſpecified in Sect. I. of this Chapter. 
„ N 1 „ 7 
1. What is the number repreſented by a in this Equation? . . 4a 64 = 55 
2. Which Equation, if c be aſſumed to ſigniſie 6, and 5 55, 3 
may be expreſs d thuns © . « 7 FW 
5 | RESOLUTION. : „ 2+ 88 
3. To reſolve the ſaid Equation imports the ſame thing as to ſolve this Queſtion, 
_ viz. There is an unknown number (repreſented by a) which. is ſuctz-eHat if to its ! 
Square you add the Product made by the Multiplication of that-ynktiwn number 
by 6, (or c,) the Sum will be 55, (or b;) what Nhat - nnd m number a ? 
Anſw. 5; found out thus, 8 21 . 
4. Let the Square of half the Co- efficient 6 (or c) be added to each part of the 
Equation propoſed, to the end its firſt part may be made a eat Square, 
(according to Set. 4. Chay,g) whence this Equation ariſes, GETS 


8 aa-+- 6a} 9b © or; 1 ere. 
| 2 0 


5. Then | 


” 


5. Then by extracting the ſquare Root of each part of the laſt Equation (according 


to Seck. 4 and 5. of Chap. 8.) this Equation ariſes , | 
== 1 7+ 3 = 8, 1 
Or, a + ic = vVib+cc; 


6. Wherefore by tranſpoſition (or equal ſubtraction) of 3, or ac, the number 4 


ſought will be made known, v2Z. 
| | a 2 5 = Vb Acc: — Ic. 


I ſay the number @ ſought is 5, which will ſolve the Queſtion propoſed, as will 


nd hd * The Proof. 
If . . . . „„ 8 . * qa 2 55 
Then Conſequently . .', „ , 
_ 777+.» We 


Therefore ate =59. 
Which was the Equation propoſed. = | | : 

Note. Every Equation which falls under this firſt Form may be expounded by ei. 
ther of two Roots, whereof one 1s Affirmative or greater than nothing, and the other 
Negative or leſs than nothing. As in the Equation propoſed, to wit, aa+6a=55 , 
foraſmuch as according to the Rules of Algebraical Multiplication, — multiplied by 
— produces +, and ſo in this Senſe the ſquare Root of 64 may be — 8 as well as — 
8; therefore the ſquare Root of the Equation aa 6a+-9=64. in the fourth ſtep 
// 4243 = — 8. 

Whence, by tranſpoſition of +3, a Negative Root? . 
or value of a is diſcovered, to wit, „ 1. 


I ſay the Root à in the Equation 4 L 60 55 may be expounded by _ 11. 


beſides as will be manifeſt by | 
2 . 2 | be Prof. 

3 ) e 3 Here the Rules of + and — in Al. 

T * | gebraical Multiplication and Ad- 


V „„ 6a — — 66, . 2 | 
Therefore, as before, aa+6a = + 55. dition are to 80 reſpected. 
Negative Roots are oftentimes of good uſe to find out Affirmative Roots, as here- 


after will appear in Chap. 11. of the ſecond Book. : 


— 


—— 
„ä——— aa — 


2D UEST. 2. 
1. What is the number repreſented by a in this Equation? :. agaa+8aa = 48, 
2. Which Equation, if d be put for 8, and F for 48, may be 5 aaaa-＋ daa = 7 
/// / / / / ͤl tk!!! e 
RESOLUTION. 
3. To reſolve the ſaid Equation imports the ſame thing as to ſolve this Queſtion, 
iz, There is an unknown number repreſented by a, which is ſuch, that if to its 
Biquadrate or ſquared Square you add the Product wade by the Multiplication of 
the Square of that unknown number 4 by 8, (or d,) the Sum will be 48, (or F;) 
what is the unknow! number a? 4nſw. 2. found out in the ſame manner as before 
in Dneft, 1. viz. Ls | 
4. Let the Square of half the Co. efficient 8 (or d) be added to each part of the 
Equation propoſed, to the end its former part may be made a compleat Square, 
according to Seck. 4. Chap, 9. whence this Equation ariſes 
| aaaa+ 8aa4 16 = 64, 
Or, aaaa+daa+45dd = f 


5. Then by extraQting the ſquare Root of each part of the laſt Equation (according 


to Sect. 4, and 5. of Chap. 8.) this Equation ariſes, 
| | aa 4 = , 
Or, aa Ad = Vd. 5 
6. Whence by equal ſubtraction or tranſpoſition of 4 (or zd) there will ariſe 
1 aa ; 4 5 


Or, aa S V dd — d. 7” 
„ ls 7. There 


\ . 


Reſolution of Quadratic Equations. BOOK I 


ys 


bp 


kl 
= 
2 
* 
* . 
= 
N 
i 
* | 
WY 
fl 
hes 
85 „ 

— 

= 

s 9 

a 

a 

2 

Fo. 

"ny 

<IF0 

"a 

A* 

3 

« 

"Hs 
f 
LE 
"_ 
"* 
e. 
3k 
3 
1 
N 
* 
2 
7 
1 
2 
2 * 
> 
4 
JE 
Ru 
by Vs 
s 
3 
= 
7 
"xd 
2 
IP 
Pa”, 
* : 
2 
1 
** 
\ 8 
Ve- 
Ws. 
IR 
RY”, 
"7" 
5 4 
* 
2 
7 
1 
75 
3 
"I 
ZETY 
LO. 
% 2 
"I 
at 
1 
3 
1 
"xy RY 
if Bas * 
= 
' SA 
3 
n 
Ad 
OS 
" . 
4% 
» 
* 
77 
- 3% 
Rp 
Wl N 
I 76 
4.88 
- 
; . 
El by,” 
2 Ce 
1 
815 py 
"* * 1 
—_— 
[1 N 8 y 
MT 7» 
1 
A 
©, = 
4 - 
"== 
1 
+36 
- =, 
_ 1 
* _ 2 
5 x 
: 
me E 
. = 
-,£== 
_— 
4 e 
od FS 3 
„ "vu 
> EXE 
1" 
46 L 
1 
1 
2 + #8 
=_ 
Br 
BE” 

25 
1 
AA 

* 
4 2 
1 
2 Ly £0 . 
4 My »- 
= 
© 
, 
* 
= 
1 
8 
0 
a 
. 
„ Fl 
2 
1 

vl 

70 
* 
ON 
XK 
5 
3 

* 

* 

ad * 

» 

by 


4 n 


lb; 
» 
1 
* 


55 
* 


CA A P. I 6. ' Reſolution of Quadratic Equations. 


85 


number @ ſought, will be made known, viz. 


a = £87 „C20 
I ay the number a ſought is 2, which will ſolve the _ 3 as will 


1 WET by The . 

1 2 - 5 „ 2. 
Then conſequently. 34. 
Aa. - „„ „„ is, 
A SS 8aa = 32, 
Therefore , . aaaa+8an = 48. 

"_ was the * propos Sd to be reſolved. 


— 


9 5 


3 9UEST. 3. 
= What is the number repreſenred by a in 

this Equation? . 

2. Which Equation, if g be put for 4 and 0 

| for 837, may be expreſsd thus . 


RESOLUTION 


aaaaaa+ 4aaa = 837. 


. aaagaaa+gaaa = h. 


Cube or ſixth Power, you add the Product made by the Multiplication of the Cube 
of that unknown number by 4 (org) the Sum will be 83), what is that unknown 
4 number a ? 4nſw. 3. found out in the ſame manner as before, diz. 

4. By adding the ſquare of half the Co. efficient 4. (or g) to ach part of the La 
1 tion propoſed, this Equation ariſes; 
aauaaa f 4aaa - 4 = 8414. 
Or, aaaaaa+gaaa+igg = b+4gg. 
5. And by extrafting the ſquare Root of — part of the laſt Equation this ariſes; ; 
aaa 2 = 20-2 
| Or, aaa ig = Vg: 
6. W hence by crnſpolition of 2 (or 26) this ö ariſes; 
1 aaa 27. 
Or, aaa = V:ih+igg;—ig, 
7. Therefore by extracting the Cubic Root of each part of the ſt Equarion the num- 
ber a ſoughr will be made known, vix. 


; a = 3 = N g. 
_ 1 fy the number 4 ſought is 3, which will ſolve the Queſtion bij, as will 
2ppear by 


The Prof... 
If SE „ „ #58 a = 3, 
Then conſequently „„ . 
„ .. aaaaaa = 729, 
AIlſo RR: 


Therefore , , . aagaaa+ 4aaa = 83; 
Which was the Equation propos'd to be reſolved. 


VI. From the Reſolution of the three laſt Queſtions the following Canon is deduced 


for the reſolving of all Equations which fall under the firſt of the three F orms before 
Ipecified i in Seck. 1. of this Chapter. 


CANON. 


of Au { —— of the whole Co- efficient, to the given abſolute mber. 
SI the - mats Root of that Sum, | " F | 


From 


1. Therefore by extracting the ſquare Root of each part of the laſt Equation, ho 


3. To reſolve the ſaid Equation imports the ſame thing as to ſolve this Queſtion, : VIZ, 
” Thang is an unknown number repreſented by a, which is ſuch, that if to its cubed 


(Ada the ſquare of half the Co-efficient, or (which i is the ſame thing) a quarter 


** 


the number ſought; if a Cube, as aaa, then the Cubic Root of the ſaid Remainder 


1. Let the preceding Queſt. 1. be here re- „„ 
peated, viz. What is the number repre- - aa GI 
ſented by @ in this Equation ? To. | N 

2. Or, vrhat is the value of a in this Equation, . . aa ca 5 

| RESOLUTION. | 

3. To the given abſolute number . . 55 b, 

4. Add the Square of half the Co-efficient 6, ? 
to wit, the Square of 3, which is Fn: 

5. The Sum is 64 | b+:c 

6. The Square Root of that Sum is 8 „il Acc: 

7. From that Square Root ſubtract half the 3 1 
CS © Wt, . 8 3 Is | 
8. The Remainder is the number a ſought,towit, 5 | V: + Acc. — 2c. 


2. Or what is the value of a in this Equation, : , azaa+daa= 


RESOLUTION. © 1 
3. To the given abſolute number . . 48 þ 3 
4. Add the Square of half the Co-efficient 8, 1 16 | 24d 
to wit, the Square of 4, which is | f+24d 
CORE .- > --- -> . 64 9 
6. The ſquare root of that Sum is. . 8 v ddt. 
7. From which ſquare root ſubtract half 4 . 2d. 


6. The ſquare Root whereof is 
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From the ſaid Square Root ſubtract half the Co- efficient, and reſerve the Remaj 

Laſtly, when = unknown number which is multiplied by the Co-efficient in; 
middle Term of the Equation is expreſs d by a ſingle Letter only, as a, then the Re. 
mainder before reſerved is the number ſought ; but if the ſaid unknown number in the 
middle Term be a Square, as aa, then the Square Root of the Remainder reſerved is 


ſhall be the number ſought ; if any higher Power, then the Root for the ki 
extracted out of the {aid Remainder, which Root ſhall be the number — _—_ be 


An Example of the Canon, 


* . 0 | 4 I 
Whence it is manifeſt that the Anſwer is the ſame as was before found to Quel. 1, 
4 ſecond Exanple of the Canon I 


1. Let the preceding Quęſf. 2. be here re- | 
peated, viz, What is the number repre- ? aaaa＋ 8aa=48 
ſented by a in this Equation? ? 


ST — 1 1 
8. 3 is the _ - * a ” _ 4 | TyH;id-d 
9. Laitly, the ſquare Root of the ſaid Re- I — HY! 

mainder — the number a, . . . + . Vz) + ddd: 

Whence it is evident that the Anfiver is the ſame as was before found to Quef, 2. 


— 


A third Example of the Canon. 


1. Let the preceding Queſf. 3. be here re- ? TT 
peated, viz. What is the number repre- - . aaaaaa-+4ana=837, 
ſented by @ in this Equation ? 5 | | 

2. Or what is the value of a in this Equation, . aaaaaa gaaa = h. 


— RESOLUTION. 5 
3. To thejabſolute Number . . . 837 5. 

4. Add theSquareof half theCoefficient 4,towit, 4 9g. 

5. The Sum is | + >. > 06 1 +a 


RP NO WEE. 9 | | : 4 
7. From that ſquare Root ſubtract half my — + % 
, 3, * } . 


.. What! is the number repreſented by a in 


] 
4. 
Co 
le 
9 
2 
> * 
75 * 
0 
2 
3 
= | 
E 
pj = 
& © 
2 
A. 
15 
1 
1 
He 
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T4 
= 
1 
BY 
1 
3 
- 
968 
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G f 7 p 
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b cording to Se. 4. Chap 2 
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he Remainder is the value of aaa, to wit, 27 | T METS 
5 b ka the Cubic Root of that "Remain- ; TY . — 


er ſhall be the number 4 ſought, . . 'S: V(3): . 
Whereby| it is manifeſt that the Anſiver is the 2. as was before foumd to Nel. 3. 
Example 4. 


| If . ; . a = b (or 35,) what is a = 
5 % a = V:h+2 Js = $227 +l 
For the Co- efficient drawn into the middle Tem a I, its half is is 5, the 
whereof i is +, which added to the abſolute number 35 bein 7, x, whoſ Square — 
is 52324, Ec. from which ſubtraQing +, (or ++) to wit, Tall the Co-olident "i 
the Remainder 5-44. is the number a ſought, which here happens to be irrational, 
that is, inexpreſſible by any true number, but by continuing the extraction of the ſaid 


— Root of the faid 354, you may approach infinitely near the — number a. 


RL. Example 5, 
If «© . ada = , what is a=? 
7 3 a L ns, . 


The Learner muWtemember to reduce a Fraktion to its leaft K Terms, before he 


goes about to extract any Root out of it. 


| Eranpls 6: 
„ 1 2 1, 
| It; 43 * 8 4 x s = 2, 
And i „ der — | 
nd if e In 3 


W nn . . 49" 

an - #2 2 
1 — Las = 22555 what is @ = ? 
Anſw. 2 . 


VII. The Arithmetical Reſolution of E nations which all under the 
N rhe three Forms before expreſſe fed; in Sect. x. fn a bi *. 


Lr 


this Equation 7 


2. Which Equation, by aſſuming hb torepre- | 
ſent 10, and & to N 245 may be 2 _—_ 


rreſsd ny 4 2 . . 1 . 4 
RESOLUTION, 


3. Las the * of half the „5 10 (or = be added to each part of the 


— propoſed, to 7 end its be made a „ 8 ac- 
ne his Eg Eqdanon aries 
0 be I 333 * +266. 
r, aa— ha == 
4. Then by extracting the Square Root of each part of the ln din | 
” Seck. 4, and 5. of 5 8.) this Equation — 9 N i 
2 = opt 
4 — +46 
5. Wherefore by. equal YR 5, or 25, the mmber 3 
vix. a4 = 12 = A v: 
6: But foraſmuch as the wa * I of aa Ia 25 in the third ff 
A e 455 ne W 


2 be os 


the 


will be made korn, = 


* — a Ml . * * —_— N 1 
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the ſame Square aa — 104. 25,) therefore let 5—a be ſet inſtead of 2 ; in FA 


fourth ſtep ; whence this Equation ariſes, vix. 
Or, t#h—a = vVik++bb: 
7. Therefore by tranſpoſition, another value of a ariſes, to wit, 
1 a= —2 = -V. Er 40h: | | 
Which latter value of à is leſs than nothing, and ſuch it will always be, as may 
eafily be proved from the laſt Equation. For k-+bb is manifeſtly greater than bb 
and conſequently the Square Root of the tormer will be greater than the Square Root 
of the latter, viz. V:k-+ bb: is greater than 3b, therefore +b—v:k+23bb; (that is a) 
will be leſs than nothing, for if a greater Quantity be ſubtracted from a leſs, the Re. 
mainder will be a negative Quantity, that is le S than nothing, as before has been 
ſhewn in Algebraical Subtraction. From the premiſes it is evident that the Equation 
propounded, to wit, aa—102 = 24. (and likewiſe every Equation which falls under 
the ſecond form of Equations before- mentioned) is explicable by.two Roots, where. 
of one is real or affirmative, whoſe value is before expreſs d in the fifth ſtep; and the 
other negative or leſs than nothing, the value whereof is expxeſ$d in the ſeventh ſtep, 
I fay the real or true number a ſought in the Queſtion propos 12, as will appear by 


The Proof. 
ou ep ͤ 8 
Then conſequently . . aa = 144, 


P G6. — 6, 
aq—iIoa = 24. 


any. 


Therefore. . +: « - 

S Which was the Equation propoſed. : 
Moreover, according to the Rules of Agebraical Multiplication and Subtraction, the 

negative value mn _— —2 before found, will conſtitute the Equation firſt propoſed: 
JJ0Cĩ AC ERS · „ * 

Then conſequently . a= + 4, 

And VVV 8 Ioa = — 20, 

Therefore. 4410 . ＋ 24 


* 1 QUEST. 2. 


1. What is the number repreſented by a 3-4 ** 27 
this Equation ? . F . b . . £ : 5 5 d . y | 
ES 2. Which Equation, if p be put for 6, and. 3 
| d for * be expreſs'd thus, . - 55 a 4 Et 
ern,, oo 
3. Let the Square of half the Co- efficient 6 (or p) be added to each part of thi 
Equation propoſed, to the end its firſt part may be made a compleat Square (accord 
ing to Seck. 4. Chap. 9.) whence this Equation ariſes ; „ 
| 1 aqaa—baaÞF 9 = 36, 


We 
_ : 

» Fo ö 

14.6 - 

: | 

by P. 

1 

1 q 

5 F 

. 


. | . Or, aue pant i = IP; 5 "We . 25 8 
4. Then by extracting the Square Root of each part of the laſt Equation (according 
to Se, 4. and 5. of Chap. 8.) this ariſes, viz. . 

ada — 3 = Og... LOOSE, 


_ —— 
db App: 
3 . 


5. Whence, by equal Addition of 3 (or 2p) there will ariſe 
_—— 
1 5 Or, aa = VdT Ab. p. 3 

6. Wherefore by extracting the Square Root of each part of the laſt Equation, the 

number a fought will be made known, vz: „ 15 
4a =v(2)/d+:pp +29: 3 RE 
I ay the number 4 ſought is 3, which will ſolve the Queſtion propoſed, as wil 
appear by 7 9» FR. e 


* 
; } 
FS \ — 
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f | The Bog,” | | 
he | If . | 242. 
5 Then conſequentiy „„ 7B 
And 0 + 6 & 5 
Alf. : | .... Gan == 56, _ 
Therefore . daaa — 6a = 27. 


Which was the RN propoſed to by reſolved. 


| 
ö 
4 
| 
| 


rs 3. 


1. What is the number py by ain „ 
. go 0 .. a = 4 
2. Whic uation, = e pu dr 2 „„ 
$ tor 4 may be expreſt thus, : 'F « cadana — Maas g 
. RESOLUTION "FN | 


3. Let the Square of. half the Co- efficient 2 (or m) be added to each rt of the 
Equation propoſed, ,to the end its former part may be made a compleat Square 
(accotding to Selig. Chap. 9.) whence this Equation ariſes , 

_. abaaan — 2aaa + I = 49, — 

0 fle en — Rook of each M ut Eq 

Then by extracting tlie Square Root of each part of the uation according 
4 to Seck. 0 and 5 of Chap. 8.) this Equation ariſes 3 0 
aaa — I = 7, 


= Or, aaa in = V. r 5 
5. Whence by equal Addi ition of 1 (or am) there atiſes | 
1 aaa = 8, 


the 


ed: Or, ana = . ZT: 42m. 


6. Wherefore by -— the Cubic Root of cook part of the lat b Equation, the 
number a ſought will be made known, viz, _ 

3 a = 2 = vl (): Tun. + im: 

11 Ly the number a ſought is 2, which will folve ds Queſtion propoſed z as will | 
Pp by : 


oy 5 The Pros x 25 
IF 12 r * of: $5402 2 
Then conſequently ON 5 8, 
And . „„en, 
. „ „ das 16, 


I Therefore . , + aaaaaa — aaa = 48. 
wich was the Equation propoſed to be refolved. 


VIII. From the Reſolution of the three laſt Queſtions the following Canon i is de- 
duced, for the reſolving of all Equations which fall under the Feond of the three 
For orms before Tpecified, in ed. 1. of this Chap, _ 


CANON. 


Add the Square of half the Co-efficient, or, which 3 is the fame thing) 2 uarter 

of the Square of the whole Co-efficient, tothe given Abſolute Number. C 

Extract the Square Root of that Sum. 

To the ſaid Square Root add half the Co-efficient, and reſerve this bs, 

Laſtly, when theunknown number which is drawn into the Co- efficient in the mid- 

dle term of the Equation is expreſt by a ſingle Letter only, as a, then the Sum be- 

dre mo is the Number ſought ; but if the {aid unknown nutnber in the middle 

dean, Square, as aa, then the Square Root of the Sum reſerved is the number 
ght; 15 2 Cube, as an, then the Cubic Root of the fad Sum ſhall be the num- 
er fought ; ; if any higher Power, then the Root for the kind muſt be extracted out 

of hy * Sum, which Root ſhall be the 3 fought; 7 4 

"= 


the 
ord- 


ding 


the 


will 
The 
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5 An Example of the ſaid Canon. 

1. Let the preceding Queſt. 1. in Sed. 7. of this, 5 : 
Chap. be here repeated, viz. What is the > . . 44 — 10a = 24 
number repreſented by a in this Equation ? \ 

2. Or, what is the value of a in this Equation? -. aa — ba = þ 


RESOLUTION. 


3. To the given abſolute number . . . » 24 [L. 
4. Add the Square of half the Co-efficient 10, } * 
to wit, the Square of 5, which is 5 N 185 
—A , ᷣò „ 99 k+2bb. 
6. The Square Root of that Sum is. 7 
7. To which Square Root add half the wed +12 
> 12 


CR WOW, 5. - . . - > SLE 
8. The Sum is the number a ſought, to wit, V:k+ibb; +þ 


Quel I, 


Whence it is manifeſt that the Anſiwer is the ſame as was before found t 
in Seck. 7. . N SE OY | 
5 A Second Example of the Canon in Sect, 8. 

1. Let the preceding Queſt. 2. in Se&. 7.0 3 
this Chap. be here Pe, viz, What is the g. . aaaa —baa 27 


number repreſented by a in this 9 ? . 
2. Or, What is the value of a in this Equation? > . . aaaa — pae = d. | 


RESOLUTTIO MN. 


'. * * ” . ve AP ry 
RL Os _— P IE "2 
2 N W . 8 
8 n ASI MT * on, SORRY” tdi? Eo Chg is Led I SY O 
y Ex A —_— = i is Spe . r . 3 8 8 FIR 2 : 
g 7 x n OE 3 * FW, * n N To! 8 its. © 2. 
1 8 * en n r 
n : A * > % $ — 8 nr” pl * 
* 9 * 


2. To the given abſolute number. * 27 | 4. | 
4. Add the Square of half the Co-efficient 6, 2 
to wit, the Square of 3, which is . . e 
%%% ͤ > 36 d hp. | 
6. The Square Root of that Sum is . > 6 | v:d+pp: * 
7. To which Square Root add half the Co-) 5 ” 
—A A . ito, '$ 3 ＋. . . 
8. The Sum is the value of aa, to wit. > 9 | V:d+:pp: +2p. | = 
9. Therefore the Square Roat of the ſaid 3 o (2): TF _ 3 
{ſhall be the number ſought, to wit. 5 3 | 2): df : 4 


Whence it is manifeſt that the Anſwer is the ſame as was before found to Dues, : 
in Seck. 7. | 8 . | 
ok A Third Example of the Canon in Set. 8. 
1. Let the Preceding Queſt. 3. in Se8. 7. of this 7 
Chap. be here repeated, viz. What is the - aaaaaa — 2aaa = 48, 
number repreſented by à in this Equation ? \ 3 
2. Or, What is the value of a in this Equation? > , . aagaaa — maaa = g, 
RESOLUTION. | 
3. To the given abſolute number . » 48 [. 
4+ Add the Square of half the Co-efficient z, 1 , zm. 
to wit, the Square of 1, which is [ : 3 88 
. n 7 4% 
6. The Square Root of that Sum is . > 7 | v:g+mm: 
7. To which Square Root add half the Co- | 7 


| — to wit, 1 | 1 Z | | 
8. The Sum ãs the value of aaa, to wit, . .>- 8 [n. 
9. Therefore the Cubic Root of the ſaid Sum £7 9 — 4 — rs 
- ſhall be the number a ſought, to wit, 1 1 (3) V Cm: 


5 9 it is manifeſt that the Anſiver is the ſame as was before found to Nueſt. 3 
in Ses. 7. | A 8 ö 
| Exanylo 


+ 


I, 
Anſw. - OO 3 PE Dy 
IX, The PIER Reſolution of Abtes whieh fall ks the laſt of the 
= three Forms ms expreſt in Sect. I. of this n, „ 
1 | DEST x. hy ain 
1 1. What is the Number e n this uation ? . Ih 104 n = 2 
2. Which Equation,if c be aſſumed to lente Io, pe oy for = ole b. 45 
may be expreſt thus. l . n. 
By 9 RESOLUTION. | > | 
IG the uation propoſed, by tranſpoſition of its Terms, be reduced to an - 
OLE of the ſecond of the three Forms before e a I. viz, e 
anon of — 4a, this Equation 5 ariſes „ 7X 
Ioa = 24 + aa, | =7 en. N 
Or, ca = n + aa. | 3 WEE! : 
4. Likewiſe by cranſpofition of 24 (or n) this Equation wits, 3 5 5 x 3 3 
2. = Io 24 = da, x | et 5 el 7 


CHAP.' 15. —.— f Quadratic 2 quations, 
4 LS ee 10 £h2 Example 4. 8 e 


1 2 4 Ga (or 1122,) what is a=? 
Anſw. . - - 4 = T 34. 


„„ e 
If „5 „ 8 2 what is a=? : 
. „e | 1 8 
5 5 e ine 
 Brangle 6. 


Indif' .. . - - » » - - - 


Whar 18 Pl * 0 « 6. * » 5 = : , 


£ | ca —, 1 = aa, 'L 
ry And 15 om 109 laſt Equation by Tranſpoſition of 10a as +) ther wi a 


Run ag — Toa, 


5 7 a — „ = aa — ca. | 
6. Which laſt Falken, by e each 1 of it to the Loan Ca, may 
e chus; | 4; | 
| Or, „„ 5 


7. N N let the following roceſs be made as 83 in the Reſolution of Equations of 
the ſecond Form (in Seck. 7.) viz. Let the Square of half the Co- efficient 10 (orc) 
be added to each part of che laſt Equation, to the end its former part may be made 
a compleat Square (according to Set. 4. Chap; 9.) whence _ Equation Furz 3 

N e "a, — Ioa+35* = 25 — 24 = I, | | 
Ten by eat Ie che Squire Root of cach pan of the ſt Eq 
8. en 7 extra ng the Square Root of eac part of the uation, . 
to Seck. 4, and 5. T Chap. 8.) this — ariſes, viz. a 0 
| 42 — 5 = 1 
n 1 42 1 2 = Arc — A: n: Eg 
| 9. were by ed addicion of 5 7 or ac) one value of a will bemade known, ix. 
3 23 s i: 
10. But foraſtmuch as the Square Root of aa— 10a-+ 25 in the Ryenth i 
1 as well as —3, 6 


91 


or ay of thoſe mo being x into ep thay be will 
—_ RP produce 


png = PS 4 - ” _ = * 
———ͤ — es » —œͤ ́,¶æ K) b 
* 0 


*, bog wr. 
FS 8 
P: 

9 a Dh, 
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Dane aa — 10a-+-25,) therefore let $'—a | be ſt _—_ of a — 5 in OD 
\ Rep, whence this Equa tion will 7 vet. , — | 
Or, . e „„ 
11. Whence by due Tranſpoſition another value of a is Liſcovered, to wit, 
— x; 4 = 2 — V — : 
12, I ſay the Number a ſought may. deeither 6 or 4, for cither of cheſs numbers wil 
conſtitute the Equation propoſed, 28 * by 


If 2 . 0» a = 5 
Then conlequently s' © »o: „„ 4a —= 36, : 


. 9 0 . . . . I oa 60, 
Therefore . 24. 


Which v was s the e propos d to be reſolved. 


wy a ain 
HK. +: —_ 4, 
* Then WIS EE SE © 
8 1777 ˙m 40, 
N Therefore „„ rer as before. 


13. But to the end that both the values of u before expreſt in the ninth and eleventh 
Equations may be real or Affirmative Numbers, (that is, eh greater than nothing) 
the given Numbers in the l propoſed, and likewiſe 3 in "Oy Een of 

the hird Form —— muſt be ſubject to this following 
DETERMINATION. 
The Abſelute number given muſt. not exceed the Square of ka the Coane 
The Reaſon of this Determination is Evident by the aid ninth aud eleventh Equati- 
ons; for the latter part of each of them ſhews, that the given Abſolute Number is 
to be ſüptrakted from the Square of half the Co-efficient, 2nd thereforeit ought to he 
leis, or equal to the Taid Square: Therefore when in any 125 vation of the thiĩd Form, 
the given Abſolute number exceeds the Square of half the Co- efficient that Equation 
is impoſſible, and likewiſe the Queſtion thar produced it. 
It is alſo evident by. the ſaid ninth and eleventh Equations, That when i it happens 
that x = cc, then ger o, and conſequently each value of a is equal co ac; 
viz. When the Abſolute number happens to be equal to the Square of half th: 
Co: efficient, then the two values of a will be equal to one another, each value in that 
caſe being equal to half the Co- efficient: But when it happens that the Abſolute num 
ber is leſs than the Square of half the Co- efficient, then thoſe two Roots or values 
of a will be unequal. But here is to be noted, "that although in this latter caſe the 
. Equat?61-be always explicable by either of thoſe two unequal Roots or Number, 
yet the Queſtion that produced the Equation will ſometimes be anfivered only by 
one of thoſe Roots or Numbers, (as hereafter will appear in wits 10. 999 16. and 
2 the latter pa of refering the 16. Dal. of the ben — 


ie 2 . 
— 


| SL 40534 3-1 - 9 2 ST, . n * ; 
= What i is the Number repreſent by a in 


this Equation ? . = 
2. Which Equation, if r be put for * —• 1 
N may be erpreſt thus CG Ho i Soon 


RESOLUTION. 


10a — ag = 


= 1 1 E 


* * 
„„ { * 
2 
d * 
13 1 


4 * i f- PR 1 5 N * 4 * * - 
5 4 „„ 1411.0 7. 
Jaa — agar = 
: Ws 4 p a 
14 . 


f * 
„ * ö 4 
* 4 * 8 
ran — aan . 
Ia 1 3 
4 * l . 4 * 
, * 
. . N 9 
* : F 


3. Let the Equation ptopos'd, 
-as in the: third, tout, fifth, and fixth ſteps of the p 
bereduced to an Equation of the 0 ofthe the they Forms ere e cczal in \ Se L 
ie n ene ariſe, vis. , h fl. 1 .or 

1 g „ | ST £6 4 | e 
th. aaaa — aua - F, | | 


r Duelt, 1. Sell. 9.) 


4. Then 


by Tranſpoſition of i its Terms — ſame manner 


IC 


4 
L 
01 


WRT 


Cc HA( P. 15. 


8 - 
E — one . Y 
b 8 N . r rene. 5 - 
. l — £ X 
” * - * F * » = 
7 4 | * „ A 4 8 A 
5 of tic 15. 
' Ll 


4. Then by adding (as in the former 


— 


"a ) to each partof the laſt Equation, there ariſes. 


aaaa — — = 


2 


— 4 7, 


Squateof half the — * 


Or, aaa raa- Fr == . 8 | 
5. And by ming the V_ Root of _— part of the 1 Eq this ats; 
aa — >. — IY | 
Or, aF FOE 8 


. — aa, as well as aa. — 2, (for either of thoſe Roots bein 
— aaaa — 5aa-+=+ ;, ) therefore let £ — aa be ſet i 
| fifth ſtep, whence this wh, a will arife ; 3 


2 — ag — 


aa en 


„ Therek fore by 8 NE 
” valve of a will be made known, viz. 


i 8 24's Y (9); = 
8: Bur foraſmuch as the Square Root of aaa# — Jaa in the fourth ſte may be 


7 27 — 

Or, N - aa — 7: zr — 3 

7 Whence by due Tage on this Equation ariſes; 
N n | 

Or, an = 27 —vV:; r 7 ; 


ink 


* ” 
— 


multiplied by it ſelf 
cad o 4a -— + in the 


10. Wherefore by ertract ing the Square Root of each part of the lat Equation, ana- 


ther value of a is diſcovered, to wit, 


Again, 


a = 1 = SOew— ; 
- I fay the Number a fought may be either 2 or 1, for either of theſe numbers will 
ponſtture the Equation propoſed, as will appear by 5 7 


If - 
AM  , © 


a9. 4 
Therefore 


8 » 


Then eee 


25 


48 


«@ i 


® . * aaaa 


Jaa —agaa 
Which was 2 Equaion propos'd to be reiche a. 


e a 


1 
1 ad = 


5 - 5 Jaa 


g. Let the Equatio 
in the third 


What is the natiſber re 
2. Which 1 
may, be expreſt th 


1 
od 3 JJ DEL, Firs 3 -<ipt 


— 


"£02 927 2 


— by tra a 
od k an fixth 
duced to an Equation ofthe W of he three for 


this Equation will ariſe; vir 


ps of the — 


Tee i e 


RESOLUTION. 


fition of its 1 ide 29 
wel. 1. Seck. 2 m_ 


2 


gau. aan = 8, 
4 — == cata — t. 


* 


ee in Señ 


Or, 
L Pres tg he Sure i rf, (ot d- wean 


Equation, there 
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1 And 
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* And by extracting the Square Root ot of n part of the Lt Eon this isa, 


. Therefore by extracting the Cubic Root of each bart of the Equation, one value 


aaa — + = Ty OED 
Or, aaa — 4d „t: 
6. Whence by equal addition dr 2 . (© or i) this Equation ariſes; 3 
aaa = = or 88 
Or. aaa = 2d 7 : Add — f: 


of a will be made known, viz. 5 
a = 2 = „G0 AN N 
8. But foraſmuch as the Square Root of aaaaaa — gaaa + A in the fourth ſtep may 
aaa as well as aaa— 2, (for either of theſe Roots being multiplied by it ſelf 
il produce the ſame SLY aaaaaa — aaa f,) therefore let — aaa be { 
inſtead of aaa — ?. in the fth ſtep, whence this Equation will be e made, viz, 
2 ag — „ | 
Ox, x — aaa = V: I. . 


9. Whence by due tranſpoſition this Bun ariſes, viz, - 
aaa = 5, = I, _ 


Or, aaa = d- Vd N=: | | | 
10. Wherefore by extrafting the Cubic Root of each part of thy laſt Equation, ans . 
ther value of a is made known, vie. 15 75 - 


a =1=v (83) 24 — JE. 
1 17 the Number a ſought is either 2 or 1, for either of theſe numbers wil con. 


Kirurs the Equation pro oſed; as will a pear by 
9 P P The Pe, 
EE om ets, NE a. 
Then conſequently « +, 2% 7 £61 MP. 
. . A1 


Alſo . "1 „ . gaaa 


: ANY N 
2 


Therefore * gdaaa — aagaan 1 
— was the Equation ' propoſed to be reſolved. , | | 
: Again . 0 . 
. x 3 8 0 7. po 2 1 22 1, 
| Ther confectuently „ „ „ „ © os 
—: 0 4 Side R 


* 


——!ͤͤ 4 1 
Therefore „ gaaa— 2 = 85 as before. | 


5 Froh the Reclution of the three laſt Queſtions the Hllowing Canon is del. 
ced for the reſolving all Equations which fall under the laſt of the three Forms be 


fore ſpecified in Sect. I. of this Chap. 
CANO. N. 


From the Squa are of half the Co- efficient, or (which is the ſame . a quan 
of the Square of the whole Co-efficient, ſubtra& the Abſolute number given. 


Extract the Square Root of that Remainder. | 
Add the faid Square Root to half the Co- efficient, and alſo ſubtract it "fron om 1 


the Co- efficient, reſerving the Sum and Remainder. 
Laſtly, when the unknown number which is multiplied by the Co- efficient in ti 
9 term of the Equation is expreſt by a ſingle letter only, as a, then the Sum ali 
Remainder before reſerved are the two Numbers ſought, each of which will conſt 
tute the Equation propoſed ; but if the ſaid unknown number in the middle term bt 
a Square, as aa, then the Square Root ſeverally extracted out of the Sum and Remair 
as reſerved ſhall be the two Numbers ſought ;. if a Cube, as aaa, then the Cubic 
Root ſeverally extracted out of the ſaid Sum and Remainder ſhall be the twoNumbes 
ſought ; if any higher Power, then the Root for the kind muſt be extracted ſeveral! 
out of the ſaid — and r Oy {SGH I 1 two Numbeis — 


CHAP. 15— _ Reſolution of Quadratic Equations | 


Ec An Example of the ſaid Canon; 
1. Let the preceding Queſt. 1. in Sec. 9. of this Chap. be here re ted, = 
vix. What is the 22 repreſented by a in this e | Heese 


2. Or, What is the value of a in this Equation? . . . . 1 


RESOLUTION 
are of half the Co- efficient 10, 


3. Ne the 


lus FS 
to wit, e Snare of 5, which is 2 23 Fcc. 
4. Subtract the given abſolute number > 24 * 4:2 
Nay 5. The remainder is : - > TT | 4cmy 
elf 6. The Square Root of that remainder i 2 „ 3 1  "_—_ 
K 7. To which Square Root add half the oy” 5 Pp 
- = IO, = wit, . KI f ys h . | 64 
he Sum is t nee ue of a Jought, 5 — 
to wit, " : | 56 Ve : 
9. But ſubtracting the faid Square Root from” | 3 
half the Co- efficient, the remainder is the — 4 2e y. rec — 1 
leſſer value of a, to wit 
Either of which Numbers 6 and 4 found out in the two laſt ſteps will conſtitat 
0 the 5e ur 2 as . has been proved in the Anſwer to Quett, 1. in 
on: | 4 Second Example of the c anon in Sect. 10. 
BY ta the preced] ings Queſt. 2. in Sec 9. of this Chap. be here | 
repeated, viz. What is the e en 1 a in > 5a — aaaa = 4. 
this Equation? . - | 
2, Or, What is the value of a in this Equation py . =, raa — aaaa = , 
| « RESOLUTION. 
3. Fes the Square of half the Co efficient 5 „ 
1 to wit, the 90 uare of 2, which is ; p 8 
4. Subtract the. given abſolure number „„ 8 
ms. n.; is ? >. + | amr—s 
6. The Square Root of that e IS ..> 2 | Viirr—s 
7 To which Square Root add half _ E 
. efficient 5, to wit, e 
8. The Sum is the greater value of aa, to wit, > 4 | I+var—s: 
— 9. But ſubtraQting the ſaid Square Root from7 . 5 
du half the Co- efficient, the remainder is the I | airs; 
" _ = _ of aa, 1 = 80 „ | 
erefore the Square oot of the Sum in e ee 
the 8th ep is the greater value of . to 50 2 | Cee 
11. And the ſquare root of the remainderin the d 1 rr. 
ne ninth ſtep is the leſſer value of a, to wit, | (2): r —8: 
Either of which numbers 2 and 1 found out in the two laſt ſteps will conſtitute the 
2 Equation eee as before has been proved i in on Anſwer to rele. 2 2. in Sect. 9 
half 0 * Chap. | 
th . Third Example of the Canon in Sect. 10. 
anl . * the preceding Queſt. 3. in Seck. 9. of this Chap. be / Fe, 
ſt here repeated, viz. What is the number e daaa — aaaaaa = 8 
be by a in this Equation? ._. wit, 
a r, What is the value of ain this Equation: Fe TEN du aaaaaa =& *, 
- RESOLUTION. 
ly 2. From-the Square of half the 1 1 * . 
. to wit, the Square of 2, which is, . . 1 —8 4 * 
A + Subrrath the given abſolute number „ 


9 


4 


P "Ref olution of Arithmetical Dee 


> aces ow —ͤ 


3. Therefore from the two. laſt lteps the Pro-' 


> 
© 


5. e ///! ü . 

6. The Square Root of that remainder is . .: po. 2 | viidd—t: 

7. To which Square Root. add half theCo-2 22” op 
re itt „ | 
8. The ſum is the greater value of aaa, to wit, > 8 Idi: 
But ſubtracting the ſaid Square Root from) | 
half the Co-efficient, the remainder is the e- 1 24—.: a- t: 
_ _ of _ 17 wit, 5 3 x, 

10. Therefore the Cubic Root of the um int e N 7 
eight ſtep is the greater value of a, to wit, 3 105 4 7 
11. And the Cubic Root of the remainder in? wy 7 IF = 

the ninth ſtep is the leſſer value of a, to wit, vV(3): 4d — — : 


Either of which numbers 2 and 1 found out in 1 two laſt ſteps will conftitut 


the Equation propoſed, as before has been proved i in the bs fuſer to 8 78 3. 


Sed. 9. of this Chap. N 
1 4. | * 

1. If b, d. f, g b ſuch known NE that 15 is greater than 4 . and, 
- 6.126; 'bg+ 2bf+ df. — 1 5 


F ef, 
What is a equal to? = ; | 
 Anſw. a is equal to 1, and allo to — . 
{ts ATU TH 


Which values of a are alſo found out by the Canon in the Tenth Selin of this 
Chap. but I ſhall leave the Operation as an exerciſe for the induſtrious Learner, and 
in the next place ſhew the uſe of the Rules before dpliyered 1 in this ER Oe. in 


the Reſolution of various s Arithmerical Queſtions, / | 


* 


* 1 . 
ho Hh 8 — ——__— „* ä 
— 7 s - oy 
a . 7 


CHAR XVI. 


Various [aritheveticel Oueſtions, producing. Ee rguations that fal 


under ſome of the three Forms in Sect. 1. of the foregoing 
Chap. 15. and are reſolvable by their reſpetiive Canons in 
Sect. 6, 8, ond 10, of the ſame 1 5 


QUEST. I, 


Here are two Numbers whoſe difference i is 16 79 or c,) 26 the aa. of thei 
Mulciplicarion i is 36 (or 5) what are the Numbers 5 


| RESOLUTION. 5 1 Numeral. | 2 

1. For the leſſer of the two numbers ſought put * | N 
2. Then by adding to the ſaid leſſer number 7 * 
the given difference 16 (or c,) the —_ a+16 Ac 


number ſought will be 


duct made by the mutual „ pton 0 44-16 Ic 


the two Numbers ſought will be 3 


4: Which Product muſt be equal to the given roduct 36 7 or 5 whence this Equa- 


tion ariſes, vix. aa + 16@ = 36, 
Or, aa ＋ cad = B. 


5. Which Equation being geſdlved b. by che Canon in Sed. 6. of Ch 
or the leſſer number ſought by tis Queſtion will be diſc VET, 


4 = 2 Ee . 8101 


15. abe unsere 


6. 70 


C HA) P. Le. 180 Dag Sabat Saane oa 


6. 7 which leſſer number 2015 the 2 differen ce 1 6 or c the - —_ — 
5 ” Fought will alſo be made known, viz. - on 9) T er: 0 mber 


2-4 168 18 = fte. 


1. Far thildyeatet of che two numbers ſought E 5 1 „ eg 
2. Then by ſubtracting from the ſaid greater - Nie errno: 


number the given difference 16, (or c) the- a—16 <a 
leſſer number ſought will be LOT 8 
3. Therefore from the two laſt ſteps, the Pro- * g ory: I 
duct made by the mutual Mu 2982 5 - - aq] ba LOT 2 des 5 
cf the two numbers ſought will be . .\ | my 
ute 4. Which Product muſt be N to the given rodutt 36, (or b: Ji whence this Rui qua: 
in tion atiſes, viz. e, 
| ; aa — 162 = 36, a „ o—· 92 


5. Which Equation being reſolved by the Contat hy Sed. 8. of * 1 . * nn of 
4, to wit, the greater number ſought will be vill be diſcovered, vi 
; a = 18 = vih+3c: . 2c. 3 | 
5, And by ſubtracting from the ſaid greater number the given difference 16 (or c,) 
the leſſer number * will alſo be i (17; _ l 0 
From either of thoſe ways of Reloludion, "a — * Gu ght are found 18 and 2, 
which will ſolve the Queſtion propoſed; for their difference 18 1 6, and. the Produtt | 
of their Multiplication is 36, as was preſcribed. - 


Moreover, the two laſt ſteps of each Reſolution Literal Al bra ive 0 e and | 
the _ Canon to ſolve the Queſtion propoſed. 1 10 gi mm 


CANON. 


' to the given n Produls add the ſquare of half the given difichetite and 2 exttal the 
ſquare Root of that ſum; then to the ſaid ſquare Root adding half the given differ- 
ence, and from the ſaid ſquareRoot ſubtraQting the ſaid half difference, the ſum and 
| Remainder ſhall be the two numbers ſought. 
Therefore the difference and the Rectangle (or Product of the Multiplication) of 


any two numbers being ſeverally _ the AU —— ſhall alſo be given 
wt the laid raya 


* 4 1 
* __ WY __ . * 

. . . « p 1 
* TY ” EPR — 


5 2. 


There are e three numbers in Geometrical proportion continued; the Uiferenes of 
the extremes, that is, of the firſt and third is 16 "mn c and the mean is 6. Fo mz) 
what are the ns. | 


XE 5 0 L U 77 0 N 

1. Fot the leſſer of the t two extreme OP The EO 
| _.ionals ſought put 5 

2% Then by adding to the aid leſſer extreme} W 

thegiven difference of the extremes, to - 4 e 

„. 7 8 fler c the greater extreme wilbbe  - e Hee 21 

refote the Reckangle contained un- 

4 g the Extreme Proportionals,) to wit, 

e Pr 


uct made by their mutual Multi- 
ration) ſhall be | 


hich Rectangle (or Product) muſt (6 Sad. 1 .. Chap: 13.) be equal to and 
ſquare of the 25 _ Proportional 6 5 5 2 =, hence Ts 22 be 08 ; 

_ _" daFI6@ = 36. aa ca = Mmm 
5- Which Equation being reſolved by the Cine i in &. ae 15. the value of « a, 
vr the leſſer of the two extreme Proportionals ſought will be made "Om vir. 


1 4 CC 
78. 4 os... 1 : . 6. To ” 


; : ; 

F . 4 * 1 * * 7 * 
* Ts ky » # * * C 

1 Au : a « : 4 
. OP x 3 

* ” * . 
£ - a ” * » 4 
. - - Fe 4 * 7 . 
- p » 4.4 of wt 


9 
— 


* 4 i 18 x | 1 : 4 
4 3 4 : \ . : * 7 
2 ** * . : * * 


4 . 25 = | ; 
aka = —-S8-þa- 


4 


[- 
F, 


1 


their ultiplication is 36, as was preſcribet. ä 7 
Moreover, if the two values of a, which are expreſs'd by Letters in the laſt Reg. of | 


TC CE e e ¶ů 


— —— — 


. — 0871 


6. To which leſſer extreme Proportional adding 18 {or e) the given difference of the 
extremes, the greater of the rwo extreme Propoftionals will alſo be diſcovered, viz; 
13 2416 = 18 = Vim T acc: Tac. of : 
I fay the two extremeProportionals ſought are 2 and 18, between which the given 
number 6 is a mean Proportional; for, as 2 is to 6, ſo is,6 to 18. 
Moreover, the two laſt ſteps of the Reſolution give the following Canon to find 


out the extreme Proportionals ſought. 


o 
1 4 : . * : » 
3 . 1 1 . a 2 r © DP, * > wt LIC” MD YT Tz OY WO 1 2 > þ 2 
r 4 8 1 
* 2 
Ac. af — 


r 


A F 
There are two numbers whoſe Sum is 20 (or c,) and the Product of their Multi. 
plication is 36 (or n;) what ate the numbers: | 
„ i. RESOLUTION 

1. For one of the numbers ſought put . . . 4 

2. Then by ſubtraQting that number from the} ©. 5 

given Sum 20 (or c, the Remainder will - 20-2 
be the other number ſought, to wit, . > 3 x 

3. Therefore the Product of the Multiplica- 3 — 
tion of thoſe two numbers will be . X . 3 

4. Which Froduct muſt be equal to the given Product 36 (or u,) whence tltis Equa- 


| Cam—24 = 1. 


1 * 


*** * 8 


— 


5. Which Equation being refolved by che Canon in Se. 10. Chap. 15. the two values 


of a, which are the numbers ſought by this Queſtion will be diſcovered, viz. 
af warts, = 
2 = 36 — Vice —n: 


| 1 ay the numbers ſought are 18 and 2, for their Sum is 20, and the Product of 


* 


the Reſolution, be — wa by Words, they will give the following Canon to 
the Queſtion propoſed. „„ oof a 
CANON. Wo . 
From the Square of half the given Sum ſubtract the given Product, and extract 
the ſquare Root of the Remainder; then to the ſaid half Sum adding the ſaid ſquare 


Root, and from the ſaid half Sum ſubtracting the ſame ſquare Root, the Sum and 
Remainder ſhall be the two numbers ſoaght. | 


Therefore the Sum and Rectangle (or Product of the r I of any two 


numbers being ſeverally given, the numbers themſelves ſhall 
by the ſaid Canon. T 7 


— 
—— 
5 * * 


d be given ſeverally 


inn 4 1 Dor” r — . th he "0 2 _ 
— —— — 


Tlere are three numbers in continual proportion ; the ſum of the exttemes is 20, 
(or c,) and the mean proportional is 6, (or mz) what are the extreme? 


ee e  RESOLVTIOX. op 586 
1. For one of the two extreme proportionals ? ee ene, 
ſought put „ 8 's 2 8 . . 5 1 | | 


88S 1811 


93 


- 


_—_ * —_— {_w. 
4 
*. 


— 


CHAP.16. producing Quran Equations: 955 
. by ſabtraQing that extreme from 20 BBE 
1 — the given Sum, the Remainder will ' 20m N Ca 
de the other extreme, to wit... . | 8 | 
Therefore- the — OG * | 
the extreme proportionals, (to wit, the © 
| ProduR of their Nulriplication) A D048 rt: + 
4 Which Rectangle (or Product) muſt (according to Se8. x. Chap. 13.) be equal to 
the Square of che given mean i 6 (or 50 whence this Equation ariſes, viz. 


18 
0 


Which Equation being reſolv e Canon in Sef. xo. Chap.-15. the two values 
of a, which are the numbers ſought by this Queſtion will be diſcov NY 
3 1 18 = c + V. _m 

I ſay the two extreme Proportionals ſought are 18 and 2, between which the given 
T — 6 is a mean Proportional; for, as 18 is to 6, ſo is 60 2. ne given 


Moreover, if the two values of a which are expteſsd by Letters in the laſt ſtep of 


the Reſolution be expreſs by words, they will give the following Canon to find our 
ze extreme Proportionals ſought. ca. 1 * | 


From the Square of half the given Sum of the extreme Proportionals ſubtract the 
Square of the given mean, and extract the ſquare Root of the Remainder; then to the ſaid 
alf Sum adding the ſaid Square Root, and from the ſaid half Sum ſubtracting the ſame 
quare Root, the Sum and Remainder ſhall be the two extreme Proportionals ſought. 

Therefore if of three Numbers in continual 3 mean be given, as alſo the 
zum of the extremes, the extremes themſelves ſhall be given ſeverally by the ſaid Canon. 


ER 
| There are two Numbers whoſe difference is 15, (or d.) and if the Product of th 
ulriplication of the faid two Numbers be divided by 2, (or c,) the Quotient will 
ive the Cube of the leſſer Number; what are the Numbers 
Fo RESOLUTION 
For the leſſer Number ſbught'put '; , ,  o@ „ Sp 
8 ns af — ri 


— 


To which adding the given difference B . 
(or d,) the Sum ſhall be the greater Num- - 44135 

encore the Produft of beilage. : 

. Therefore the Product of the Multipheati- Þ .. _ ES 

on of the two Numbers 1 , = 'F | aaFI5a . aa. da | 
Which Product being divided by 2 (or c) 1 aa fa I as bale 

the Quotient will be. , — 


„From the firſt ſtep the Cube of the leſſer}, 1, * | © 
Number is... OS . 


Which Cube muſt (as the Queſtion requires) be equal to the Quotient in the 
fourth ſtep, whence this Equationz —_ 5 EE 


l N n 
b dad 1 


* +4 7 1 
7 i % 
2 +24 SS £S 4 


| 2 


7. Which Equation being duly reduced (according to Sed. 2, 4, 3, « of Chap. 12.) 
there will ariſe hays 8 ee = 1 1 22 4 3,5 Chap I2 - 


8. Therefore the laſt Equation being reſolved by the Canon in Se@. 8. Chap. 15. the 


— 


N 2 | | | 9. To 


* — — FER ev 


| 100 e "Reſolution 7 Arithmerical — BOOK] [ 


+. To which leſſer number adding the given difference 15 (or 9 the Sum ſhall be be 
” whe greater number ſought, to wit, 


=18 = . 1+ — + 8d. 
3715 2 2 + 


10. I ſay the two numbers ſought are 2 and 18, * will ſatisfie the condidlons-i in 
the Queſtion, for their difterence is 15, and if the Product of their Multiplication 
54 be divided by 2, the Quotient is 27, which is the Cube of the leſſer number 3, 
as was required. 

11. But if the Equation in the eighth ſtep be expreſs d by words, it will give the fol- 
lowing Canon to find out the leſſer number ſought, to which — the given it: 


A the greater number is alſo given. 


CANON. 


Divide the given difference by the gi 57 ven Diviſor, alſo divide 1 (or Unity) wy the 
quadruple of the Square of the 2 7 iviſor, add thoſe two Quotients together, and 
extract the ſquare Root. of the Sum; then to this ſquare Root add the Quotient that 
ariſes by dividing 1 by the double of the given Diviſor; ſo ſhall the Sum be the leſſer 
of the two numbers ſought, which inc {ed with their given — will give the 


_—_ manber. 


9 "EV, 


* * * 
Sa —_— — — . LE 2 % — _ 
= o 


2E 6. 


There are two bene; whoſe difference is 2 (or d,) and the Sum of their Squares 
18 130 (or c;) what are the numbers? 


— 


RESOLUTION. 5 
1. For the leſſer number ſought put a * 5 
2. Then to that leſſer number adding the } __ 
given difference 2 (or d) the Sum ſhall > a2 444 
be the greater number, to wit, „„ 
3. Therefore from the firſt ſtep the Square of fr 8 e 
rg oe. e . 1 i 5 Y b 8 NE rag 
And from the ſecond ſtep the q re 0 abs Cogan wot heh on 4 of 7 | 
— INE} is e 175 a- 4-4 a0 Tad | 
herefore from the two laſt ſteps the Sum 5 
4 of the Squares of the two — ſoughris \ eee aaa E ada · dd 


6. Which Sum muſt be equal to the given Sam of the 11 ans 130 (or 6) whence 
this Equation ariſes, wa | | 

24 + 44 + 4. 130, 

| Or, tale dine 


| 8 2 ary Ae = 2 — Add. = 
8. Therefore the Bastion f in the laſt ſtep being reſolved according to the Canon- in 
Seck. 6. Chap. 15. the value of a, to wit, rhe leſſer number ſought by the . 
will by made known, viz, 
a = 7] = W l 3 | 
9. To which leſſer unden adding the given difference 2 (or d) the Sim all be the 
greater number ſought, to wit, | 
| vt 22 99 e . — 1 +:2d. 
10. I fay the two numbers ſoughr are 9 and 7; for cel diger IS 2, an Sum 
of their Squares is 130, as was preſcribed by the Queſtion, . 
11. Moreover, from the eighth and ninth ſtep ariſes this —_— | 


CANON. 


From half the Fr Sum ſubtra& the Squire * half the given difference. and ex- 
tract the ſquare Root of the Remainder; Tet from this ſquare Root ſubtract half 
the given di 12 the Remainder ſhall be the leſſer number Mkt to which adding 


| the Siren difference the Sum ſhall * the Ee OG: * \ QUEST. 


* 


. 


3. The Square of the firſt number is. aa | a 
4. The Square of the other Number is + aa—28a-F196 | aa—2ba+bb 


1. For the difference of the Sum of the 

Extrem ahd Mead pur . 5. | 2 

2. Then, according to the Queſtion, the ſum os 
| a 


3. From which ſum if the difference in the | 


CHAP. 16. producing Quadratic Equations. 

There are two Numbers whoſe Sum is 14 (or ö,) and.theSum of their Squares is 
100 (or c,) what are the Numbers? * * 
5 - RESOLUTION. 


1. For one of the Numbers ſought put « | 1 
2. Which ſubtracted from the given Sum * 14 


Es . or þ leaves the other Number "#0 1 


— 
— — * 


5. The Sum of the ſaid Squares Wc. 6-0 244 28a 196 24—254-＋Lb5 
6. Which Sum mult be equal to 100 (or c) the given Sum of the Squares, whence 
this Equation ariſes, v. 2a4—28a+196 = 100, 2 
I Or, 2aa—2ba+ bb = c. | 


7. Which Equation, after due Reduction, according to the Rules of the twelfth Chap, 


will give this following Equation ; 
| rn 48, 
Or ba — aa = 20 — 2. 


g. Which Equation being reſolved by the Canon in Se. 10. Chap. 15. the two values 


of a, which are the numbers ſought by this Queſtion, will be diſcovered, viz, 
4 1 8 = .-. 


„ 1 6 = th N -b. 2 
9. I ſay the Numbers ſought are 8 and 6; for their Sum is 14, and the Sum of their 
Squares is 100, as was preſcribed. _ | £ 
10. Moreover, if the two values of a which are expreſs d by Letters in the eighth 
ſtep be expreſs d by words there will ariſe this e 
From half the given Sum of the Squares ſubtract the Square of half the given Sum 
of the ewo numbers, and extract the ſquare Root of the Remainder ; then adding 
the faid ſquare Root to.the ſaid half Sum of the Numbers, the Sum of this Addition. 


ſhall be the greater Number; but ſubtracting the ſaid ſquare Root from the ſaid half 


Sum of the N umbers, the Remainder ſhall be the leſſer Number. 


— — „ 


* * — 


QUEST. 8. 3 


There are three Numbers in Geometrical proportion continued, and ſuch, that if 


the difference between the ſum of the extremes and the mean be multiplied by the 
ſum of the extremes, the Product will be 1120 (or þb;) but if the ſaid difference be 


multiplied by the ſum of all the three Proportio the Product will be 1456 (or c; 
what are the Proportional? wk nals _ 45 (or 63) 


RESOLUTION, 


of the extremes is 


firſt ſtep be ſubtracted, the Remainder will + 1120 — 6 Ll 3 
be the mean proportional, to wit: 3 OE 


oa me nn e 
5. But (according to the Queſtion) if the ſum of all the three proportionals be mul- 
 tiplied by che difference of the ſum of the extremes and the mean, the Troduck 

muſt be equal to 1456 (or c;) therefore from the firſt and fourth ſteps this follow- 


| 4. Therefore from the two laſt ſteps the ſum nes we OS 26 - a 


ing Equation ariſes, vx. et OS 
; Node, 9 55 = A 4 | | ; . 1 N ** 2240 — * da ; = 1456, ; ; 2 | i : 
O. 88 


6. Which 


„ 


l = = | 2 7 — — B o 0 K T 


value of a will be diſcovered, viz. | 
7 3.28 = « _— 
+ Therefore from the Gut and ſecond ſteps, the Sum of cbe extremes is alſo known iz 


= the Sum of the extremes. 5 


40 = — 
2b —c: 
8. And from the fixth and third ſteps, tha mean proportional i IS allo given, vix. 


12 dite nean. 


Viab—c: 


9. Laſtly, the Sum of the extremes of three contitual proportionals * given 4 5 1 


as alſo the mean 12, the extremes ſhall alſo be given ſeverally by the Canon of the 
fourth ©veſtion of this Chap. to wit, 4 and 36; therefore the three continual pro- 
portionals ſought are 4, 12 and 1 which will 3 the en in the 


eſtion propoſed, as will appear by 
. TP P * The Proof 


I. 4 12, 2, 36 are = ; for, , 4X36 = 12 X12; 64 
II. 4 + 36 — 12 into 36 + 4 + 4 = 1120. 
ML 4 + 36—12 into 4+ 12+ 36 = 1456. 


** 1 » bt q -* be + 4 . « 
r ——_— = N . 
? 4 N : 2 * 9 


o 


EST. 


There are two Numbers whoſe Sum is 10 (or 10 and the Sum of 225 „Ce is Dy 


520 (or c;) what are the Numbers > 
. RESOLUTION 


1. For one of the 8 ſought A a 
2. Then by ſubtracting that Number from the 7 2 
\ - given Sum 10 (or ,) the other Number f.... fas - 
„ind £0! WI... ve 5 VVV EY THEM 
aaa 


3. The Cube of the former is 
4. And _ the ſecond ſtep the Cube of the latter Number l * a 
1I0co - zooa + Zoaa — aaa, 
Or, bbb — 3b6a ＋ 3bagi— aaa. 
4. Therefore the Sum of the two Cubes in the third and fourth ſteps is 
Io — goa + goa, | 
Or, bbb — 3bba + 3baa. 


5. Which Sum muſt be equal to 520 (or c) the given Sum of the Cubes, whence, 


5 ation ariſes, viz. 1000 — 3004 ＋ 30a = 520 
> 22 Or, bbb — 3bba + 3baa = c. 


6. Which Equation, after tas Reduction r the Rakes of the evelfih Chap, | 


will give this Equation; ; 16 Ia — aa, 
— 


Or, 1 * ba — aa. 


5 Therefore PR laſt Equation being reſolved by the Canon in $28. 10. Ghep, 15. 15 


two values of a, which are thenum bers nbers ſought by eee be ene 


c bb. 
i + Wn . Ss == 
ME) BY” ant 
a= | 3 5 | ner; 
As pe rw $2. 3 -* + 1% 7 Bow | 445 
[ ©? Bas © 95 


8 I ay the tro[Nymbers ſought are 8 and 2 ; for their Sum is 10, IT the Sumo 
; Mo Cubes i 1 5 29, as. 2 7 EY & 

9. Moreover, if the two. values of a which are expreſs? Letters in each 
be expteſs d by words, they will give ws... arr a th Aut ? 


tri 845 of the giyen Sum of their ſides, ſubtract 2 of the * of the laſt mentioned 
| SUM, 


1 > 


6. Which Equatio | being reduced according to the 2 of the twelfth. Chap. the | 


From the Quotient that ariſes by dividing thegiven Sum of the two Ce by by the 


f 
P 


.d 
3s 


C 1 16. Deen . : A 7 103 


— _— 


Sum, and extract the ſquare Root of the Remainder ; then adding the 
Root to half the ſaid Sum of the Sides of the two Cubes, and ary. the Git car 


ſaid ſquare Root from the ſaid daf Sum, the Sum 1 Remainder ſhall be the vides 


or 2 eh. 


wa. > Se. F 
** 


=. 1 * = 
_— — 


„ „ QUEST, 10. | 3 
1 are two numbers whoſe Sum is 10 (or b,) and the proportion which their 


— 


difference beareth to the Sum of their Squares is as 2 to 29, (ers as r to 75 what are 


the Nun ? 

| "RESOLUTION. | 
7. 5 the greater number r ſought JJC „ 
2. Which ſubtracted fr iven Sum 737 1 DE . 

(or b) leaves the leſſer number F np a. 
z. Therefore the difference of the two numbers i is. 2010 9 
4. And from the firſt ſtep the ſquare of the ee EDS STO 

ter number is hl : an 


5. 145 from the ſecond lep the Square of the lefſer number is 
-  TOD'="204 ee 
Or, bb — 20a + aa. 
6. And ben che t two ut ſteps the Sum of the Squares of the two 6 mmbers ace, is 
* Rl 100 — 20x + 2 
* Or, 560 — 2ba + 2 BE 
1 „Then according to the Queſtion, the een in the third flep muſt be to the 
er CO the fixth ſtep as 2 to 29, (or as r to % viz. 
i | 29 : 24+—T0 M 2aa, | 
Or, | : S 2: 2am 5 55 — 254 + aaa. 
8. Which Analogy may be converted into this following Equation, (according to the 
TY Chap. 1;-Se8. 13.) viz. 
| 200 — 404 ＋ 4a 38 — 290, | 
Or, bh — 2rba + 2raa = 25a — 656. 
Pi pay x raj" cet due Rednfion according to the Rules i in the 32 Chap, will 
Wen 5 £5 2 — ag, 
27 
10. Therefore b n in the laſt ſte . to K. 10. cb „ 
the two ve ty of a, or the two Roots of that —. will be made os 4 | 


I. The leſſer ofwhich reno ou to wit 7, is tie greater number ſought 
* this Queſtion; and conſequently, the 7 being ſubtracted from the given 
ſum 10, the Remainder 3 is the leſſer. number ſought. (11 

l fa 7 and 3 will ſolve the Queſtion, for their fum is 104 and their difference 4 

to the ſum of their ſquares 58, as 2 to 29; which was preſcribed. 

2, 1; Altho the ye of a in Cares ery in the ninth ſtep r be either 
4 r that Equation ma R by A as well as 7, ) yet 7 only, to 

1 this Queſtion. 
. 


ber that the greater value of a, to wit, ot! r wid ©, can never be 
qual to either of the two numbers ſought, | prove thus; - Firſt, hs manifeſt by each 
f the values of a expreſs'd by Letters in the renth Rep That if = 25 then con- 


ety © = and the two of « Sache en b the u. each 
7 OS | 8 


4 * 


- 3 . 
2 


* T_T 
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* 
* 


38 * 4 * 


being equal to = + Z, that is, ö; and therefore in this firſt caſe, neither of the 


tro values of a can poſſibly be equal to either of the two numbers ſought ; for that 
which is equal to the ſum of two numbers muſt needs be greater than either of them; 


Secondly, If— = 4 „which is 2_neceſlary Determination to make the Queſtion 


poſſible, then the greater value of a, that is, Lg LT V: —— 2 is manifeffly 
6 #2) 15 „„ . E510 916 £7365 
greater than b the given ſum of the two numbers ſought; and therefore it cannot be 
equal to either of them. Wherefore the {aid greater value of a cannot in any caſe be 
equal to either of the two numbers ſought. Which was to be proved. | 
But the ſaid leſſer value of a is the greater of the two numbers ſought, and conſe- 
quently they are given ſeverally by this following 3 


13. From the Quotient that ariſes by dividing the Square of the latter term of the given 


7 5 
156. 1 


The leſſer of which values of a, to wit, +, is the greater of the two numbers 
fought, and therefore the {aid + being ſubtracted from + the given ſum, leaves - for 
the leſſer number. I fay + and + will ſolve the Queltion, for their difference + i 
equal to the Sum of their Squares * ER Bo . 


* N y 


2UEST. 1. „„ on 
There are two numbers, the Product of whoſe Multiplication is 48 (or p,) ad 
the difference of their Squares is 28 (or d;) what are the numbers? 


RESOLUTION. 
x. For the greater number put ie 


GOES 5 = f 
2. Then dividing 48 (or y) by a, the Quoti- “E 48 | . 
VET B43 
3. From the firſt ſtep the ſquare of the grea- | ES 10:15 3 
=r_nner $:Fot AAA maul 
4. And from the ſecond ſtep the Square of) 2244 
the leſſer number * W 61iM3's + * az _ HE 
5. Therefore the difference of the ſaid Squares is 2384. > Bn 


ö g | . 8 13 
F. Which difference muſt be equal to the given difference of the ſquares, when 
b „ 


+3 Et 2 
aaaa - 2304 
— 
ee f S 8 | 
R * PR x aa F a.#3 % # 3.4 a , ef Re nf 3 4 - 4 
= EF os | 
; 4 1 — — 8 . » > 


28, $ 


& 


ö 
p 


Whic U 


8. Which ul 3 beings 


1 the — — of tte giye 
e os on i Fo half the faid _ 


7. Whioh Equarion, prom dus Mente 2 ine m——_— 
7 il produce this ; Tn gr ©2304, 


Or; aan — daa = pp. 
8. Therefore by refalving the laſt Equation according to the — in Seck. g. Chap. 
1 5. the value of a, to wit, the greater number ſought will be diſcoyered, viz. 
45 8 = . VPA 
| Whence the greater number is found 8, by wich if the given Product og bedivided, 


oi the mag, i 


| the Quotient 6 is the Jpſſer Nungbar ſought. | 


I fay, the Numbers 8 and 6 will ſolve the Queſtion ; for the Prod of their 
Multiplication is 48, and che Aiſterence of their. Squares 64 and 36. 2 as was 
reſcribed. 
l Moreover, the Equatidill in the eighth ſtep g ves 4 Canon to find the reater of the 


two numbers ſought, by tax "wo ws amands the en n the leſſer number | 


ſhall OOTY DE} 


£ 7 * 
8 i - 
* a 


9 To the N ef the gen Preh Aace $ nare re of half thegiven teres of 
the Squares, and extract the e at Sum; then to the faid Square 
Root add the ſaid half difference, and extract the Square Root of 25 Sum, ſo 
ſhall the laſt Square Root be the greater of 11 two Numbers ſough laſtly, by 
the ſaid greater number.divide-the given pra A the --+ a g of both num- 

_ and the 2 n be OTIS 


> TIP. . . 1 9388 nd 


1 
—— In _— — = R 7 


: Sr . 
| There: are two . Praduft of whoſe Muleiplication is (8 arp) and 


the _ og * ys RIP (urc Y what are the Randers? 


a RESOLUTION | 


ob „ For ag of the W > © | 0 
2. Then diyiding 48 (or p) by a, te potent 46 5 
ee 
3. From the ep, the one © = 
the Numbers is _— 2 "> f | bn 
4. And from the Der ſtep cheSquareot we. - 222%, 0 2 
1 . other Number ) $0.4) i SORE» 1 12 aa ES 
aaa - 
5. Therefore the Sum ofthe Gid Squares is _ EY 5h LP | 
6. Which Sum muſt be pie given Gum of the Squares, whence this Equatis 
on ariſes, vis. . | 249442304 | | „ 
= © Or, —— r 4 1 be 


7. From which Equaio, 1 Reduction by the Rules i in = 125 _ will as 
» es 7 T0048 gh aaaa, n 
| =. cas — aaa. 
mſolved by the Canon in $48. Io. Chap. 475 the twa 
ö 45 A are the Numbers fought, All be Giſcor vered, viz, s. 
3 ee, n 
9. 1 8 JOY 6 are the Numbers Pld 3 for the Produf of cheir Multiplication 


zs 48, und the Sum of 3 4 e ad Tory: * eee From 


dhe laſt yy. alſo . 
— Squ are of half, che 


ben Sam of the que of how numbers ſou 


| tion, and extract the 
als Ga ba uns Ek 


** Or” EO UT IE 9 
: A , © 
o 
* * 
* o 
» 2 


1 . 8 
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the aid half Sum ſubtract the ſaid Square Root; laſtly, anita} the Square Root of 


ſhall cheſe two e Roots be the numbers N 9 rhe 7 EPR ener d. 


be multiplied by the Sum of their Cubes, the Product is e 228 c 9 what are 


n the fifth ſtep, produces  84aaad + 548 8aa + 67228, 


ven in the Queſtion, whence thi 


of the Biquadrate of t 


a Ks. — 


the Sum of that Addition, and al ſo of the Remainder of the latter SubrraCtion, {© 


nol 


— 


9 E. 7. 13. 
There are two Numbers whoſe Sum is 14 (or ,) and if the Sum of their Squares 


the Numbers? 
RESO L U 7 10 N. 
1. For one of the Numbers ſought put . . e CHE = 47s 
2. Then, thar their Sum may be 14. 4 (orb). VV 
the other number muſt be e i 


3. The Square of the firſt Number i 1 aaf I4a＋ 49 aa. 54 235 
4. The Square of the latter Number is . . . 44 — 14449 aa—ba+3þh 

5. Therefore the Sum of their Squares is . . . 2aa+ 805 0 244-20 

6. Again the Cube of the firſt Number will be LITER OF. - 

aaa 21Iaa N 343, 725 | 
"Or! aaa Zbaa N Abba bbb. N 
5 4% the Cube of the latter Number will be 
D aaa 21aa — 1474+ 2475 
Or, — aaa ＋ aa — Aba Abb. | 
8. Therefore the Sum of the Cubes in the two il ſteps is . 
Azaa + 686. Or, 3baa + »bbh. , 

9. Which Sum of the Cubes in the laſt ſtep being Multiplied by the en of ws 8 


Or, Gbaaaa + 20bbaa ++ 226665. 


10. Which Product in the laſt ſep pull os Fant to 72800 0 or T Wi Product 2 
quation ariſes, vix. 


. 84aaaa + 5488 aa + 67228 — ee 5 10 ty: LE 

1 . 6bagag + 1 1 oy c. ib 0%: 
II. 4 om that Equarien, after due Redu aber 80 the Rul | 
mwelfth Chapter, his will ariſe; . aaa T 274 = 2 wy = i 85 oft To 
Or, aaaa © +bbaa = x. bbb. : 
12. Which Equation being reſolved by the Canon i in Sec 6. of wn 15. the value of = 
a will be diſcovered, DIE. | - 1 | | 20 
the 


ds med: 0 ee or 


13. Therefore from the twelfth, firſt and "(econ —_ the two numbers fought are 
made known : | 3 4 


71 28 1 — 55 + 6, — 286: dif 
—_= = (9); VE e 6b. — 44h; no 
1 ay the numbers = jo are 8 and 6; bor their Sum is 14, and ir I00 the 2 
Sum of their Squares be multiplied by 728, the Sum of their Cubes, the Product will 2 
be 72800, as was preſcribed, 4 
Moreover, the thirteenth ſtep gives a Canon to find out the Numbers ſought, 4 
15-06 e t bs 
5. 


given Sum, and extract the Square Root of the Sum of that | 
addition; then from the ſaid Square Root ſubtratt : of the Square of the given Sum,and 85 


Divide thegiven = fix times the given Sum ; then to the 3 add — _ 
extract the Square Root of the Retnainder; laſtly, add this Square Root to half 


the given Sum and Subtratt it from the ſai half CGR ** e, een Remain- 
der be the two numbers ſon * 


... Wand 


ES 
1e 


res 


the 


CELLO 


6. Which Irene muſt be equal to 61 (or | the Gene n in the Queſtion, ; 
whence this —— _ vix. ; 


5 „„ SU EST 14. ; 94 09; 
There are two numbers the Product of whoſe Multi plication is 20 0 oJ and the 


ſum of their Cubes is 189 (of c D what are the numbers: 


eee 


7. For one 2 the Numbers ſought put * 5 
4 Then, by dividing the given rodufk * 520 "i 
(or b) by a, the other Number will be , 5 = : 15:0 
3. Therefore from the firſt ſtep, the Cube of 
the firſt Number is wi Es =: |; 
4. And from the fcond ſtep the Cube of 75 „5 5 
' other number is Age, 0 oe ONE 2 9 |; 4; _ 
. Therefore the Sum of the ſaid Cubes i is > — — 
aa 


6. Which ſum muſt be equal tc to 1 89 (or ) te Sum given in the Queſtion, whence 
this N ariſes, vi. 


ess th $000 = 183, | 
aaa ; 
yt 
1 „ ne HI EY a 
„ Which e being reduced according to Sad 2, 3, a 5. of Chap. 12. there 
1 ariſe 5 8000 =: I89aaa — aaaaaa, . 
Or, bbb = caaa — aaaaaa. 


8. And by reſolving the Equation in the laſt ſtep by the Canon in Sed. 10. Chap. 15. the 


two values of a, which are the numbers ſought by this SpA be made RO 
5 5 1 ee : 
4 =v(3): 3c=/icc = 
9. 1 ſay, the numbers ſought are 5 and 4 ; for the Product of their Multiplication 
" 20, and the Sum of their Cubes 125 and £41 is 189, as was preſcribed. 
Moreover, from the two values of a expreſt by Letters in the OTA lep the 
following Canon ariſes to find out the number ſought. 1 85 
beef. half the geg Sam Kilda 
From the Square o the given Sum ſu the Cube 5 the V Produgt, 
and extract 59 Square Root of the E add the faid fe given Root to 
half the given Sum, and-alſo ſubttact it from the ſaid half Sum z laſt fl „extract the 
Cubic Root of the Sum of that Addition, and likewiſe extract the Cubic Root of 


the latter * ſo ſhall theſe Cubic * . the * nien Jought. 


2 


SD us - QUEST. 155 


There are two nu whe the Prodatt of whoſe 8 is 20 6 oy and the 
difference of their ach is 61. (ot. d;) what are the numbers? | 


-RESOLUTION. 


17 1. Pegthe greater ofthetwo Numbers ſought pat... ES 4 

2: Then, by dividing the given Product 20 . 20 i in 
* (or b) by a, the le er number will be on ENG ee: 

2. Therefore from the | firſt ſtep the Cube off . 5 
the greater number is ee e „ . 

4. And em the ſecond ſtep the Cute of the d 80 o 355 
leſſer number is | bibs: Ye DES ne > 

5.. Therefore from the two. last 3 the dif.7 
be of the Cubes of the two Numbers >—— : 
Guigdt -- <2. 


MF 2 : WE aaa 


— — — — ——— ͤ ſ＋„?⁵.l . — 729 


108 = | Teſolntion of ET Queſtions B 0 0 K I. 


7. Which Equatich, after due Reduktion, (agronling to Sed. 2, 3, and 5. of Chap. 1 12) 


ill that follows, vis, dadasa — 6laaa = 8000, 
will give this ez 4g RTM BAS. 


8. . Therefore by reſolving the Equation i in the la ſtep by the Canon in Sec. 8. Chap. 
15. the value of a, to wit, the greater Number ſought will be made known, vin. 


e=5=VG) dT Vd : 
. Whence the greater Number ſought is found E. by which if thegiven Product 20 
"be divided, the Quotient will give 4 for the lefler number required 
the Numbers 5 and 4 will ſolve the Queſtion propoſed ; 1 the Product of 
their 11 is 20, and the difference 1995 their Cubes 125 and 64 8 61, as was 
reſcribed. 
F Moreover, the Equation i in-the eighth ſtep ives a Canon to find out the eater of 
the two numbers ſought, by the he Ip had and the ug m che * er num 


be 
Bal pen. | CANON. 


To the Se of half the iven difference add the Cube 47 the alam Product a 
and extract the Square Root of the dum of that Addition; then add the ſaid Square 
Root to half the given difference and extract the Cubic Root of this Sum, ſo ſhall | 


the ſaid Cubic Root be the greater of the tuo numbers ſought ; by which greater 5 
n if the given Product be divided the Quotient ſhall be the ke e ſought. 
— ——̃ ( — —— — — — — —— — . 6. 
Id * 1 7. 16. : 
t by every; 1001 | that. he gained as may | 
Found a8 he paid for « one Cloth; 0 the firſt coſt of of a h * y * 
RASOLUTION a „„ 6: 
1. For the firſt colt of one Cloth pu EE oe 1 ge or 
2. Which firſt coſt being ſubrrackel dom the e, e ee ee the 
money for which the Merchant ſold one * 17% . 5 are 72 cor 
Cloth, there will remain the gain of one, 885 TV eee folk 
Cloth, to wit] .. -. —" int 
* Then find what way zained in laying, out 100 L(ors, ) viz. E by tile Rilo Tre S oo 
f 15 I 0 255-6 ans 4 7 10 1 eee ; mY 
Or, 4 . - : e ine, , = | Pan 
 Whence the gain ___ 100 L i is found: — 25 em — gs 
man 


4. Bot according to che Queſtion tlie gain of 5 100 U (or Py mult. be equal to the gilt 
9 of one Cloth, therefore from the firſt and third ſteps'this Equation ariſes, VIE 
a= 2 — 12 or 2 = 85 — 


5. Wh ich Equatinaie due Reduction scccblng to to $8, 2 450 3. och Nn 
A2ive this that denen, VIZ, aarr 100 1 ½ f 11» ie 
g Or, aa ca = cht E 
6. Therefore by reſolving the Equation in the laſt ſtep by the Canon i in 80 6. 4 
15. the value of az to wit, thefirſt coſt of a „ . 
4 2 15 = Vich+36: — — 2. 5 | 
I fay- the fut off of a, Cloth was 15 Las will ap bar hy. che Pwof⸗ For ifs . 
Cloth be bought for 15 I. and ſold for 1747. the gain is 24 oe Then if 5 I. e l 
it will foll n 4 will gain. 45 l. I is $ Sod. to e h 345 a 


was preſcribed, 


7 AI 901K 


= * ; 4 >.> ; : 
8 ; . - . 
. . 
. q P WW. 4 * R - 4 "M 1 
, o a — « w 8 y+. 
OY. Oy. I" _ 7 . 5 F.-Y 
„ 695 Wt 4 7 4811411 
CLE k 
e 4 8 4 ; y 2 
: + : =. : ] — _—— II.» —„—ö wet 
. ; 
, * * 
« FS 
* 


ws 


. MF — Wu 


2 H A P. 16. 0 "ain ene Equations, 


= * 3 <. Az” 7 - 
1 0 . — — —— — 


Another way of reſolving the preceding Queſt. 16. 


1. Let the a things be given as before, l 
then for the gain of one Cloth put 9 8 
2. Which gain being Subtracted from the 0M 5 | 
Money for which one Cloth was fold, will > 174 326 . b- 24 
leave 3 firſt coſt of a Cloth, to wit, 


3. Then find what was 2 in baer 100 I. (orc 5 and fy by he Rule of Three, 


- 7 by £5, 4 1 on, 


Whence the gain of 100 I. is found = 


'-F* ＋— 4 


e according to the Queſtion, the gain of à 100 I. ( 157 c) muſt be equal to chefiſt : 


of one Cloth; therefore from the ſecond and third ſteps this Eq Equation Ene VI 
loo | 
„ ”y L 
Which Equatipn, after due Reduction according to 8d. 2, and 3. 
F will give this that follows, viz. 12 A ” d. x2 


a — ag = 475: Or, Z cab 2ha — 4 = bb... 


6. Therefore by reſolving the Equation in the laſt ſtep by the Canon in Sed 10 o Chap. I 5 . 


the. two values of a, or the two Roots of that Equation will be made known, viz 


e e 
| + + Viacc . | 
The leſſer of which' two Köbes woe Numbers, tb wit, £ or 2=1. is TY gain b. fe 

Cloth; which ſubtrated from 174 L. leaves r5 . for the cl colt of a Cloth 25 of 
Nite. chr per value of à in the = lr in the'fifth ftep may be Gn 1 OL 


or , (for that Equation may be expoun 855 

the leſſer value of a ſhall be the gain 15 952 a yo oth ; for A is greater than 174, and 
conſequently the gain of one Cloth — exceed the Money for which one Gotk was 
ſold. ich abſurdity appears alſo by the greater value of a as *tis expreſt by Lakers 


in the — ſtep, f for 36+b+Vv: dec che 1 is manifeſtly "greater than LF 


. © » 1 ” : " 
* — ad _ OY 2 — 11 r «th. > FF RW © * e We WS 747: 1 ROS 


| 2 FE ST. 17. 
Each of two e whereof op had a lefler number of Sie in His be 


— 


pany by 40 (or b) than the other, diſtributed equally among the Soldiers © 


Company 1200 (or c) Crowns, whereby i it happened that he Soldiers of db [el 
Company had 5 (or d) Crowns a piece more than the Soldiers of the greater Toms 
pany ; the Queſtion is to find the nufnber of Soldiers in each n and how 
many Crowns each Soldier received. 


RESOLUTION. 


1. For the number of Soldiers in the leſter X an 
Company put „ i 2Þ\ ©. - 

2. To which adding 40 (or b) the ſum will, PV 
give the number of Soldiers in the greater „„ Jonny © Lads 
Company, to =. - 5 | 5 

3. Then if 1200 (or c) Crowns be . e 7? 
divided among the Soldiers of - lefler | = LE - ie: 
Company, the Quotient or ſhare mT” EET 
Soldier will be . ti 

| 4. Likewife if t 200\(or c Crowns FEY yori , 17,06 12 b 
Ade among the Soldiers of the Wa 1258. | 
Company: the- Quotient or WEE C ery N. . © a+40 40. . 


Soldier will bee off n | : 
5. To which latter +" _ G@ 2) Ja 1400. |. dah 
Crowns, the ſum is 5 * 44 


as well as 4,9) yet 2 only, to wit, 


199 


*. 2 8 — he 


110 


ET of drithmerical Oveſtions BOOK 1. 


_ ditions in the Queſtion. 


6. But according t to the Queſtion the Sum in the laſt ſtep muſt be 1 8 to the Quo- 5 


tient in the third ſtep, whence this Equation ariſes, dix. 
Fa 1400 5 Or, da db+c E 


3 


a+40 © -—_ 


7. From which Equation afler due Reduction according to Seck. 2, 3 and 5. of Chi bp. 


12. this will ariſe, viz. aa4-404 = 9600, 
Os, an + be = 5. 


8. Therefore the Equation i in the laſt ſtep being reſolved by the Canon in n Heck 6. 


Chap. 15. the value of a, to wit, the number of Soldiers in the leſſer Company will 


be diſcovered, VIZ. 
a = 50 EB. . 


4 b 

From the eighth, firſt, and ſecond ſteps it is evident that the leſſer Comp pany 
confilted of 80, and the 2 120 Soldiers; which numbers will fatisfie the Con- 
the difference of the two Companies is 40 Soldiers; al. 
ſo 2222'= 15, and 22 10; whence it is manifeſt that the Soldiers of the leſſer 
Company received 15 Crowns a piece, the Soldiers of the greater Company 10 Crowns 
a piece, and conſequently the Soldiers of the lefler Company had 5 Crowns a piece 

more than the Soldiers of the greater Company, as was preſcribed. 


4 * 
— — 5 —— — 
— 
* * 


9UEST. 18. 


Two e ſell Linnen- Cloth in this manner, v:z. each ſells 60 (or ; ) Ells, and 
the firſt Merchant ſelling 2 (or c) Ells leſs for one pound than the ſecond; receives 
for his 60 Ells 5 (or d) pounds more than the ſecond Merchant for his 60 Ells The 


| * to find how many Ells each Merchant ſold for 1 Pound 1 


4.074 | RESOLUTION. 
1 For the number of is which the firſt } 


Merchant ſold for 1 J. FER IN © 
2, To which number of Il Ils addin 2 (or c) : „ 
the Sum will be the number of Ells which“? ar 
the latter Merchant ſold for 11 to wit, 5 
3. Then find how much Mone oy the firſt Mer 3 
” chant received for his 60 Ells, vzz. fay by | 
the Rule of Three, ns 
| 66 | F- 60 
If a. [x:-::: 60 _ | na 
Or, « V 2, 
whence thefirſtMerchants totalMony is found. 3 . 
4. Find likewiſe how much Money the latter „„ 5 
Merchant received for his 60 Ells, viz, fay, |. - 
If - a+2 1 :; 60 „ 
. 7 E- " 
Ur, adic ;'n-4: b 7} — „ 
are 8 | 
whence the latter Merchants total Money ” RT © 
is found . . „„ 
5. To which latter Sum of Money adding 7; „ 
5 (or d) pounds, the Sum will be | a2 LT 
6, But according to the Queſtion the Sum of Money i it in the laſt 


qual to the Sum in the third ftep, whence this Equation ariſes, viz, 
— o ˙ ũ 
5 a 2 r N arc oy TE © 


uk) 


7 


| 
1 
1 


ich 


both Societies, it will give the number of _ 


. Which number of Croyns being divided 0 


fore expreſt in the third ſtep be divided by 


29. Therefore by reſolving the 1 
the value of a, to wit, the number of Men inthe leſſer Society will be diſcover'd, vix. 


* 


* 6——— 
3 


e e 


CHAP. 16. producing Quadratic Equations, 
Which Equation, after due Reduction according to Sc. 2, 3, and 5, of Chap. 12. 


will give this that follows, via. aa + 24 24, 
| | 133 . | Or. wy - 5 ; bc | 1 
5 8 aa + ve = a 1 5 


| 3. Which Equation in the laſt ſtep being reſolved by the Canon in Seck. 6. Chap. 15.the 


pyalue of a, to wit the Number of Ells which the firſt Merchant fold will be made 
known, oo VV | 

I dy thefirſt Merchant fold 4 Ells for 1 Pound, and the ſecond 6 Ells for f Pound, 

as will appear by the Proof. For if 4 Ells give 1 Pound, then 60 Ells will give 15 


Pounds Again, if 6 Ells give one Pound, tHfen 60 Ells will give 10 Pounds. Whence 
it is manifeſt that the firſt Merchant fold bis 60 Ells for; Pounds more than the Pos 


| fold his 60 Ells, and fold 2 Ells leſs for 1 pound than the ſecond Merchant fold for 


one Pound. 


— 
* 


7 


n 


0 0 


Two Societies, whereof one exceeds the other by 4 (or i men, divide two equal ſums 


of Crowns ; the Men of the leſſer Society have 8 (orc) Crowns piece more than thoſe | 


of the greater : And the number of Crowns which each Society receives exceeds the 
number of Men of both Societies by 172 (or d.) The Queſtion is, to find the number 
of Men in each Society, and the number of Crowns which each Society had? 


RESOLUTION, 


1 For the number of Men of the leſſer Society put a [| _ @ 

2. To which number adding 4 (or b,) the b 

ſum will be the Number of Men of the 424 [. 243 
gen, do wit. þ 5 e 

3. Then, nN to N . 1 

(or d) be added, to the Sum of t eg 2a+176 e 


Crowns ſhared by each Society, to wit. 


Pg 


(a) the number of Men of the leſſer So- “ 244176 } 2a+b4d 
cCiety, the Quotient or ſhare of every Man . „e 


#* + 


n thar'Society will bteeee 
5. Likewiſe if the ſame number of Crowns be- 


| a-+4, (or a+b, the number of Men ofo. 227279. | 2a+b+d 
the greater Society, the Quotient will give? a4 3h r 
the ſhare of every man in this Society to wit, FF 02 211. 


6. To which Quotient in the laſt ſtep adding? oa 208 | abt dicatch | 


$-(ore} the Jum will be 4 a+4. "a+b 
7. But, according to the. Queſtion, the ſum in the laſt ſtep muſt be equal to the 
Quotient in the fourth ſtep, whence this Equation ariſes, vin. 
© 200208 24176 Or, 20hbydbcab ch | 20h 4d 
„ «* 5 bd OTE ia - 75.4 S959 
8. From which Equation; after due ReduCtion-according to 828. 2, 3, and 5: of Chap. 
12. this Eqution will ariſe, via. aa + 3a = 88; TR Tine 


fr ana \c | 


aſt Equation according to the Canon in Sed. 6 Chap. 15. 


£ 
, 
* 
- 
* 
* 


* "> LY * 
4 1 
; 4 0 8 4 


* 
- 


* 


2 = 8 = vo ICE — 2 1 "4 


E 3 OE ah © = OC comma (c 
10. Laſtly, from the ninth, firſt, ſecond, and third ſteps, it is manifeſt that the number 
of men in the leſſer Society was 8,that of the greater 12, and the number of Crowns 
_ divided by each Society 192 z which numbers will Gatisfie the Conditions in the 
bait „„ 


Queſtion, 


— — 


Te 2. Saen Dein A BC 


ion as will appear by the Proof: For 422 = 24, and 222 6 5 
I evident that the Men of the leſſer Society had d 8 Cron 4 piece more than thoſe of 
the greater; alſo 192, the number of Crowns which each Society divided, exceeded 
20 the number of Men in both Societies by 172, and 12 the number of Men in the 


greater Sociery exceeded 8 the number of Men in 1 leſſer _ 43 en M e 


11 n 


* * 23 3 
ä —___——— yo — 


QUEST 20. 


A Graſier having bo br certain Oxen for 270 (or b) Pounds, ind that if he had 
paid rhat ſum * 1 Oxen fewer, every Ox would have colt kim 2 +0. (ord) 
more than WWE for ans + What was the number of Oxen bought? 2. ho 


RESOLUTION. 


1. For the number of Oxen bought put a a 
2. Then find out the coſt of an Ox, and lay,} | ONE 
T7940 
Or, 's Feq FE 2. ws ad 
„ 
3. Subtract 5 (or c) from the number of } 
Oxen bought, and then find what the zeſt . 
would coſt a piece, laying, . - 
If. ns of . 270 3 _ TE. 8 22. 2 
| ; | \, : 2 5 of — 5 | | hes 
Rt; #7: 2 } —. Ee TO 
a—6| - 
Whence the price of an Ox is ed „„ 
4. Then according to the Queſtion, the laſt 9 FR of an muſt exceed that 


in the ſecond ſtep by +1. (or FE ) therefore if the rmer price be ſuhtracted from 
the latter, the remainder muſt be ua) to & or a5) whence this Equarion Fes 


E. = 9.5 he TTY 


» a | 
. Which Equition after due Reduchon according t to "the Rules in Chop. 14. a 0 
this that follows, ag — 54 — ed 8 wa 


6. Tlesebre the Equation in the laſt kph bei Gn in Sad „hay. 
15. the n of qua to wit the Number of e wal 1 2a * 


8 = og = = {+2 + 2. 
bln of Oxen bought was 45, and rants Lend As wil 


| appear by the Proof: Forfirſt, £24 = 6; then from 45 Oxen ſithtrafting 5, the 


that in laying out 1 Pound 


maining 40 Oxeawaked at 279 1. wil yield 62 6 U. a _ which exceeds _"_— — 
3 6 l. by + Et, . as — | 


* | "RUE ST. 22. —_— irs 
buyes thong Clorhes of two ſorts, viz. go c Or b) Ells of one 1 


A Merchant 


together with 46 (os c) Ells of a worſer fort for 42 (or d) Pounds; and he finds 


Wa 


each fort he has 110 ores) of an A | 
bac was the prive of an of each fort.” 


8. of RESOLUTIO JN. 

1. For * Number of Ells of the better ſort of? 
Clothwhich theMerchant bought for I put g 
2. Then accord enumbet of 


| EA of the wo roi erin Ir 17, wary #4 {4 


worſer fort than the other : 


ad 


nd 


— —— — 


E 1 1 — PREY 2 | tions. * 


3. * the coſt bf all the * of the Wworſer / wor OR err Re 
” fort, and fay, . | wit 221 "4 ZEW 531 | 
F i 33 p00. > | 8 31 
if © —__ 1534 40 7 a | 5 
Or, an 1 1 e . T . a + rann 
a 578 - 
whence the ſail full Coſt is Gow . e e ads 5 
4, Find likewiſe the coſt of all the ils of the 3 6 
better Jort, and ſay, N het t | : * 5 
| * 9 SS . 90 4 . e j 
3 1 % oe e 
955 42 1: 5 * 3 j „ 
' whknce the fad full Colt is 1 5 
5. Then the two ſums of Money found out 74 97 i ear $2 
= me thir and four fi Tx bein 5 added toge- E | 17 cat hi-+bm 
Cd, to wit. 
6. He wel ech ea ih the if Ap, Hi cacording to the Geſtion be 
equal to 42 ( or 4 J whence this Equation ariſes, vix. : 
"2302+ 22 IT - Tln 
42 =, I. Or, id = a 
J. Which Equiton ier dus ma (according to the Rules in Ghep. 129 wil 
” give this 3 vx. 2 aa — 2 Pg 4 | Y ellis = 5 
= 5s "a tbc — = 1 
m which lat band if inftedd of the W Coefficient 4 7 — we take f, 
that * eſs d thus; 4 e FO Des! 1221 
| aa—fa = A | 4 | 
8. Therefore bp: the laſt Bquation ARON to tie Canon in $48] 8. Chap: 


15. the value of a, to wit, the number- of Ells o the berter ſort of view which 
were bought * Il, 1 de Wee = | | 


ns. ; 10 =3= — 1 ＋ I + e x & pet 


Thus it-is fou nd 5 3  Ells of. the better 2 of Cloth did coſt I 7 454 conſe? 
quently I Ell coſt = 7 and 90 Ells 36 1. which ſubtraQed from 42 1. (the full coſt of 
both ſorts, p leaves 1 21, for the full coſt of 40 Ells of the worſt ſort; and conſe- | 
quently 1 Ell coſt 21, and at this rate 1 J. will buy 3 Ells, which is more by + 


an Ell than was bought of the betrer ſort of Cloth kr 1 Therefore all the 
tions in the Qu eſtion Are larighed. 


Mem 


— 


1 ; We „ * B 


QUEST 23. 


| A Merchant hav having, Sp 81 pices, to wit, 80 15 weight 0 or 3 ) of Mace, and 100 th 
weight (or c) of C ONEY 3 
whereby it happened that he ſold a quantity of Mace for 10 J. (or n, 2: and the like 


oves, ſells both Quantities for 65 (or d) Pounds in Mo 


quantity of Cloves with 60 th. weight (or 1) more of Cloves for 201, (or F The, 
Queſtion i is, to find how many, 15 weight of Maſh * ſold for * 0 4 


Ls, 


ia thi number of t 3 of Mace A 85 21 4202 45 
the Merchant fold for 101. be repreſented b TURE 0 2 5 I a ö 
2. To which number adding 60, bf ſum wlll” - 1. Bao 5 f 
give the number of F weighr of Clove S oY MP” PERCY 
. 2 


. that he ſold for 20 J. to wit, "I 2 ; 


= : —— 


e CCC 
m 9 * 


* one 


"Reine of on of Tee ee bp B "TS: J. 


EM : | aa + fa = F. 


r * 
? 2 c - I 4 


2. Then find how much Money 80 t weight” . i He 3 


of Mace was fold for, and fay, „ 
800 | | 9 


„„ PP 75. f © Boo? + [itt ol 
Or, 1 m 2 * b . . = | 5 5 7 bh . 72 
vrhence the Money for which the Grid 80 tÞ,j.-: „ 111} $1 
of Mace was ſold is tes 10 ard tit 5 ale it 5, 
4. Find likewiſe how much Money 100 tb} . 
” weight of Qoves was fold for, and ſay, e 
2000 | 
| . 22 1860 z 
. 
Or, a+n „„ hs 
a u 
whence the Money for which the ſaid x00 _ 1 e ee, 
of Cloves was fold is E 
5. The ſum of both the ſaid ſums of Money}. 8881000 mba-tmbn+rce | 
found out in the third and fourth ſteps is aa 60a ag ma 
6. Which Sum in the laſt ſtep. muſt (according 0 the Queſtion) be equal to. 651 
(or d,) hence this Equation ariſes, vx. =” 


65 = . 3 or, PR FP, mha-emin-brea 
aa 60a aa+na 
| Which uation,-after due Reduction (according to Seck. 25 3 » 5. Chap. 12.) will 
give this following Eqqation, biz. aa = fg, e 
Or, 25 5 ap, _ _ 


In which laſt nien if we take f inftead of the known Co-efficient e 


and g inſtead of the known number = that Equation _ be expreſs'd thus, 


8. Therefore by reſolving the laſt Equation according to the Canon in Seck. 6. Chap. 
15. the value of a, to wit, the number of * weight of Mae a was 5 fold : or 
100. will be made known, vix. o 
a = 20 = Vx + aff —of 
Thus it is found that 20 th weight of Mace was fold for 101. and conſequently 
2 tb weight for 40 J. 
Moreover, adding 60 to 20 (before found.) the Sum 80 is the.number of th weight. 
of C Cloves that was fold for 201. and conſequently 100 tþ of Cloves was ſold for 251. 
which added to 40 l. (the price of 30 th of Mace,) nes 65 in the PRIN ſum 


of Money for both Quantities of Spices ſold. 


OM a ** 
— * 
* 


QUEST. 23. 


Two Merchants entred into Partnerſhip ; the firſt brought in a certain 9 of 
Pounds which continued in Company 12 (or 5) Months, and the ſecond put in 30 l. 


ä 


a 
5. 


(or c) for 17 (or d) Months; they gained together 1827. (or n) whereof the firſt 


etchant had 26 J. (or 1) for his rincipal and Gain, It is . to find mow ma- 
ny Pounds the firſt Merchant brought i into the common Stock? "OO / | 


RESO L of 1 5 N. 

1. For the firſt Merchant's Stock put '# 2 
2. Which Stock being l the time 

it continued in Com pany, p rodu 5 * 


3. The ſecond Merchants Stock bank multi- 5 8 ns: 5 8 
: ; I. 419. 476 41 #4341 | * F 
5 1 | 

24. Then 


plied by the time it remained n pan Th 
173882 . „ 3 *. 


„ 5 1 
4 — — £ oF 4.4# 


o 
3 


— 
"$3 
4 4 o „ 4 : 
F * £ 
« 4 . #2 
4 4 $ " 


3 1 
i 


2 


CH AF 1 4  procfuting 5 Equations. P 931 = 


. Then proceeding with thoſe tw ) Products acrording to the Rule 5 
7 with Time, find wo Syria of thefirſt Merchant, and fay, - * Fonda 


Wen: If. e >; i 1 124 . 2 
5106 AN as Wi ; | XJ e cn » 


Whence the, gain of the firſt W Bund ee. oe | 
|  T2a+5r0" © bad 
5. Which gain added to the frſtMerchantsStock a.gives for theSumof hisStock and gain, 


12097354 . CE WS 7 Laa dla nb 
i 5 $5, | 
6. Which Sum muſt he equal to the 26 61, ( or ) given the Queſtion, bende this 


Equariou ariſes, vi. 
EY 124447358... = na? | or, | baa-+eda+mba _ 8 a | 
124 T 510 bake -— K. 


: 7: Then by reducing that Equation und 0 the Rules in Chap 12. thats will ariſe, 
aa +. 3554 = 1105, | 


or, a + EEE =, 
8 Which laft Equation being reſolved by the Conn in Seck. 6. of the 1 5 Chap, the 
value of a; to wit, the firlt Merchant” S eng will be found 20 Pounds, 7 i 


inſtead of the known Co-efficient - we take f, and g inſtead of the gi- 


yen munbes g., men by the fad Canon, 1] x 


* z ' . 
16 3 * ; FL 


« = 20 = N g + iff: —f. 


Whence the firſt Merchants Stock is an 201. . The Proof = ts made * as 


Rule of * with Time, in manner lowing. 5 
20 X l enen e 
30 * 3 FIG: + . Ps 8 . ; 2 j 2 EOF ltr 7 51871 
| 3 757 7 3-6 lin nt in 
77 . == ak Ne 12013. of 
- _—_ 8 we N 


Two Merchants entred i into Partnerſhip, the firſt put in a certain number of mad 
for 3 (or h) Months; the ſecond put in 50 J. (or c) more than the firſt for 5 (or 4) 
Months: They gained together 140 J. (or 2 whereof the firſt Merchant had ſuch 
part, that if 601. (or n) be added to it m will be equal to the Stock wherewith 
he entred Fartnerſhip: What RP ory 715 in — each t 5 


5 2 38 * 
1. For the Stock of the fr Merchant 5 T5031 $41 got hire 5 53 — woid un. 
2. To which adding 50 J. (or g) the 8 in aon 
will give the ſecondNlerchänt Stock, ock, to 0" . __” e e 


3. Then multiplying the firſt Merchant Stock 
by rhe time it remained in Company, the 


* 
5 7 ; 
| 4 f 
* 4 3 _ * ” , \ 
AS „, SC LES - > 4% os 1 r 
& 5 | 
Product is 8992 | | 


* * 


4 Likewiſe by multiplying the Weond Mis. es „1 
cham's Stock by the time it continned- 1 in bers f Aa der 
TCoempamy, the Froduct 81 . a. oh Hi +. ole ot fiod = GE 
5. Then proceeding with thoſe tiwo ProduQs according to the uk of Fellonſhip 


with Time, find the firſt Merchant's Gain, and fag, eu 
Tf Ba 20 . e: . 24 8 * 


mag, 2 6 
a = Or, be kae „ W „ oa 
Y 1 A 1X9 RE hr FL 08 bar 8 ee i: 5 TY. ; 


| Was n gi gers vin ES 97 e 5 ; 


== o _ 
—.— 


— AS EE 4x ng ns — — » 
— — —— N ASS — — — bee 
2 


* 
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6. To which gain add 60 (or u,) bc the Sum will be 
900a+15c00 0. — da- — 
"Bat 250 * * _  batga+dc — 


ut, according to the ueſtion, the Sum in the laſt ſtep muſt be ual 
Mn firſt Merchant 8 — whence this Equation ariſes; T — (a) 
_ 900d 15000 . 5 mba-+ nba-k nda-+ dc 
 8a+250 ©, batdatde * 
8. WhichE uation, after due ReduQtion according to the Rules in EY 12, will pro. 
duce this ollowing Equation, viz. 44—814 = 18775, WE 
_mb--nb-+-nd—dc, _ 5 Ar WES fic 
WF 
9. In which Equation the value of a, to wit, the firſt Merchants Stock, will be dif. 
" eco by the Canon in Sec. 8, Chap. 15. viz. a = 100 l. And conſe uently 
from the premiſes the ſecond Merchant's Stock was 1501. the gain of the fl 7 
and the gain of the ſecond 100 I. All which will he evident by the MOR Proof 
os by the Rule of Fellowſhip with Time. =» 
| 100 * 3 = 300 REDS 
150 * 5 = 750 „„ 
mi. „ 
% MO 290; » at 


Or, aa 


* 
22 — 


QUEST. 25. 


A Citizen having bought 3 Houſe for a certain ſum of Pounds, Rlls it for 64.1. 
for d,) and finds that his loſs in 100 Pounds (or c) was equal to a fourth part (or m 
of the Money that he paid for the Houle, | What number of 3 did the Citizen 
pay 11 che E | | 


= RESOLUTION, „ e 
1. For the number of pon which the anc: > eg. 0 
paid for the Houſe, 5 Ss : | mn 
2. Then will the whole loſs by ſale of the Houſe de. - a—64 — 
3. Find how much was 1 my 100 l. (or c,) and fay, * 
, 215228 64 100 5 2 * 
1 Or, 1 a te. " IN 5 
i: Be mo 


Urbane the loſs per © wy is found 9 6400 15 or, | ca ed e 


But according to the Queſtion the loſs per Cent. was equal to + part of ths Mone 
by which the Citizen paid for the Hout therefore from che firlt 15 third SOT Mor 


l ariſes, viz. "507 (Cot 
10096490 5 8 — 
| 3 


EAR eas "bi 


5. Which Equation after due ReduBtion according. to the Rules i in in Cp: I 2. | will gi 
400a—aa, = 25600; ( Or, | Da—_ = <4 . Dube 


6. Therefore by reſolving the ſaid Equation according to the Canon i in Kea. 10. 
. Chap. 15. both the values of a will be diſcovered, either of which will ſolve the 


of n which values or r theſe following, dani en 
ating M . SEES 2: $ 8 „„ Ops ; 
* 8 n "YG 


I fay either of the numbers 320 — 30 will Alge the Conditions i in ws Queſtion, 
as will be evident by the Proof: For if a. Houſe colt 330 f. and be ſold for 641. the loſs 
is 236 l. and 100. A that rate of lok will loſe 80, which is=part of the _ | 

„ 


/ 


Two Merchants entred into Partnerſhip ; the Sum of their Stocks was 165 (or 5) 


% 


together with their Stocks they divided between themſelves in ſuch manner, that the firſt | 

Merchant received 67 (or f) Pounds for his Stock and Gain, and the ſecond 126 (or g) 

Pounds for his Stock and Gain. It is deſired to find out each Merchants Stock and Gain. 
e RE SQLUFT4AO MN 5 

1. For the firſt Merchant's Stock pute. © 5 

2. Then, by ſubtracting that Stock (a) from? | 

165 (or ,) there remains the ſecond Mer- p 
chants Sock; to wit. 

3. And if you ſubtract (a) the firſt Mer-Y 
chant's Stock from 67 (or f) the ſum of 4 y 4 
his Stock and Gain, there will remain his T 77 f—a 

Gain only; to wit. 8 © 

4. Likewiſe, if you ſubtract the ſecond Mer- 

chant's Stock (in the ſecond Ntep) from 126 Ä FF 

(org) the Sum of his Stock and Gain, C e 4 ＋8—5 

there will remain his Gain only; to wit, ute | 1 
5. Now according to the Nature of the Rule of Fellowſhip with Time, the Gain of 

the firſt Merchant 67—a muſt be in ſuch proportion to a—39'the Gain of the ſe- 

cond, as the Product of the firſt Merchant's Stock a multiplied by its time 12 
Months, is to the Product of the ſecond Merchant's Stock 165—a multiplied by 


n 


1 


its time 8 Months: Hence this Analogy, vir. 1 
67-4 2-9 :: lz ig, 

Z That is, j—a . ag :: ca. db—da., RY 
6. WhichAnalogy,by comparing the Product made by the Multiplication of the Means 
one into the other, to the Product of the Extremes, produces this Equation, viz. 
3 ' 12444684 = 844—1856a+88440, 757 
That is, caa-rH ga- cba =idaa—dba—dfa+dbf. _ _ 

7. From which Equation after due Reduction this ariſes, viz. 


@ 22110, 


was, a+ e, = 


| 1 7. c- 2 2 
ey 8. Wherefore by reſolving the laſt Equation according to the Canon in Sed. 6. Chap. 
1s 15. the value of a, that is, the number of Pounds exprefling the firſt Merchant's 


Stock will be found 55 ; which ſubtracted from 165 1, the ſum of both their Stocks, 
i © tracted from their reſpective Stock and Gain, viz. 55 J. from 671, and 110 1. 
ve from 126 L. there remains 12 J. for the Gain of the firſt Merchant, and 16 J. for 
the Gain of the ſecond; whence the total Gain was 28 J. Which numbers will ſolve 
the Queſtion, as may eaſily be proved by the Rule of Fellowſhip with Time; thus, 
ww =" e TE ET. 
| 3 S 6% —1¹³ 
1540 N 2 * ms oe 880 16. 5 


— i * 5 A 
* . * > * * * is Mad * 

* 1 * 27 % A * * 7 94 1 ** wa * * FL, _— *a SE % 1 8 L * N pe F . «4 *x - $4 ou i " — F "= * 11 

— Te . . . 2 : * — 1 11 1 = »- ? : F — v ( 5 Y 
„„ 4 { 89 363 « *.& 4 * 4 5 " + #4 1 was a 14 ; ; ö * * * 22 2 4 3 ks : 1 
* 4 * n Y * 1 

VS 0 x Fo 4-7 1 8 : 4 E T. 27. * » . 1244 . 
- 3 * wo; 44 14 381 — 1481 - * wg #- , 8 - 
. 4 
certain Foot- man 


—_ — 


A departs from London towards Lincoln, and at the fame time 


on, another Foot- man B departs from Lincoln toward London, each keeping the ſame 
ols Road. When they met, A4. fiys to B, I find that I have travelled 20 (or c) miles 
ol. Pore than you, and have gone as many miles in 67 (or d) days, as you have 925 

1 * | * miles 


\ 


leaves T101. forthe ſecond Merchant's Stock: then each of their Stocks being ſub- 


— — 2 | 3 BE | WE | | 
CH4&P; 16. producing \ Quadratic Bquations, 117 

Again, if a Houſe coſt 80 l. and be ſold for 641, the loſs is 16 J. and 1001; at this 
rare of loſs will loſe. 20 l. which is likewiſe + part of the firſt Coſt 801, I. | 


Pounds: the firſt Merchants Stock continued in Company 12 (orc)-M e es | 
Stock of the ſecond 8 (or 4) Months: they gained a certain ſum of Pounds, which 


o - = 
PP — — ¶ * * - * as 


ae of Arithmetical Queſtions 86 O K L 


travel in one day: ? ſo by the Rule of 62 | 7 
Three, you will find , . . +: . Fad 0 5 
F. Say again, If in 15 days B muſt travel 245 TA | 01 9.05 
410 Miles, (that is, all the Miles which C | TE 
A had travelled,) how many Miles mult ( ___ M7 
1 at fragt t fo you will find 3 8 „ 
2 10 1% q 17 3 
8. Say again, If To Miles were travel 2 | afa—afe | 
led by Bin one day, in how many days a | " Jan ic 
did he travel :a—rxoMiles ? ſo you will find? 5 
| oo Io Ns IE 
7 Say again, If 62 Miles were tra- | ada+3de 
velled by 4 in one day, in how many days ( i 4 fe 


9. In which Equation, if you double both the Numerators and Denamias gs and 


11. Wherefore by reſolving t 2981 Ks ET laſt ſlep acc — to the Canon 1 


Miles in every one of thoſe 15 days, as I "have done in every day hitherto. The 


Miles in all hitherto: Tis true Raith B, I am not ſo good 4 Foot man as du, but] 
find that at the end of 15 (or f) days hence, Iſhall be at London, if I as many 


Queſtion is, to find how many Miles thoſe two Cities are diſtant one from another, 
* how many Miles each Foot-man had travelled when mach met one another. 
| RESOLUPLOM ot founding nat f wy 
1. For the deſired diſtance between the my 8 | oſt r 
Cities 5 5 1 
2. Then fu raſmuch as the number. of Miles | 
eachFoot-man had travelled when they met, | 
being added together make the Sum (a,) 
and the difference between thoſe two num- . NY 
bers was 20 (or c,) for 4 had travelled 20 a+1i0 are 
1 : Thacae { by the e 4h 3h 9 
Theorem at the end of Duef, I. Chap. 14.) | 1 
the number of Miles which 4 had zravel- | © :- + + 1 
led was ch OI a 
. And (by the faine Theorem) the number 
of Miles which B had travelled was. . 
4. Then ſay, If in 62 days 4 had travelled wt f 
2-10 Miles, how many Miles did he 8 3 44 2 — 


. 


9 ©. 
* 
BR 2K. F 208 26 


did he travel 2a 10 Miles? ſo you will find) 5 

8. But the numbers of days found out in the two laſt fteps f muſt be. val to one another; | 
for when A and B met, each had travelled the ſame number of days, decauſe they 

began their Journey at one and the ſame time: Hence this Equation ariſes, viz, 

| Ins X.665 , i 

24 — 10 PE AT Io? FF 
2d — le 293 — - „ 5 * Feb 1 h a 
that'd,” 2 I 5 EF 26 955 — 5 


8 8 o . 3 * * = 
* ' 1 Ys 
9 8 a> had LS LJ as” a 2 


then reduce the Equation reſulting, to a common Denominator, and caſt away 
the common Denominator, the new Numerators being compared, te 905 10 LE 
will give this following Equation, 8 1 
2208 + a +3929. = 154g — 6008 + 6000 ; 3 . 
That is, ' taa + ada + dee = Jaa — 2fca + fee. EO 
10. Which laſt — duly reduced gives this that follows, viz, : 
1044 — 44 = 400, 5 
That i is, 1 2de 2 


— a = cc. 


See. IO, 2 101 15. the two values of! 3 4 theſe, Viz, : 


3 , FN 
f 1 08D N aft 300% 1141193 57 
2 = 100 = WO 
RE ir & M8M-1001 127307 
"= ; | f 


enrqsb. 
, N 


. Q <P, — 28 — . 
119 
* 
— EE 2 FY Pt 2 


12. But altho by either of thoſe values of a, to wit, 100 and 5 the Equation in the 
tenth ſtep may be expounded, yet the greater value only is the'defired number of 
Miles exprefling the diſtance between the two Cixies; for tis evident by 28 
on, that 20 is but part of the number of Miles between the tio Cities, and there- 

fore 4 the leſſer value of a is much leſs than the ſaid Diſtance : Mh 100 the 
greater value of a is the deſired nutiiber of Miles between the two Cities. And 
couſequently the ſecond, third, fourth and fifth ſteps being refolved. into numbers, 
will ſhew, that when the two Foot en A4 and H met one another, 4 had travelled 
as wilbeaſily _ r by the Proof. vo nom Hed ad; eee e & - 
13. But the num * Queſtion muſt not be given at random, for the Penom 
nator of the Fraction 2 — in the Equation in the tenth ſtep ſhews that Wo 
number d muſt be leſs than the number f, otherwiſe the Queſtion is impoſſible ; as 
may eaſily be infer'd from the literal Equation in theninthdtep: for if in that Equa- 
tion d ed greater than , then conſequentiy de is greater than fc, and af. 


will follow by undeniable conſequence, that 4 is greater than f; which is contrary 
to what has been before proved. Now to prove the ſaid conſequence; ' > © 


* 


. de 0s nent 2 e 2 Faun e es 4 . 
15. Suppoſe the leſſer value of a to exceed, viz. ee . 


- „C01 1712 . iy 8 ' : . Su 

2). And by adding v4 4% ec to each part, N = fe—de+Vadfic |, 

L 5 245. e c. fe- affe 
J T5. 


10 4 4 


2 + 
% 


of Inferences deduced from the faid Suppoſition ends in an e therefore 
| | ue of a is not grea- 

ter rently it cantor” be equal to the diſtance between the two 

Cities. Which was to be prove. 


turning backwards from the 21 ſtep to the 15, in this manner, viz. 
24. Suppoſe © „ 2 6 4 * 2 — CN x ; 6 d 7 2 l N 
25. 3 2 ch porn if 4dec, j Ra 
26. And by extracting the ſquare Root out of -; _ x 
each part, . Ws 5 8 3 > 26 2 Vadfec.." 2285 
27. And by adding ſu to each . dee a fe vadfec 
28. And by ſubtrating:de from each part.. dee fe- dc tv adfee 
29. And by ſubtracting /4dfcc from each To edc fomde © 
r value of a cannot poſſibly be equal 
neceſſdrily be 


31. But 


; 113 1-197 21 
Which was to be proved: Wherefore the e 
do the diſtance between the ton Cities, for the ſaid diſtance muſt 


_-» greater than part of it ſelf. 


4 


"WI b AX. c=a+2R. d= a ＋ 3X. e = a+4X,. cb 31: 


_ of e eee by a number . * (orUiity) br 
f num 


G . e 0 ; OY 
afro» 
34. And by — . all in 5 8 ela ſtep by cc, ddcc+ffee c 24 * 


35. And by adding 2dfcc-to each part, . ddec Rc 2dfce ds 


36. Wherefore by, extracting the ſquare | Root NE 
 _ out of each part in the 1 [aft ft 8 79 ST 1 | 


TT 


n Which was to be/proved. Vt 0 Lum 
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Concerning drithmetical P ROG R E 981 0 1 5 1 
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L Rithmetical Progreſſion i is, when many cha ( or nine Quantities of one an 
A the ſame kind) proceed by a common difference or exceſs; as in theſe, 2 a an 
6, 8, 10, 12, 14, Cc. here 2 is the commondifference betwixt 2 and 3, 4 and 6, 5 
and, nd Fo 8 and 10, Cc. So 1, 2, 3, 4, 5, 6, Cc. are in Arithmetical Progeffion, 1 { Sy 
ing the common difference : Like 85 7. . 15, 195 Ge. or 19, 55 11,7, _ 2 
where 4 is the common difference. : 25177 i 

"It. Arithmetical Progreſſion. is either continued, as in the "EE a ex I 
whe _ two _ that — next - _ _ have one commo difference 
or elſe diſcontinued or interrupted, as in theſe num A 1 7 e 5 exceeds 
3 by 2, and ſo does 11 exceed 9 but 9 does not exceed 5 by 2 7 $ exceaſs 
9 above 5 is 4. In like manner 18, 14 7 1,17, are in Arithmetica l Progreſhon diſcontinued. 

III. For the better Manifeftation of the following Fropoſſtions concerning Arithme- 
tical Progreſſion, let there be a. rank of numbers in a Fontana Arithmetical Pro- 
greſſion, as, 3,7,11,15,19,23,2 To &c. which numbers may reſented by a, h c, 
d 175 5 c. Alſo, let 105 the ſum of all the Terms of Prog bop be repreſented 

Z; the common exceſs or difference 4 by X; and the er of Terms 7 by T. 
ado which are here orderly h underneath. 


23 =; <, = a OTE 7 $199 98 
8 ; | bh = þ == E + X. 212 con 
| Quantities in «Artthmetkal FAI. 9 7 28. + 2X, | x abc 
9 8 HY continued: an 1 2 | 
19 =e = a + 4% + } 1. 
23 = a + 5X F : if 
85 5 8 S / EX. d 
| | 2 — ͤ — — — M 
The Sum of all C! 2. 5 dcs 
the Terms is * e e yd e 
The common difference i IS « 4 d ii wed bob 
The number of Terms is. 7 = T = . 5 cf nes 


IV. Whence it is manifeſt, that if a be put for the firſt and leaſt Term of an Arithoe- 
tical Progreſſion continued, and X for the common difference,” then (accord ing to the 
Definition in Sef. I.) the ſecond Term ſtrall be a- EX, the third af 2, the fourth 
a ＋ z X, the fifth a+4R, Cc. Moreover, according to the Suppoſitions- in Sed, 3. 


V. Therefore it follows, that the laſt and greateſt Term of every Aithmerica 
Progreſſion continued iscompos d of the firſt (to wit, the leaſt) term, and of the Pro- 
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an a 1 3 or OE Crue” * 
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2 ; | : | P 9 a — Ta 
number of Terms; as x or a+6X is compos d of the firſt Tetihi a and the Product 
of X multiplied by 6, which is leſs by 1 than 7 the nut a cen he Produtt 
VI. Therefore the firſt and laſt Terms, as alſo the number of Terms being ſeverally 
given, the common difference ſhall be alſo given; for if the fitſt, (to wit, the ſmalleſt ly - 
Term be ſubtracted from the laſt, and the Retraitider be Eivided by a number leſs by 
1 (or Unity) than the number of Terms, the Quotient is the common difference, 
VII. It is alſo manifeſt from Sec. 3. That if the firſt (to wit, the leaſt) Tante 
equal to the. common difference, then the laſt Term is equal to the Product of the 
me (or -H Term) multiplied by the number of Terms, viz. If a = X, - 
then g = A+6&A = TX. OS WE ods Ye: )) ans 216 4 1d 38h 
vill Therefore in an Arithmetical Progteſſion continued whoſe firſt or leaſt Term 
is equal to the common difference, if the laſt Term and the number of Terms be ſe. 
verally given, the firſt Term (or the common difference) ſhall alſo be given : For if 
the laſt Term be divided by the number of Terms, the Quotient is the firſt Term or 
common difference : as, ifa = X,then g = X+6X = 5X; therefore 7X 4 x = ,, 
IX. It is alſo manifeſt from Seck. 7. That when the common Ging divides any 
Term juſt without any Remainder, then the common difference is the ſame with the 
leaſt Term in that Progreſſion, and rhe pore is the number of Terms; but if any 
number remain after the Diviſion is finiſhed, then that Remainder is the leaſt Term. 
and the Quotient increaſed with 1 (or Unity) gives the number of Terms (per Se&t. 4, 
& 5.) Therefore if any term greater than the leaſt he given, as alſo the common dif- 
ference, the leaſt term, as alſo the number of terms in that Progreſſion ſhall alſo. be 
given:; as if 27 be ſome term greater than the leaſt, and 3 the common difference 
by dividing 27 by 3, the Quotient 9 is the number. of terms, and the leaſt term is 
equal to the common difference 3 ; as in this Progreflion, 3, 6, 9, 12, 15, 18,2 7, 24,27. 
But if 27 be given as before, and 4 *. preſcribed for the common difference, th 
27 divided by 4 gives 6 in the Quotient, and there remains 3 for the leaſt term; = 
7 (to wit 647) is the number of terins ; as in this Progreſſion, 3, 7, 11, 15, 19, 


* If three Numbers, fuppoſe a,b,c, be in a continued Arithimetical Progreſſſon, 
viz. If the Exceſs of c above þ be equal to the Exceſs of h above a; the Sum of the 
Extremes, that is; of the firft and laſt terms ſhall be equal ro the double of the mean 
or middle term; viz. at = 2b, For, n . 8 
1. By Suppefition, nn b = ben, - 
2. Therefore by adding d to each part, it gives 'c = 2b—a, 
2. And by adding a to 3 of the laſt 00 | 


Progreſſion whether 


3 the dum of the Extremes is equal to the Sum of any two Means eq 
Let a, heide, f be in Arithmetical Progreſſion ed, and increaſing from a; I fay 


une: the Sum of the Extremes 3 and F is equal to the Sm of any two terms equally diſtant 
- from the extremes, that is, to the Sum of 5 _ and to the * of cans F or, 
| greſſion, 27 


th 1. By Suppoſition, in regard of the continued Pre = b—a, 
8.3 2: Therefore by equal addition o 2 and a to each part. a+f = b+e, 
F 3. Again, by ſuppoſition .. o a 
Pro- 2 A WC , laws £34 Q r N 4. There - 


— — 
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— 4. Therefore by equal addition of d and b, to each part 44: = be, 85 
5. Therefore from the ſecond and fourth *. ( _—_ 4 + 2 2 
1. Axiom. 1. Elem. Euclid.) im + 
Which was to be proved. 
And if more numbers were propos d the Demonſtration would not be otherwiſe; 
therefore the firſt part of the Theorem is manifeſt. 
But if the number of Terms be odd as in this continued Progreſſion, a,b,c d, e, fg, 
then the Sum of the Extremes a and g is equal to the double of the middle Term 4, 
viz. ag = 2d, which I prove thus: 
1. By ſuppoſition, in regard of the continued Pro- 


be, 


: ; : 7 
5 I 'd p — 9 d 
1 8 | 7 


Fgreſſion, C | 
2. And conſequently by equal addition of c and d, „ ß 
3. But by what has been proved concerning the firſt ** ʒX—ͤn! | 

part of the Theorem in this twelfth Seck. aN bY 99 7 
4. Therefore from the two laſt ſteps, (per Axiom. . 44 = 2d 


Elem, 1. Enclid.) 

Which was to be demonſtrated. Therefore the Theorem i is every way manifeſt. 

XIII. In every Arithmetical Progreſſion continued, the Sum of the Extremes multi- 
plied by the number of terms produces the double of the Sum of all the terms. 

The number of terms is either even or odd: Firſt. let there be an even number of terms, 
vix. ſuppoſe theſe tix numbers a, b c, d, e, f, to be in Arithmetical —— continued; 


1 tay, YO ey Ga- 6f = ir an 


| DEMONSTRATION. 
T. It iS evident that 6 . 8 6 _ . 5 . | o * 1 os 22727 
2. And by Sect. 12. 15 .. . 2a+2f = 2b+2e, 


3. Likewiſe, by the ſame Seck. „„ 2c L 2d, 


4. Therefore by adding the three laft Equation together, 6a+6f =4 = 175 of 

Which was to be demonſtrated... And fo of others when the number of terms is even. 

| Secondly, let there be an Arithmetical Frogreſfion conliſting of an odd Jum of 
terms, 1 theſe five, a, b, c, d, e. | Wy. 


WL - 6-4» " gab5e = = 2042þ4 202026, 


50 W Lerion 5 5 
x. It is manifeſt that . ;. 24+2e = 2 
i ab 24 ＋ ad, 
3. Likewiſe r Sef. 12. . . . 4 enge, 1911 
4. Therefore by adding the three laſt 55e = 20 +2þ +26 +2 7 42 20. 


= Equations together, 
And ſo of others when the number of terms is odd. ache 

XIV. Therefore from the laſt Sec. the firſt and laſt terms, 2 As 1 4105 thei Mil 
terms in an Arithmetical Progreſſion continued being given, the ſum of all the 

ſhall be alſo given: For if the ſum of the firſt and laſt terms be multiplied by the num- 
ber of termsthe ProduCt is the double ſum of all the terms, and conſequently. the half 

of that Product is the ſum it ſelf. For example, If a, b, c, d, e, f, g, be in Arithme- 
tical Progreſſion continued, and T be be pur for the number of terms, alſo Z. for their 4 
ſum (as before ;) Then Ta+Tg = = 22, and. conſequently Ta Ig = Z. 5 ſe] 
XV. Mr. William Ougbtred in Prob. 4. Chap. 19. of his incomparable Glavis "Mathe- __ 
mat. has very elegantly. handled 20 Propoſitions about Arithmetical Progreſhon con- 5 

tinued, which (for the more ample Illuſtration of the preceding Rules in this ue 
I ſhall explain in his 2 uling his ownSymbols, which are pans viz, , | x 
Cl The leaſt (or firſt) term. 02 44 41 : 


The greateſt (or laſt) term.. 


1 Stands for The number of Term. ot 12 5 „. 
The common difference of the lein | | c 


The ſum of all the terms. nm” 0 
42 


2 


„ . Tl . 
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three of theſe five things being ziven, the other two ſhall bealſo given, by the 
e Canons of the W 20 n _ which Mr. tain ſtares thus: 


8 


; | | cs.” | "Sought, 5 | By Propoſ! 7 | f 
fon 7 Z nd X |- rand 2 
5 | XT and Z| | 3 and 4 
, f 3 | T and X s 5 and ” 6 
X „ and Zz. 7 and 8 
Z| | and XN 9 and Io 
Z. and T | | 11 and 12 
| X « and 2 13 and 14 : 
Z | a and X | | x5 and 16 
Z| | and T | | 17 and 18 
. TEAM « and © | 19 and | 20 | | 
PROP. I. 
* f 74 T are given ſeverally; 
5 Z is ſought. 
5 RESOLUTION. 
: 2, By Se. 14. of this Chap. Io Tam 20 ; 
Wh ich 5 if expreſs'd by words, gives this FO | 
T 


Multiply the Sum of the-firſt and laſt Terms by the number of Terms, the Product 
ſhall be the double of the Sum of all the Terms, and — the. the half of that 
Product is the required Sum of all the Terms. 8 
4 Which Canon may be exemplified by the following (or any other) rank of num 
of ders | in Arithmetical ** — continued, vix. 


en. os ä * 15 23, 27. 


PF: * — —_ . lt. 


PROP U. 


„ {* „ T re given ſeverally , 
RESOLUTION 


2. _ Sd. 6. of this ſeventeenth Chap, | „„ . oy 


T— 
Which Equation gives this following. i Oe 
5 2 C OM: +: 4 
r of WW. Dividethe exceſs of the greateſt (or laſt) Term above the leaſt; _ — of 
rms Terms 2 by 1 (or Unity, ) and the Quotient is the common c nce required, 


um- Which Canon may be exemplified by the following (or any other) Series of num- 
half bers | in Arithmetical Cs; continued, viz. 


| 27 wy 15, I9, 23, 27. 
heir From the Equation i in the- Pond f fol of Prop. 1. and the Equation i in the ſecond : 


lep of Prop. 2. the Canons of all the I nn, are deduced. 
the · — — — r 
" =. I "Co rr A 
ok, ) 3 PR 01 P. III. 
EF ET, 4 Fete 0 Fe 
+ my ſought. | 5 
* KESQL TITAN | A, 
2. . The [ener p ut for the chings fi iven and 7 without any other Letter, are 
contained in the Equation in e ond ſtep 2. thewkre the work here is 


5 to ſet T alone in  thas Equation, 155 may be done thus, viz. 


2. By 


2 — 
— * 
— — 2 — — - 


— * — 
, y 9.4 
— 2 — — — a 
— ——  —_—_— 688 rr e ——— — 3 pr 
As x 
-. 


* 4 — — ay, od - * 
1 -_ * m 
3 n +> , — —— 
en . - " - < ES Cory 1 — I 
ESC < 
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— g 
3: By the l of Prop. Vf. = wh X. | 
4: Therefore by ing. each part of that 3 _ - _ . 
E 


6. Therefore each part of the laſt Equation being divided 


. lowing (or any other) Rank of numbers i in Arithmetical P 


F. And by addition of X to each part of of the laſt Equation, 7 


9 T— x, this ariſes, viz. 


this ariſes ; 


by X, the number T will be made known, viz. , 
The laſt _— gives this following 


CANON. 


From the laſt (to wit, the greateſt) Term ſubtract the firſt, * divide the Remain. 
der by the common difference; then to the Quotient add 1 (or Unity) fo ſhall the 
Sum be the required number of Terms. 

This Canon may be exemplified by the following (or any other) Rank of N _— 
in Arithmetical Progreſſion continued: 
35 7, 11, 15, 19, 23, hs 


PROP. 4. 


2 Rare given ſeverally; ; 
DD IS. 4 2 is required. 


RESOLUTION. 
2. By the Canon of Prop. 1. I. - ;  To+Ta = 22 
3. And by the Canon of Prop.3. 3. D 


4. No if inſtead of T in the firſt part of the 3 in the bonn ſtep, you mul 
* bly into «+ that which in the laſt Equation is found equal to T, the forme 
_ will be converted into this, viz, | 

— + @ 4 2 = 2 - 
Which in words i is this following 


C 4 O x 
From the Square of the greateſt (or laſt) Term ſubtra& the Square of the leaſt (a 
firſt,) then dividing the Remainder by the common difference, — to the Quotient 
adding the Sum of the firſt and laſt Terms, the half of the Sum of this Addition ſhal 


be the required Sum of all the Terms. 
The Canon may be exemplified by the i (or any other) Rank of Numben 


in Arithmetical Progreſſion continued: 
35 7, II, 15. 19, 23, 8 5 


* 


2 


PROP v. 
a , 2 are given ſeverally 3˙ 
2 j 7 is required. = 
RESOLUTION. „ 
2. By the Cnc of Prop. 1. To wn Ta — 2 


3. Therefore by dividing each part of that Equation = 
© + ©, this ariſes, viz. . . 
Which Equation gives this following 
5 CANON. | 
Divide the double of the Sum of all the Terms by the Sum of the fiſt and lil 
Terms, the Quotient is the number of Terms ſought z as may be 2 chil this fol 


= 
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| PROP. vi. 
'C « e, Z are given ſeverally; 
4 X is required. 
RESOLUTION. 
2. By the Canon of Prop. 4. VG iis poo 3 


hich Equation multiplied by X produces, . . os. oe 
. And þ ſubtracting X + from each part of 0 + oX + KK 2ZX, 


* laſt Equation, this ariſes, viz. . . . . ,F v— = Re | 
: F. Therefore by dividing each part of the laſt | 
ln. Equation by the Co-efficients that are drawn — = 2 
the into X, you will find, . . . . 22 —.—. 
5 Which laſt Equation gives this 1 
TY ANON 
From the . of the laſt Term ſubtra& the Square of the firſt { to wit, the leaſt) 
= Term; divide the Remainder by the exceſs whereby the double Suin of all the Terms 
| exceeds the Sum of the firſt and laſt Terms, fo ſhall the Quotient be the common 
difference required: 
This Canon may be exemplified by the following (or any other) Series of numbers 
in Arithmerical — 
| 3, 7, II, 15, 195 23, 27. 
1 | P ROP. vu 
h wag I 4, T. X are given ſereraly; ; 
mul „ fp 4 218 ſought. 15 © 
mY RZSOLUTION. 
2. By 1 the Canon of Brop. 222 0 r X, 
3. Therefore by multiplying =} part of the FR r 
EFT oy 1—1, this ou be Fine Eq „= = TR—X; 
And by adding « to eac part of the ua- r A 
ſt (a . tion this ariſes, _ . 3 ws TX — 
otient Which laſt Equation gives his 8 | 
—_ - = "7 -XICLNOW on 
mben To the product made b hs Multiplication of the number of Terms i into the com- 
mon difference, add the firſt (to wit, the leaſt) Term, and from the Sum ſubtract 
| the ſaid difference, ſo ſhall the Remainder be the laſt Term ſe ſought. 
TR This Canon may be exemplified by the following (or any other) Rank of 1 
in Arithmetical Frogreſhon continued: 
e 85 113 15, 15. 235 275 
2 
| 5 R O P. vm. 
a 5 * T, X are given really; 2 
* oo, Z is ſought: 
ERS... ZZ SOLUTION. . 
3 2 . By the Nair of 2 : To + Tos = 'Z, 
And by the Canon o 280 TXT -NR. 


rp. 0+ | 
+ Now to find an Equation FEY in confiſt only of the thin given and ſonght i in 
* his Prop. 8. map each part of the Equation in the ſtep by ws and there 


Ae e ; 
„ rx. = Te Ss 
: 5. Then 


_——  : Reſolution of Queſtions Ss 360 KI 
5. Then if inſtead 1 To in the ſecond ſtep, you take that which in the fourth is found 
equal | to To, the Equation in 1 e — will 85 reduced to this, to wit, 
24 — 


That is TX+20— —X T = 4. 
| Which laſt Equation gives this 
CANO XN. 


6. To the Product of the Multiplication of the number of Terms ® the common dit. 
ference, add the double of the firſt (to wit, the leaſt) Term, and from the Sum of 
that Addition ſubtract the common difference; then multiply the Remainder by the 
— of Terms; fo ſhall the Product be the double Sum of all the Terms, and 
conſequently the half of that Product is the required Sum of all the Terk. 
yay pan may be exemplified by the following (or any other) Rank of numbers 


in Arithmerical Progreſſion continued : 5 
3, 7, 11, 15, 19, 235 of 855 1 


* 4 


"Wy 


| PROP. Ix. 
** Z are given ſeverally ; LIES 


w is EE 
E 0 OLUTIO N. | 
2. By the Canon of Prop. 1. - » To To = 2Z, 
3. Therefore by equal ſubtraction of To . . T. 2Z — Fa, 
4. Therefore by dividing each part of ”_ 2 22—T. 
ast Equation by T, this ari 8 e 


Which laſt Equation gives this- | 
CANO N 


From the double of the Sum of all the Terms ſubtract the Product of the Multi pli· 
cation of the number of Terms by the firſt (to wit, the leaſt) Term, and divide - 
Remainder by the number of Terms; ſo ſhall the Quotient be the laſt Term ſought, 

This Canon may be exemplified by the following (or any other) Rank of Num- 


bers in Arit hmetical Progreſſion continued: 
32.7% EI. 15, 19, 23, 27. 92 


PROP X. 
42 T, Z are given ſeverally 3 


1. © 8 


n 


X is ſought. 
E SOLUTION 


2. Fe " Canor of 4+ bes RS wn, . TTX+ 2T« rx = 22. 
3. Therefore by equal ſubtraction of 21. 2 8 
nom _—_ par, this = ariſe ; . 5 TTX- TX = 2Z - 2Te, 
nd by dividing each part of the la 1 2. 
* Equation by TT=T, the common differ- - X = =? 2. 
ence X will be made known, viz. . 1 
Which laſt Equation gives _, 
AN 0 N. 


From the double Sum of all the Neue ſubtract the double Product made by the 
Multiplication of the number of Terms by the leaſt Term, and divide the Remainder 
by the exceſs of the Square of the Number of Terms above the number of Terms, ſo 
ſhall the Quotient be the common difference ſought. 
This Canon may be exemplified by the — Woot _ other) m_ of numbers 


in Arithmeticdl Progreſſion continued: 
2 1 4 15, 19, 23, 27. 


OP AER Wn £4 Dy ani 
: P R 0 P. Xl. BEE, "I CY 
14 4, X, Z are given ſeverally; „ 
© is fought |. 
p N "RESOLUTION. . 
28 +. By the Cabon of Bp 4. 1 2 1 + * «= = 22, 
. There- 


1 


PREY _— * 


C HA P. 17. concerning Arithmetical. Progreſſion. 


— 
2 8 of e — LY Mt. PREY as. th. on. 2 m 8 — . * 
— 2 #. * 8 


2. Therefore by multiplying that Equation by X N 1 EIS, "I, OP 

| ” his will be Produced; to j.] x 1 X. NX. = 22R, | 
4. And by tranſpoſition of —a«, this ariſes, . _. „ NN = 2ZX bas, 
T 

6. Which laſt Equation falling under the firſt of the three Forms in Seck. 1. Chap. 15 


of this Book, the value of » ſhall be given by the Canon in Se@, 6. of the ſame 


| Chap. vix. 


| „ - VIRK + 2ZK een 2:— 2K. 
ich Equation gives this TTY | | 
"oP __ 9 75 +: FEG Noe £55 5 | | | 

From the ſum of theſe three numbers, to wit, the Square of half the common dif 
ference ; the double Product of the Multiplication of the ſum of all the terms by the 
common difference; and the Square of the firſt (to wit, theleaſt) term, ſubtract the 
Product of the firſt term multiplied by the common difference, and extract the ſquare 
Root of the Remainder ; then from the ſaid ſquare Root ſubtraQ half the common 

difference, ſo ſhall this laſt Remainder be the laſt and greateſt term ſought. 


This Canon may be exemplified by the following (or any other) of numbers 


in Arithmetical Progreſſion continued 
e 3» 7» IT, IS, 19 23, 27. 


„ Por xl. 
J, X, Z are given ſeverally; 
d -'T is U one 
RESOLUTION. | | 
2. The Canon of Bop. 8. gives this Equation, : . XTT-+26T—XT = 2Z, 
24 T— XT __ 2Z | 


— 


HD 


is the higheſt degree of the Quantity ſough TT = = 


let every term of the Equation be divided by (. 
X, whence this Equation will ariſem ,J} 1 
4. Now it muſt be diſcovered from the things given whether 2« exceeds X, or is leſs, 
and then the laſt Equation may be ex- 


+ 24— 2 2 ; „ 885 ne 
n+, ͤ 5 


5. Which Equation falling under the firſt of the three Forms in Sect. 1. Chap. 15. the 


value of T ſhall be given by the Canon in Sec. 6. of the ſame Chap. vin. 
r 2X, 22s N 
314 FG] L N | 


— . 


6. Secondly, If 2c UN, then the Equation in the third ſtep ſhall be expreſs'd thus, 


TT— 


aer = 22. 
=, X 


7. Which Equation falling under the ſecond of the three Forms in 8:8. 1. Chap. 157 


f 


the value of T ſhall be given by the Canon in Sec. 8. of theſame Chap. viz. | 
'F = / FAR —=X I 2a+ 22X, ＋ * 1 N 


C ary CO = 
8. Laſtly, If 22 = X; then the Equation in the third ſtep will be expreſs d thus; 
„ a= Whence, r. ET WIE 


— 
* 


anon J. V hen the double of the leaſt term exceeds the common' difference. 
9. To the Square of the exceſs of the leaſt term above half the common difference add 


the double Product of the Multiplication of the Sum of all the Terms by the com- 
mon difference, divide the Sum of that Addition by the ſquare of the common dif- 


terence and extract the ſquare Root of the Quotient; then from the double of the 
leaſt term ſubtract the common difference and divide the Remainder by the double 
of the common. difference: laſtly, ſubtracting this Quotient from the ſquare Root 
before found, the Remainder ſhall be the number of terms ſought. 


This 


of L 5 an 1. i SS 4, Fs nn 1180 4 | . r 
The three Equations in the ;, 2, and 8 ſteps give a threefold Canon to ſolve this 12 Prq vi. 


* WY 1 D 4 


"HE e of Queſtions "a "BOOK D 


— det 


This rn may be exemplified by the following or the like 8 3 of — in 
Arithmerical Progreſſion continued, where the double of the teaſt n er the 


common difference of the Terms : 
32 „ 75 9, TT, 1%) TY &c. 


= Canon ll. henthe double of the leaf Trim is ls than the common aer of the In, 


10. To the Square of the exceſs of half the common difference above the leaſt Term, 
add the double Product of the Multiplication. of the Sum of all the Terms by the 
common difference ; divide the Sum of that Addition by the Square of the com- 
mon difference, and extract the ſquare Root of the Quotient; then from the com- 
mon difference ſubtract the double of the leaſt Term, and divide the Remainder by 
the double of the common difference; laſtly „ adding this _— to the ſquare 

Root before found,, the Sum fthall be the rand Yoo of Terms fought. 

This Canon may be exemplified by the following or the like Rank of numbers: in 

Arithmetical Progreſſion continued, where the dou le of the leaſt Term 18 les than 


the common difference: 
2, 75 12 17, 22, 27, 32, 37. 


Canon. III. 72 the double of the leaſt Term is equal to the common diffrenceof the Terms, 


11. Divide the double of the Sum of all the Terms by the common difference, ſo 
ſhall the ſquare Root of the Quotient be the number of Terms ſought. 
This Canon may be exemplified by the following Rank of numbers in Arithmetical 
Progreſſion continued, where the double of the leaſt Term 1 is equal to the common 


difference of the Terms: 
3, 95 > 155 21, 27; 33, 39. 


0 E XII. 
4 * 1. „ e 


. & 18 RES 

Ez OLUTION. | 
I 2 By the Canon of Big. 4 8 IXI. 
| 3 Therefore by tranſpoſition of TX—X, this E 4Y © a. Ax. 
| tion will arile which makes known the value o 8 22 
Which e gives this 


CAN 0 N. 

To the laſt, (that is, the greateſt) Term add the common 8 and from the 
Sum ſubtract the Product of the number of Terms multiplied by the common differ 
ence; ſo ſhall the Remainder be rhe firſt (or leaſt) Term ſought. 

This Canon may be exemplified by the llowing or * other Rank of numbers i in 
Arithmetical Progreſſion continued: 

| 3, h 11, 15, T9, 23, 27. ; 


ſ 


AAG 


[ 1 K 5 s OP. XIV. 
fs, are given ſeverally; 
15 : { N — NE BA 
: ESOLUTION. | 
. By the Canon bf hip. 1. pe IO 7. 4. Te = 22, 


And by the Canon of Prop. 12. IK =, 
Which latter Equation if it 8 bs T. wil ras ; 7. IFT r. 


Then if inſtead of Ta in the Equation in the ſeco 
2 take that which in tlie fourth ſtep is found equal to 975 ar. rr E22 


he Equation in cl io ie ae roar ogy 3 
6. Thats. -- „% 1 
i= Which vation this | | 
—_ Tel gies 1 3 

1 | To che Uchble of thelaft (to wit the greateſt) * Term e nee diegenre; 5 
6 of the number of Terms ma pier by e, 


n 


T intoT'= 22. 


100 


[4 


+ 


* » —. % 
— = 4 tdi 5. oo tt. "WO IF I LOTS OE "UI 


c H A P. 1 7. ' concerning Aritimetical Progreſſion on. 
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1 N 


difference : then TITER the Remainder by the number of Terms, the Produc ſhall 


be the double of the Sum of all the Terms, and conſeque tl 
is the required Sum of all the Terms. equently the half of that Product 


This Canon may be exemplified by the following (or any other Rank) of numbers 


in e Progreſſion continued: 
3s 9, II; 15 19, 23, 27, 31. 


* , 
. 4 ; 4 3 2 pu 


PROP WT: - : = 
14 , T. Z are given ſeverally; z | 


àæ is ſought, 


"RESOLUTION: | | 
2. By the Canon of Po. 0% +: 4 © & LS 2Z — Ta _ 


_— 
2. Therefore multiplying each part of that Equation ; | 
5 T, this will Il a . as Eq " 22, — Ta = To, 

oy by 1 of T. in the Laſt Equation 1 n 

* oh will a Ox 26 

5. Likewiſe by tranſpoſition of T., this Equation ariſes, 22, — To = Ta, 
5. Therefore each part of the laſt Equation being di. = EE 


vided by T, the value of « will be made known, vix. * 
Which Equation gives this 
CANON. 


| Divide the double Sum of all the Terms by the 1 of T and fr | 
Quotient ſubtract the laſt (to wit, the greateſt term; ſo ſhall — de — 


firſt and leaſt term ſought. * - 


Ibis Canon may be exemplified b the followin of any other) Rank 
Arithmetical Frogreſhon continued : 4 80 y ) of nein | 


7 3, T II, T5, 19, 235 


PR OR. XVI. 


4-5 T, Z are given ſeverally; 
X is ſought. 
RE SOLUTION. 


—— 


2. n 14 FN into T = =2Z, 


3. That is 27e IX TIR = 
4 Therefore by due t nſpoſition: thisEquation will ariſe, 2Tu—27, — ny =7x 


5. Therefore by dividing all in the laſt Equation by '> 7 2Tw—27, 


TI, the value of X will be made — —T vg 
Which Equation gives this 


CANON, 


From the double Product of the Multiplication of the "OR of Terms by the 


_—_ Term, ſubtract the double of the Sum of all the Terms; divide the Remain- 
by the exceſs of the Square of the number of Terms above the number of Terms, 


10 ſhall the Quotient be the common difference ſought, 


This Canon may be exemplitied by the following (or any other) Rank of numbers 


- In Arithmetical Progreſſion continued: 


3, 77 mY 15. 19, 23, 27. 


— 3 4 2 


PROP. XVII. 


| K-1 1 2 mo Z are given Even, 


« is fou 


| K F$OLUTION. | 
2; By the Canon of Prop. 6, : „ Lo EE —=X, 


22. | 
3. Therefore each f that E being multi- = 
de by i gar mt. A.-. 
ce by ks addition of 25 Re 4 will find, . X * Now = 


130 Reſolution of Queſſiunns BOOK I. 
_ Now before known Quantities can be ſeparated from unknown in the laſt Equation, 
we muſt diſcover from the things given in the Propofition, whether .- No be equal, 
greater, or leſs than 2ZX ? Firſt therefore, NT 


. ** 4 


£ 8 ſe SET M3 4-5-5 3 web Reo = 2ZX, 
5. Ars ans by ſetting v Xe in the place o Ls „ 
2 ZX in the Equation in the fourth ſtep, N. NA—4 -. 


/ COURT WS, Wn 
7. Whence by ſubtracting vo- X from each part, and by} 8 


tranſpoſition of — 2, this Equation E 
8. Which laſt Equation being divided by a, gives . , . KR = & 1 
From the premiſes ariſes this | | es 


CANONEL 
5. When the ſum of the Square of the laſt (to wit, the greateſt) term and the Product 
of the multiplication of the ſaid laſt term by the common difference of the terms is 
equal to the double of the Product made by the mulriplication of the ſum and common 
difference of the terms, then the ſaid difference is equal to thefirit or leaſt term ſought. 
This Canon may be exemplified by the following Series of numbers in Arithme | 
tical Progreſſion continued s 1 5 25 
10. Secondly, ſuppoſe 1 „ „- X. 2 227K, > | 
11. Then from the Equation in the f — = 9 2 


ſtep, after due Reduction, there will ariſe, : 1 
12. In which laſt Equation all things are known but &, and the ſaid Equation falls 


under the ſecond of the three Forms in Ser. x. Chap. 15. Therefore the value of a, 
to wit, thefirſt (or leaſt) term ſought ſhall be given by the Canon in &. 8. of 
the ſame Chap. viz. 5 FT 9 


8 = XT Vr X +42 N. 5 ; 
From the tenth and twelfth ſteps ariſes „„ 1 | 
CANON IL 


13. If the ſum of the Square of the laſt (to wit, the greateſt) term, and the Product 
of the multiplication of the ſaid laſt term by the common difference of the terms, 
exceeds the double of the Product made by the multiplication of the ſum and com- 
mon difference of the terms; then to the ſum firſt mentioned add the Square of half 
the common difference; from this ſum ſubtraQt the double Produtt above mentioned, 
: and extract the ſquare Root of the Remainder : laſtly, add the'faid ſquare Root to 
half the common difference, ſo ſhall the Sum be the firſt (or leaſt) term ſought. 
This Canon may be exemplified by the following Progreſſion;  ' 
3 1 3, 3, 77 9, II, 13. 
14. Thirdly, ſuppoſe F 4 CCPṼb˖ LTH. a- XK. = 22, 
15. But in this third caſe, to the end a poſſi- ) ay =, 
ble Equation may ariſe, this Determina- X. TX, not 2, 
„ 
16. Then from the Equation in the fourt 3 | 
by tranſpoſition of - Xs, this will riſes J Re I = ZK - Xo 
17. In which laſt Equation all things are known but 4, and the Equation falls under 
the laſt of the three Forms in Se@. 1. Chap. 15. Therefore the to values of « in 
that Equation ſhall be given by the Canon in Se@. 10. of the ſame Chap, vis, . 
4 XN 00 RGFIRRETZR: ns : 
Or, @« = X- :; «ot Ro 4RA—228: V 15 
18. Whence it is manifeſt, that if in this third Caſe it happens that o- Ne- EAX X 
= 2ZX, then x; that is to ſay, the firſt (or leaſt) term ſought ſhall be | 
equal to half thegivendifference of the terms, But if in che t third Cale it happers 


2 


aa. 0 1 — 4 "BE. POINT” TY * —_ * * — * * 2 * — —üä6• 
— 3 
— 


C 1 & F 7 7. | concerning Arithmetical Frogreſſho ion. ___ 


that e K 22. then there will be two unequal Roots or n of 4a, 


to wit, thoſe above expreſs d, by either of which the Equation in the ſixteenth 
ſtep may be expounded; yet (as may eafily be apprehended) only one of thoſe 
values of a can be ſuch à firſt (or leaſt) term as will agtee with rhea things given 


in the Propoſition: But which of thoſe two values of & is the leaſt term ſought, 


you may diſcover by the Proof formed thus, viz. Firſt, by the help of one of thoſe 
unequal values of « found out as above, together wich the given faſt (to wit, the 

greateſt) term and the given common difference of the terms, you may find out 

(by the Canon of the third Prop,) e number of terms, (which mult. always be a 
whole number,) and then by the fame value of a, together with the ſaid laſt term 

and the number of Terms you may by the Canon of Prop. 1. find out the ſum w 


all the terms; then if this ſum be equal to the ſum given' in the Propb/” pro — 
t i 


that value of « by which the Proof was made, is the leaſt term ſought. 
that Proof will not ſucceed, then the other value ny & n be the gon] erm fought 5 
as will be evident by the Proof made as Hetore. - 
Ong the 1 on 2855 chere will _ 4-07 Trops __ "1; 
W | 


"#4655 DET) 7 1 5111 
nn ky „ 1 
| | 55 0 4 N 0 N. IL 


19. When the ſum of the Square of the laſt 0 Wit, the ) term, and ihe Pro 
"—- of the Multiplication of the he af laſt term by-the common difference, is leſs 


than the double of the Proqutt made by the multiplication of the ſum and common 


difference of the terms; hut the Aggregate of the ſum firſt mentioned and the ſquare 
of half the common difference is norTefs than the ſaid double product; then from 
the ſaid Aggregate ſubtract the 2 double Product and extract the ſquare Root of 


1 the Remainder, that don ao uare Root to half the common difference of 
the terms, and alſo ſubtract at: id | Root from the faid half difference, ſo 
ch of them, n by the Pfoof made ac- 


J the Sum or elſe the Remainder, (vr pr 
: _ cording to the direction in the f Yreced 


ei ghteanth ſtep will be pare to Farce with 


the things s given in the Propofition,) N15 be the firſt (ot 111 ) t 
This Canon may be exemplified br 2 Vim following nf und Aude * 
Arichmerical Progreſtion continued : * rs IA 2d od 5 ee 
5 5 | ] , i, 5 8, 11, 14, 77. W 15 1 10 1 ron 
1 e e eee e, 
5 I RR. — 1 85 RS 
þ — SUE I rr ooh 5 25841 | —— 
. eee 7D * 0 * XVII. 1 : 
£ "#4 G 'L „ | | | 
1 2 * 2 2 are given feverally 3 EA | 
, ; 2 7 | W 9 * 18 W 1110 i k 
* * SOLUTIO, A. 
2. 2B the e Canon of Prop AIRY? of 4+ XT—XTT - = af... 
hereforediViding ev 8 of the ſaid nation ( becauſe it is drawn into 
eee the number ſought.) ee. Viz 
3 5 2 3 24 T rr = 2 5 tf i 1972 1 {my 
C oe 
21 e 5 21 pe. 2 1 | T 19 1 ID 3516 2 167 Mf: 
55 That is, rr 22. IOW BC Niu * 99 T1599 
fp X X 13 22 3 210 vid VI 


n 4. In which all things are e known but T and the aid 4 falls under the laſt 
> © of the three Forms in SeE,.1... Chap. „ de made 


ene dee im Sf GIG: of the ſame;Chop. vi. $f Yea 

| » . tb) Penna — - al 40% 10563 Uni! | 
Y ; 21; + 3 7 54 * X.. vy wi nee 2417 1 ; by i Gt Ch 

bf 4.348 bout 1 1 yin nont an 

©. er. 981 any 

2 0. 1 = farmer; ei 
ns ) — * 2. * N * Y "WJ . 
at = N e a 


iy Reſolution of Queſtions BOOK I. 
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5. But altho the Equation in the third ſtep 1 expounded by either of the two 
Roots or values of T above expreſs d in the fourth ſtep, yet only one of them can 
be the number of terms ſought; but which of the ſaid numbers, or values of T will 
ſolve the Propoſition you may diſcover thus: Firſt, If one of the two numbers or 
values of T before found out be à Fraction or a mixt number, that value cannot be 
the number of terms ſought, for the number of terms in an Arithmetical Progreſſion 
is alwnys 4 whole number. Secondly, If both the values of T happen to be whole 
numbers, then the true number of terms ſought may be — this Proof; 
viz. Firſt, by the help of one of thoſe values of T in whole numbers, together with 
the given laſt (or greateſt) term, and the given common difference, find out (by 
the Canon of Prop. 13.) the firſt (to wit, the. leaſt) term; and then by the ſame 
number T, together with the firſt and laſt terms, find out (by the Canon of Prop. I.) 
the ſum of all the terms; laſtly, If the ſum ſo found our be equal to the ſum given 
in the Propoſition propos d, then that number or value of T by which the Proof 

was made ſhall be the true number of terms ſought. But if the Proof will not ſuc. 
ceed to find out a number equal to the ſum firſt given, then the other value of 7 
is the number of terms ſought z; which will be evident by the Proof made there. 
with in the ſame manner as before, VVV 
- Fromrhe premiſſes there ariſes thie 8 
of . One 
6. From the Square of the ſum of the laſt (to wit, the greateſt), tr, n, and half 
the common difference, ſubtraQ the double of the ProduQ of the Multiplication of 
the ſum of all the terms by the common difference; divide the Remainder. by the | 
ſquare of the ſaid difference, and extract rhe ſquare Root of the Quotient. That 
done, add the ſaid ſquare Root to the Quotient which ariſes by dividing the ſum of 
the laſt term and halt the common difference by the difference it ſelf, and alſo ſub- 
tract the ſaid ſquare Root from the ſaid Quotient; ſo the Sum, orelſe the Remain. 
der (viz. ſuch of them which according to the preceding fifth "ey will be found to 
agree with the things given in the Propoſ:) ſhall be the number of terms ſought. | 
.._ This Canon may be exemplified by the three following Progreſſions; in the firſt 
of which the greater of the two values of T (in the fourth ſtep) is the number o 
terms ſought; but in each of the two latter Frogreſſions the leſſer value of T is the 
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2, By the- Canon of Prop. 10. „ 5 FF, | = R, N 5 
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3. Therefore multiplying each part of that 1 Þ ki 
by TT—T, this will be produted, to wit. ** | 100 

4. In which laſt Equation all things are known but 4, 7. 2 RY 
whoſe value after due Reduction of that Equation - a 2 4 XIX, be, 
will be found ont, M RE ß “ = 
Which in words Sies hi.. et 2 


* 


7 | | VVV 
CCC 1 | OO LO SLIT SUED WLd36. ES - 1 

5. Divide the given ſumof all the terms by the given number of terms, to the Quotient 

d dd half the given difference of the terms, and from the ſum of that addition fubtract 

half the Product of the Multiplicarion of the ſaid number of terms by the commol 

difference; ſo ſhall the. Remainder be the firſt (to wit, the leaſt) term * 5 

ies of num * ih! 
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This Canon may be exemplified by the following (orany other). e 


in Arithmetical Progreſſio N 22 15 
5 2, 7 Il, 4% „% , bg ; 
7 „ nz A0 ; 


> 5 * + . noi - 
* . e hs: . . * * 9 * * e 
+ % Ee 
is / 12258 5 p £ , ; . 


w Arithmetical e OR 


* and leaſt term is 1, (to wit, 1 


VvVelled every day 1 Mile more than in the day next precee and f 408+ 18 
b * number of terms is a, (which we aſſumed for the ding) an of D (i 


. And becau A travelled 8 1 Miles Ga. 3 


if ſome Footman undertakes to go from the Basket to fetch into it every Stone one after 
another, how many Yards muſt he go to Perform that work? 2nſw. 1640 Yards. | 

Foraſmuch as the Foorman muſt 80 2 Yards (t to hs one forwards, and the ſame 
backwards, ) to fetch the firſt. Stone into 
the third, Cc. here is an Arithmetical Prograicn con 


145 n e e Jet 0 


- - ? 
: 8 * : - 
+ * 
. . * 5 - 
b . h - 
4 * K — * | 
« 8 — — : 
7 * © 3 ** 
1 - : * ; 4 — = 2 _ 
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HA P. 1 7. 2 Arithmetical — * 
> os e : 
-4* 1. xX. Z are given forerally z 
is ſought. 
. RE SOLUTION. 
2. By the Canon of Prop. 16% | * 42 0 1 * 1 
3. Therefore multi lying each part of that vation py . 
TI—T, this *. 5 11 of to Equat 'Þ 2 1. 4 = TTX—TX, „ 


which laſt Equation all thing are known but 


 #, whoſe value, after due 1 ion of that bet == + 2 eos 
nch e > = 2 >, 7615 e I TT 
in w 497 $23 | 
7 ak BR bree ph c Ar | | 
5. 'Di vide the given ſum of All the terms by the gwen Aluberer terms; 168 the 1 15 
tient add half the Product of the Multiplication of the number at terms by the 
common difference given, and from the ſum of that Addition ſubtract half the ſaid 


difference; the Remaindet ſhall be the laft (to wit, the greateſt) term required. 
This Canon may be exemplified fa cba - * or gods other Rami of ann 


| a) N 4 A 
8 1 1 1 * 
e 
: 


*#+ $7 
„ 1 


n 
9 ꝗ— 14 * * — 


8 * 


deute, to SET * fi ie | = ns 7 2 ahi n — bs - 


HAS: 


8 1. Suppoſe 40 Stones be ſo placed! in a ireight line that the firſt is diſtant from 
a Basket one Yard, the ſecond. two, the third three, and the reſt i in the ſame exceſs z now 


the Basket; 4 Yards'for the ſecond z 6 for 
1 5 whoſe firſt (or leaſt) term 

is 2, the common difference of the terms is alſo 2, and the number of Terms is 40% 

therefore the ſum of all the terms, to wit, the number of Yards ſought will be found 


1640, by the Canon of the preceding eighth 
* 87 Two Footmen, 4 and B, depart 5880 6 ſame time from Hofer towards 
0 


vels 
ward; travelling every day one Mile more t in in the day next preceding: The 


nd travel in this manner, vz. 4 travels 8 (or c) Miles ev : B tra- 
ile the firſt day, 2 1 th ſecond day, 3 Miles the third « 5. 00 ſo for- 


ueſtion is, to find in how many days B. will orenaks A? Aſo. 1 os end of 15 
Gays, found out by 1 this following „ # EESTAN 5 105 1b 
oY HET RES 0E 970 N. WO! 75 1 701 N , i 


2. Then to find how many Miles B had travelled when he overtook | - 
A, there is an Arithmerical Progreſſion. continued wherein the firlt Sly Gi 

Iile which B travelled the firftday,)'} 

alſo thecommon difference is 1, (for theQueſtidn' faith that B 0 ne en 


* : #4 1 
1 ; 
C 3 W 4 L — 
- 


ays that B had travelled when he overtook 4;) therefore the ſum e 
of al the terms (or number of Miles that B had travelled) wl 
the Cano — eding Prop. 8. be found to be. 5 


ber af, M 


3 00 * . x ves Male 


the ſame. number *. _ when B 


8 


. 
3 


—— tr Cs. Look 


— . ——— — — — nevi 2 i 

1 134 8 Reſolution = — I W- - © B OK 
4. — hon B overtook 4, each had travelled the ſame" number of 1 Bb 
Miles; therefore the numbers found out in the two n ſteps muſt v en = 


=. equal the one to the other, nix. 33 
5. Which Equation after due Reduction gives HIRE + <> 2+ a= = 26x, | 
Which 1n words 5 this 401 . „„ 


i 


G YO N 

From the; gollble of whe DO of Miles that 4 e dally, ſubrea®t 1 (or 

Unity;) fo ſhall the Remainder be the number of days ought. - 1191172 £7. 

Whence the number of days required w ill be daun 1 55 for thedouble of 8 is: 16 | 

from which ſubtracting 2, the Remainder I 5 is the num ber of days Fought; biz. BR | 

will overtake A at the nd of Ly N as will be e Mo 1 1175 Tacks 1 = 
2 ; — * = h The Proof "2: #59 Sue WONT 4th : 

If I5 be the number of ak and i the firſt (or eilt) t term, as 1 f common 
difference of the terms of anArithmetical Prog teſſion continued; the ſum of 4 the terms 
will (per Canon of Prop. 99 be found 120, 1 the number of Miles which B had tra- 
yelled in 15.Days, (according to the Pro reſſion of 1 Mile the firſt Day, 2 Miles the ſe. 
cond, 3 Miles the third, .) Alſo, 4 travellin Fi 8 Miles every day; 19511 in 15 
days 4 travelled 120 Miles. Therefore the con Ions. in e Kine tated,” 
Queſt. 3c A Merchant diſcharged a Debr of 1379: b... 1 
this manner, viz. the firſt . aw was 1 J. the one 


all the oo to 100 the a Xt roms, which h (by U Chron I EY the 5 85 regoing 


Trop. 12. of this Chap.) will be found 120. 

Queſt. 4. If a. 'Debr "th 1370 L was diſcharg ſever PPa Wente made in fach | 
manner, that tlie ſecond, nt. exceeded} the 18 lb i: Fo third the ſecond, the 
fourth the third, Ce, in. x fame excels, Piz. E every. ollowing vinentexceeded. the F. 
next preceding by + J. andythat the laſt payment was 2141. 8 was the firſt (to 10 
wit, the !. Payt yment, and how many. ſeveral Pay ments did t Debitor make? Wc rt 
Anſw. The oP bY and leaſt Fa 1 8 128. 1 . (found a by the Canon 2. of Mk 17) df R 
and the number of ae found our by the'Canon of Prop: 18.” WW 


Dueft. 5. A Footman trave 5 124 Ow 8 Pays at this rate, viz! The . 8 2 
Days journey exceeded the firft by 3 Miles, the third the fecond by 3 Miles, and ſo . 
Hrovard 1 in that exceſs; How any Miles was his firſt Days N and hom many 


. * laſt? Ap. 3 and 26 Miles ; fe ound out by the Canons of Prop. 19 and 20; | _ 
CS Quel. 6. A Draper Pougst be Cloths for 20 Crowns: piece, and ld the fit ie f 
Cloth for a certainnumber of Crowns; the ſecond for two Crowns more than the fit; ch 
- the third for two Crowns more than the ſecond; and ſo by increaſing the price ut t 
of every following Cloth by. Ne more 15 4 the next p 77 5 Cloth, he ſold Tt 
the af 1 2 Crowns, It is dehred to find the number vis for which = 
he ſold the 


and what he gained or, loſt by all the 2 58 Ew = 
wi 1 955 a We io number of Ternis is 20; WM. Fo 
Ho: ect AnK 1: Thetefore by the lea 
Fo UT: A 155 "orilt be ab al e and 5 il | the 
ry of. Prop. 14.) the ſum of erms 
he Draper gained 4; . by the 


This Queſtio th r 1 
the common di 
Canon of Prep 8. 
the Canon o fy 


56 Price appr a cenain; number of ag * Perſons 
in this mantfly ment he ence, tothe laſt 31 Pence 3 the number 
of Penceg 79 80 ga eceed et that en to the firſt, che third the ſecond, and 
ſo forward e 5 equal n ee is 270 3 how many poor 
eee and bon many TIEN one betwyoetr ths 


No 7 15 Tb 


2 
- <a 


GW rd 


wi. 37 


8. Therefore the roduck of the m cation or Goo +2 
th — FT! ee+ 8s 


CHAP. 17. concerning Arithmetical | Progreſſion. 

Io ſolve this Queſtion, an Arithmetical Progreſſion muſt be concei 
Term is 6; the laſt Term is 51; and the ſum of all the Terms 456: then by the Ca- 
non of Prop. 5. the number of Terms will be found 16 and by the Canon of Prop. 6. 

| the common difference of the Terms will be found 3 ; wherefore thete were 16 poor 
Perſons: and if this Arithmetical Progreſſion, to wit, 6, 9, 12, 


7 c. be continued i 
the ſixteenth Term inclufive, it will ſhe the number of Pence which —— = 
the poor Perſons received ; and all thoſe 16 Terms or N umbers being added t ogerher, 


make the given ſum 45. 


et. 8. A Stationer fold 7 (or t) Reams of Paper, the particular prices whereof 
3 r of Shillings in Arithmetical Progreſſion the price of the — 2 
Ream, that 1s, of that next above the cheapeſt, was 8 (or b) Shillin gs; and the 
price of rhe lalt or dearelt Ream was 23 (ore) Shillings ; what was the price of each 
1 . 
1. For the price of the cheapeſt or firſt Ream put us 
2, Then becauſe the price of the ſecond Ream was el 
8, (or b,) therefore by ſubtraQting a from 8, ( 44. | 
(or b,) there remains the common difference of U . b—a 
the Terms of the Progreflion, vx. | 
3. Then by the help of the leaſt term, the common) 5 
difference of the terms, and the number of terms, ( 3 15 Pe 
ſeek (by the Canon of Prop. 7, of this Chap.) the ( #5 | 24—tath—b 
laſt and greateſt term, which will be found ,) © GEES 
Which greateſt Term laſt found out muſt be equal to 23 (or c,) hence this Equa- 
tion ariſes, viz. Ye i EEE” . "ay 
. 2355 Or getabibb=c 
5. From vrhich Equation due Reduction this ariſes, viz | 


* 
5 


VV 41 = 
WW 


From the Product of the price of the ſecond Ream of Paper (to wit of that novs 
above the cheapeſt, multiplied by the number of Reams, 11 EE the 2 of the — 
of the ſecond and laſt Reams; then divide the Remainder by the exceſg of the number 
df Reams above 2: ſo ſhall the Quotient be ice of the firſt (or chea eſt) Keam 

Whence, by the help of the numbers given in the Queſtion, theſe fol owing num- 
ders in Arithmetical Progreſſion will be diſcovered, which ſolve the Queſtion, viz. 
, 8, 11, 14, 17, 20, 2ꝶ·3. 5 15 | 

uff. 9. One being asked what were the ſeveral ages of his fy i 
E. that the age of the eldeſt exceeded that of dhe I 


ſecond by 2 * 
ind by the ſame exceſß the ſecond exceeded the third, the third the — Ys Sond 


. ore youet ie would produce 129 (or Ya ke de ae 
The numbers ſought by the Queltion are in Arithmetical Progreſſion, 

— OE RESOLUTION, 
by theCanonof Prop. 7. of this Chap,) the age | "fl, |} 5 te- 


LY 


# 


ut n 


Prog http of tha | 


e a ' 
s #8 * | 5 „% 
= Py F 


aa tx xa 


e fit and laſt Terms of the Progreſſion is 
OT; | N 5 4. Which 


* 
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., T: „ LAS - Sy 
4 Ax 1 f - ” = 3 

—— — > > 

3 * ö —— * — y _ 
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55 Reſolution of Queſtions, &c. BOOK I. 


1 


1. For the common difference of the Terms put 


4. Which Product muſt be equal to 128 (or c,) the Product given in the Queſtion 
hence this 2 vix. aa 8a = 1283 Or, aa-+txa-—xa = c, 

5. Wherefore, by reſolving the laſt Equation according to the Canon in Sec. 6. Chap, x 5 
the value of a, that is, the age of the youngeſt Child will be diſcovered, vix. 


* 


V ttxx — 2x x x +qgo—tx—x | 
2 5 


; FR 
nd! 


8 =8 = 
| Which in words is this 


CANON. i | 

From the Product of the number of Children multiplied into the common differ. 
ence of their ages ſubtract rhe ſaid difference; then to the Square of the Remainder 
add four times the Product of the age of the eldeſt Child multiplied into the age of 
the youngeſt, and extract the ſquare Root of the ſum of that Addition: then from the 
faid ſquare Root ſubtract the Product of the common difference of their Ages multi. 
plied into the exceſs of the number of Children above Unity ; ſo the half of the Re. 
mainder ſhall be the age of the youngeſt Child, _ | 55 

Whence theſe five numbers are diſcovered, viz. 8, 10, 12, 14, 16; which ſhew the 
number of Vearsexpreſſing the age of every one of the five Children: for the Product of 
the firſt and laſt numbers is 128, and the common difference is 2, as was required. 

Queſt. 10. H the ſum of 6. (or t) numbers or terms in Arithmetical Progreſſion he 
48 (or z,) and the Product of the common difference multiplied · into the leaſt Term 
be equal to the number of Terms; what are the Numbers of that Progreſſion? 


RESOLUTION. 


if the number of Terms be divided by the common 
difference, the Quotient is the leaft Term, to wit, Y 
3. Now by the help of the common difference, the 1 | 
leaſt Term, and the number of Terms, ſeek (by C . 
by eighth Prop. of this wy the double ſum of © 30a © | tta . = —to 
all the 133 — you —— : 323 a 2 fes 
„ Which double Sum muſt be equal to twice 48, the Sum given in the Queſtion; 
* hence this Equation ariſes, vr. = 1 ö . op 
1: 30 ＋ = = 96; | 


* 


2. Then according to the condition in the comme : 


[YC a. 
R & 


. 


That is, . tta+ Mts _— 


5. Which Equation duly reduced gives 
| . Ba — aa = ; 


— ß q 
tt—t 7 


6. Wherefore by reſolving the laſt Equation according to the Canon in Se@, 10. Chap. ij 

the evoiraines of a will be found theſe, viz. a 55 * 

z TVxX T 2ttt—2tttt | 

0 a = £ = Z—=1y/ 22+ 2ttt—2tttt | 

7. Each of which values of a, to wit, 2 and 4 may be taken for the common differ 
ence fought. Then becauſe 6 is preſcribed. in the N for the Product of the 
leaſt Term multiplied into the common. difference, let 6 be divided by the faid 2 
and + ſeverally, and the Quotients 3 and 5 ſhall be the two leaft Terms of tuo 
Arithmetical Progreſſions, each of which will ſolve the Queſtion : And therefore 

The fix numbers ſought may be either theſe, 3, 5, 7, 9, 11, 13; 
| Or theſe, . 0 o ton . „ 5 3 . 5, 6478 82, 9 In. 

— _ ” which kn dne the ere Tony 156, dbe lun; of all the T em 

is 48; and the common difference multiplied by the Term ices the num 

of Terms. Which was preſcribed in — Queſtion, __ Lag 25 4 


The End of the Firſt BOOK, 
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into it ſelf. As for Example: The Binomial Root 4e _ 
that is, ate by ate, produces aa-+ ade fee, the Square o 


J ↄ 80 8 


1 0 THE. = 


Algebraical ART. | 


— 


—— 


__ BOOK U. 


e 


Concerning the Geneſis or Production of Powers from Roots Bino- 
ä W 1 


mial, Trinomial, &c. 


Shall take it for granted, that the Reader of this Second Book of Algebrai- 

cal Elements is well exerciſed in the Firſt; and therefore — making 
any repetition of what has been there explained at large, I ſhall proceed 
to the handling of new matter in this Myſterious Art. Firſt then, foraſ- 

much as the Extraction of Roots is undoubtedly the hardeſt Leſſon in Vul- 
gar Arithmetic, and the Reaſon of the Rules delivered in moſt Treatiſes of 
Arithmetic for extracting of the Square and Cubic Roots is known but to few practi- 
cal Arithmeticians, I ſhall explain what our learned Divine and famous Mathemati- 


[. 


cian Mr. /7lliamOughtred, hath ſuccinctly delivered upon this Subject in the twelfth, 
_ thirteenth, and fourteenth Chapters of his Incompara 


ble Clavis Mathematica; to 
which end in this and the in Chapters I ſhall firſt ſhew the Geneſis or 
Production of Powers from Roots Binomial, Trinomial, Cc. and then in the third 


and fourth Chapters their Analyſis, or the Extraction of the Root or Side out of any 


given Power, whether it be expreſs d by the Number or Letters. 


II. If a Line or Number be divided into any two parts, ſuppoſe a the greater and 
e the leſſer, theſe connected by the Sign ＋ or — do conſtitute a Binomial. Root, as 
a + e or a—e, the latter of which ſome call a Reſidual Root, becauſe it imports a Re- 


mainder, viz. the difference of the two Names or Parts of the Root. In like manner theſe 


Compound Quantities a + b + c, a—b—<c, and the like, may be called Trinomial 


© Roots, hecauſeeach of them confilts of three Names or Parts; and a b N ef d a 
* .Quadrinamial Root, that is, a Root conſiſting of four Parts: And ſo of others. 


1. e een eee ir | 1 Ed 3 
III. F rom a Root Binomial, Trinomial, c. Algebraical Powers may be produced 


in like manner as from a fimple Root, -viz. by a continued Multiplication of the Root 
multipfſed by it ſelf, 
1 Nu L+4. Again, if the 
Square aa 24e fee be =6ldpticd by its Root ate, the Product will be aaa-+ 3aae 
+ 3aee-þ-eee, which is the Cube of the Root ae; and if the ſaid Cube be multipli- 
ed by its Root a-Fe, it. will produce the fourth Power.; and ſo you may proceed to 
find a fifth, fixth, or what Power you pleaſe, from the Binomial Root a+e. But 


- - . | * .. | q 
For the greater evidenee view the following Operation. , . 4 
; . 467 21 £1099% Dee hee cs fy oy. X . ' 


* Binomial 


K II. 


BOO 


The Production of Power 


— — 
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ry 


Binomial Root, ae 
| are 


— 


r 


aa rue 


+ ae-- ee 


Square, 1 aa 2ae-+ ee. 
ae 


aaa T 2aaeþaee 


+ age 2ace-Þ eee 1 


— 


»„— 


| Cube; 5 aaa-+ zaae - gare ere 
| | are 
aaaa·¶ zaaae Zaaee I acee 
+ aaae ＋ Zaqaee Zaeee I eeee 


1 


Biquadrate, . « aaaa+ daaae - 6aaee-+- gacee - _ . 7 


After the ſame manner, if the Reſidual Root a—e be multiplied by it ſelf, the Pro. 
duct will be aa—2ae+ee the Square of a—e. Again, if the Square aa—2ae— 
be multiplied by its Root a—e, the Product will be aaa—3aae-t 3ace—ece, which 
is the Cube of the Root a—e. And ſo you may proceed to find a fourth, fifth, or what 
Power you pleaſe from the Refidual Root a5; view the following Work. 


Reſidual Root . . a—e | 
. 15 
be —aeee 


Square, , « « »« aa—2ae-Fee 


- aaa—2ane-þaee 
—aae＋ 2a. e — eee 


8 1 19585 aaa zaae . zaee — eee. 


— TY n 


aaaa — Zaaae + Zaaee——acee 
—aaae Zuace — z ace eee 


Biquadrate, : « aaag—gaace+ baare—garre+ eee. 


By thoſe two Examples it is manifeſt, that the Powers from the Reſid ual Root a. 
differ only in the Signs ++ and — from like Powers formed from the Binomial Root 
a Te; for in every Power of a Reſidual Root, the Signs prefix d before the Parts or 
Members of the Power are alternately + and — ; viz. the greateſt or firſt Member 
is Affirmative, the ſecond Negative, the third Affirmative, the fourth Negative, and 
ſo forwards : as you may ſee in the Cube of a—e, where aaa the greateſt extreme Mem- 
ber is Affirmztive; the next Number in order being —3aae is Negative; the third 
Member + 3aee is Affirmative; and the laſt (to wit, the leaſt) Member — ese is Ne- 
gative. But in every Power produced from a Binomial Root, whoſe Parts are con- 
netted by +, as ae, all the Members of the Power are Affirmative. 5 
IV. If according to the Conſtruction in the laſt preceding Section a Scale or Rank 

of Powers be formed from a Binomial Root, as from ae, the Members of each 
Power to the tenth inclufive will be ſuch as you ſe in the following Table, where the 
two laſt Powers are compendiouſly expreſs'd according to Cartefins his way, | 
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C HAP. 1. from a Binominal Root. 


A Table of Powers produced from the Binominal Root #+ e. 


FE 8 „ . © The Root. 
We 1 „ — . -eo TRes -* ** 
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V. By the dee Table it is evident, that the Square of ae conſiſts of aa 
zue-Fee; which ſhews, that if a Number be divided into any two parts, the 


of that Number ſhall be equal to the Squares of the parts, and to twice the Fraud 


made by the Multiplication of the parts one into the other; as if 12 be divided into 
10 and 2, which may be ſignified by a and e, then Uh N 


- LY 
152 
ad — * 


_ 


"The Square of io 33 
Product of 10 multiplied by 2 
is 20, which doubled makes F 40 
CC 


Wich three Numbers, to wit, 100, 40; and 4, a 
added together make the Square of 12, viz. . 


In like manner the ſaid Table ſhews, that the Cube or third Power of the Binomi- _ 
al Root a-+e confiſts of the Cubes of the Names or Parts of the Root a and e, toge- 
ther with the triple of the ſolid Product mage by the Multiplication of the Square of 

he greater part a into the leſſer part e, and the triple of the ©. apy made by the 
ultiplication of the greater So a into the Square of the. leſſer part e. This may be 


100 4 „„ 
Es 3 — 


144 = aa f ae L. 


Nuſtrated by Numbers thus: Suppoſe 12 to be divided into 10 and 2, which may (as 
before) be fepreſented by a am e; then the Cube of 12 or of age will de ual to 
he Sum of theſe four ſolid Numbers, N 8 5 * 

| | . | : 5 | . ; | 5 - | * 0 : 8 


. * ! 
£ 1 * * 1 IE 4 —_—_———— 
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140 | | 5 The Production of Powers | 


The Cubgof 10 is Iooo | aaa 

The Square of 10 is 100, which mul- } = 
tiplied by 2 produces 200, this >. 600 | 3aae 
tripled makes + 0 1 

Again, 10 multiplied by 4 theSquare | 
of 2 produces 40, the Triple where- > . 120 


' BOOK II. 


Jaee 
r 2 


r ; 8 eee 


122 


Which four Numbers, v:z. 1000, 600, | 
120. and 8, added together make the > . 1728=aaa-þ 3aae Zaee eee 
Cube of 12, (or 12x12x12) that is ) uy IH. 
After the ſame manner the reſt of the Powers in the Table might be expreſs'd by 
Words. Whence tis evident, that this literal Method diſcovers many Properties in 
Powers, which in Numeral Calculations do lie in obſcurity, y. 
VI. Moreover, by a bare Inſpection into the ſaid Table it may be perceived, that 
the Number prefix'd to every one of the mean Members of every Power produced from 
the Binomial Root 2 e, is compoſed of the two Numbers prefix d to the next ſuperi. 
our and inferiour Members of the next preceding Power. As for example : If you 
conceive the Line upon which-3aae is ſet to be continued forth at length, it will pak 
between aa, that is, Iaa and 2ae, in the foregoing ſecond Power (or Square.) Now 
I fay that the number 3 prefix d to aae is the ſum of 1 and 2 the Numbers prefix*d to 
aa and ae. Likewiſe the number 6 prefix'd to aace, one of the Members of the fourth 
Power, is compoſed of 3 and 3, the Numbers prefix d to age and aee in the third 
Power. Again, the number 15 prefix d to aaaaee is the ſum of 5 and 10, the Num- 
bers prefix d to aaaas and aaaee in the fifth Power. Hence a Table may be made to 
ſhew what Numbers are to be prefix d to the mean Numbers of every Power. 
2 For the Square. 
3 2 For the Cube 
4 6 . 4 For the fourth Power. 


— 


3 10. 10 & For the fifth Powyer. 


„ | For the fixth Power: 


„ 21 : 7 For the ſeventh Power. 


een md PA A CG 
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8 . 28. 56 . 70. 56 . 28 . 8 For the eighth Power. 


9 . 36 . 84 . 126.126 . 84 . 36. 9 Por the ninth Power. 


10 . 45 . 120. 210. 252. 210. 120. 45 . To For the tenth Power. 


»„ä—— 
— 


B | | + 
4 


In this Table the Numbers from 4 to B, and likewiſe from 4 to C, do proceed 
from 2 in an Arithmetical Progreffion, having 1 (to wit, Unity) for a common dit- 
ference; and every one of the mean Numbers ſtanding between the ſame Term of 
= each Progreſſion, is compoſed of the two Numbers which ſtand next above each mean 
4 Number reſpeQively : As 6, which ſtands between 4. and 4, is the Sum of 3 and 3, 
| | which ſtand above and on cach fide of 6 : likewiſe 10, which is ſet between 5 and 5, 
is the Sum · of 6 and 4 which ſtand above 10; and ſo of the reſt. So that this Table 
may be eaſily continued further at pleaſure. * 
VI. Any Power of a Binominal or Refidual Root expreſs d by Letters, may without 
2 continued Multiplication of the Root into it ſelf be eaſily formed by the following 
Method, which is deduced from the Premiſes, viz. Suppoſe the fifth Power of 55 


if — * L r 
=> 
— in 
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Binominal Root aT e be defired ; F irſt, I write all the fimple Powers of a, deſc ati 
orderly from the fifth Power downwards to the Root 4; as aaaaa, aaaa, aaa, aa 
anda, as here you ſee inthe firſt Columel : then to Ty IT 


* 


all thoſe Powers, except the uppermoſt aaaaa, I joyn 2334-02): bi; fa) 
ſuch ſimple Powers of e, that the Sum of the Indi. 1 (1) (2) | 0) 
ces of both Powers may make 5, viz. To aaaal aaaaa aaa aaaaa_ 
ſoyn e; to aaa, ee; to aa, eee; and to a, eeee; then aaa aaaaęe Faaaae 
write eezee underneath; ſo that there are fix di- aaa aaace | Toaaace 
ſtinct Members or Terms, every one of which conſiſts aa | aacee lLoaaeee 
of five Dimenſions, as you ſee in the ſecondColumel. @ acece Jaceee 
That done, by the Table in the foregoing Sz8. 6. l eee eccee 
] find that the Num 5, Jo, 10, and 5 are to be 5 | 
by prefix d before the mean Members of the fifth Power; and accordingly I fet 5 before 
in aaaae, 10 before aaaee, likewiſe 10 before aaeee, and 5 before aceee, laſtly. by prefix- 
ing-+,or ſuppoſing it to be 3 before every one of the ſaid five Members, the 
lat fifth Power of the Binominal Root ae is compleated, as you ſee in the third Columel, 
m and in every reſpect agrèes with the fifth Power in the Table in the foregoing Se. 4. 
rl But if the Signs and — be alternately prefix d before the Members of the ſaid fifth 
'Ol Power, according to what has been ſaid at the latter end of Sed. 3. it will be the 
ak fifth Power of the Reſidual Root a—e. WE. | 
ow Li: N e | * | | | 
to VIII. Laſtly, from a Root conſiſting of three, four, or any number of parts, the 
rth ee Cube, or any higher Power of the Root may be produced by a continued 
ird ulriplication of the Root into it ſelf: As the Trinomial Root at c being mul- 
im- tiplied by it ſelf, its Square will be found aa-+ 2ab+ 2ac+bb+2bc+cc; and this 
> to Square multiplied again by its Root a+b-+c produces the Cube of the ſame Root, 


that is, daa 3aab-+ 3aacÞ 3abb-+ Gabe 3acc+ bbb-+ 3bbc+ 3bce+ ccc. After the 
ſame manner Powers may be produced from a Root confiſting of four, or any Num- 
ber of Parts. And if the Conſtitution of Powers expreſs'd by Letters be ſeriouſly 
confidered, it will be ſome help to diſcover whether an Algebraic Quantity confiſting 
of more than three Members or Terins be a perfect Power or not, and alſo give ſome 
light to diſcover its Root. . 88 


- 


- 


. Concerning the Compoſition of Powers in Numbers from a 
"= | Binominal Root. 3 


* 


| | . | Side · — 


Wer. 


I. QUppoſ the Square of the Root 28 be deſired: Firſt, write down the Root 28 in 
ſuch manner that there may be ſpace enough to ſet one Figure between 2 and 
8, andletaLinebedrawnunder them; as alſo two downright Lines, the one next after 


dear 2, and the other after 8, to the end the Numbers which are to be found out may be 
1 . orderly placed for Addition: then let the Root 28 be conceived to be divided into 
m o theſe two parts 20 and 8, and let a be put for 8 | 

mean the greater part, and e for the leſſer. Now 2] 8] Root propoſed. 

nd 3, WF foraſmuch as the Square of a-+e is aa+ 200 42 20 afjoo aa | 

nd 5 Tee, therefore the Square of 28, or of 20 , —  * 2l2dſzae 

Table + 8 may be compoſed thus, VI%. The Square ; 4 64l ee 


| of 20 is 400, (or aa; the double of 20 is 
ithout 40, (or 2a) which multiplied by 8 (or e) pro- MR 
1 758 duces 3 20, (that is, 2e; ) and the Square of 888 NR 

of ie W is 64 (ores) Laftly, the faid three Numbers 400, 320, and 64, being ſet under one 


7A Square required, 


* 


* my 
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another in ſuch order, that Units may ſtand under Units, Tens under Tens, c. and 
added together the Sum makes 784, the Square of the Root 28; as may eaſily be 
proved by multiplying 28 into it ſel t. ig 
2. When the given Number or Root whoſe Square is deſired conſiſts of three or 
more places, as 47803; firſt, the Square of the two foremoſt Figures towards the left 
Hand, that is, of 47, muſt be found out in like manner as before in the firſt Example, 
ſo there will be produced 2209 for the Square of 4.7, as you ſee in the following Exam. 
ple 2. Secondly, write 47 in a void place, and annex a Cypher to it, ſo it makes 470 
this Number muſt now be eſteemed a, and 8 the next following Character of the Root 
muſt be taken for e; and then according to theſe values of a and e the Numbers figni- 
fied by aa, aue, and ee, being added together make 228484 for the Square of 478, (as 
you ſee here underneath.) Where obſerve, that to find the Square of 470 (that is, 
of a) you need only annex two Cyphers to. 2 209, which was before found for the 
Square of 47. Thirdly, annex a Cypher to 478 ina void place, and it makes 4780 for 
a new Value of a, and the next following Character of the Root, to wit o, is the new 
Value of e, then according to theſe Values of a and e, the Value of aa+ ae. ee is 
22848400, to wit aa only; for e=o, and conſequently 2ae+ee=0: ſo the ſaid 
' 22848400 is found for the Square of 4780. Laſtly, by annexing a Cypher to 4780 it 
makes 47800 for a new Value of a, and 3 the laſt Figure of the Root is the new Va- 
lue of e; then according to thefe Values of 2 and e the Sum of the Numbers fignified 
by aa, 2ae, and ee, makes 2285 126809, which is the Square of the ſaid given Root 
47803, as may eafily be proved by multiplying the faid Root by it ſelf. Compare 
the following Example with the precedent Directions. . 925 
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Example 2. of Sect. I. 
e. Root propoſed. 


{| a> 
ae 
n es oe bs 


4 =47 80 


jog] ee 
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Sect. II. 07 the Compoſition of a Cube from a Number given for the Side or Root. 


Rs Let the Cube of the Root 28 be defired : Firſt, 1 write the Root 28 in ſuch 
manner, that there may be ſpace enough to ſet wm 3 2 and 8; then ha- 

II . Ving drawn a Line under 28, and down- 
| __ 8] Root propoſed. - right Lines as before in- = Square, I 


2 


*»- - - 
o 
7 ro * 


. .8000 aga - conceive the Root 28 to be divided in- 
e 8 g600}3aas © | to 20 and 8, that is, a and . Now 
: 3840 ae Ys foraſmuch - as the ( of ate is 

512 % ² compoſed of theſe four Members, viz. 


21552 , Cube defired, aaa, 3aae, ase, and ees, (as appears 
. 5 . by the Table in Sed. 4. Chews. > there . 
- the Cube of 20-+8 (that is, of 28) may be compoſed thus, viz, Firſt, the 

/ lbe of 20 is 8000, (that is, aas.) Secondly, the triple of the Square of 20 being 
= : e mul 


1 


— 


> 12 
2. 
FIR 4 
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multiplied by 8 produces 9600, (that is, 3aae;) thirdly, the triple of 20 being mul- 
tiplied by the Square of 8 produces 3840, (that is, 3aee;)) fourthly, the Cube of 8 
is 512, (that is, ece, laſtly, the ſaid four Numbers $000,9600,3840,512, being ſet 
under one another in ſuch order that Units may ſtand under Units, Tens under Tens 
cc. and added together make 21952, the Cube of the given Root 28. : 
2. When the given Number or Root whoſe Cube is defired conſiſts of three or more 
places, as 28503 ; Firſt, the Cube of the two foremoſt Figures, that is, of 28, mult 


be found out in like manner as before in Example 1. ſo there will be produced 21952. 


Number muſt now be eſteemed a, and 5 the next following Character of the Root 
mult be taken for e; then according to theſe values of a and e the Numbers fignified 
by aaa, 3aae, 3aee, and eee, being added together make 23149125 for the Cube of 
285, (as you ſee in Example 2.) where obſerve that to find the Cube of 280, that is, 
of a, you need only annex three Cyphers to 21952, whick was before found for the 
Cube of 28. Thirdly, annex a Cypher to 285 after it is ſer in a ipare place, and it 


wit, o, is the new value of e: Then according to theſe values of « and e, the value 
pf aaa 3aae-+ gaee cee is 23149125000, that is, aaa only; for So, and conſe- 


2850. Laſtly, by annexing a Cypher to 2850 it makes 28500 for a new value of 
, and 3 the laſt Figure of the Root is the new value of e; then according to theſe 
alues of a and e the Sum of the Numbers ſignified by aaa, 3aae, 3aee, and eee. 
makes 23156436019527, Which is the Cube of the given Root 28503, as may eaſily 


g Example with the precedent Directions. 


Example 2. of Sect. Il. 
a=20. $looo] gf gan. © Rare 
a=280 215 2 | 24a 
2 ziſooe 3% 
=2850 ** * . © 23|149]Iz5]ooo] aaa 
8 = zaae 
3 zaee 
8 TE = 
4 = 28500 43114 0000 aaa 
* 3 bY L 250/000[3aae 
9 : | 5000 zage 
I 
r361436lorg527) Cube defired. 
[ Sect. 
ere · 


| Secondly, write 28 in a void place, and annexing a Cypher to it, it makes 280, this 


makes 2850 for a new value of a, and the next following Character of the Root, to 


quently zaae - zaee -I ece So, fo the ſaid 231491250000 is found for the Cube of 


Je 3 by multiply ing rhe ſaid Root into it RIF Cubically. Compare the follow- 
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Sect. III. Of the Compoſition of a Biquadrate, or the fourth Power, from 4 
Number given for the Root. 1 


1. Let the Root 28 be propoſed, and its Biquadrate or fourth Power defired. Firſt 

I write the Root 28 in ſuch manner that there may be ſpace enough to ſer three Figurs 
between 2 and 8; then having drawn a Line under 28, and downright Lines, as in for 
mer Examples, I conceive the Root 28 to be divided into 20 and 8, that is, a and 7 
now foraſmuch as the Biquadrate, or fourth Power produced from the Binomial Rog 
ate is aaaa + gaaae ＋ 6aaee T gaeee + eeee, (as appears by the-Table in Seck. N 
Chap. I.) therefore the fourth Power of 20+8, (that is, of 28) may be compoty 
5 5 thus, viz. Firſt, the four 


2} . 8] Root propoſed. c _ * Y 2 

2 — —b_—_—— | (that is aaaa;) ſecond! 
a=20 : 6 d = four times the Cube of : 
1. 1 Ys} Xa bdiing multiplied by 8 py 
455 Cas | I duces 256000, ( that k 

e ee 4aaae ;) thirdly, fix tim 

ED rite defired the Square of 20 bei 

61146561 Biquadrate deſired. multiplied by the Squz 


: . . of 8 produces 1526, 
(that is, 6aaee, ) fourthly, four times 20 multiplied by the Cube of 8 produc 
40960, that is, 4aeee ; fifthly, the fourth Power of 8 is 4096, (that is, ecce;) laith 
the Sum of all the ſaid five Numbers, to wit, 160000, 256000, 152600, 40966, at 
4096 makes 614656, which is the fourth Power of 28 the Root propoſed ; as ni 

eaſily appear by the Multiplication of 28 four times into it felf 
2. When the given Number or Root whoſe fourth Power is defired conſiſts of the 


the work will ſtand as you fee in the following Example 2. After the ſame manz -_ 
the work is to be continued when the given Root conſiſts of more than three plan _ 


2 $ 5 | Root propoſed, 


a=20 | 1600 aaaa 
e= 8 25600 4aaae 
= 153600 | f6aace 
4 960 Iaaecee 
O96 RS 
42280 614656 OOOO] aaaa 
1 ' 4[3904/0000[qaaas 


Is oOo ee 
| TI4{0000[qaeee 
625 eeee 


FBiquadrate required. 


CH APP. 2. from a Binomial Noot. 
Example 3. of Sect. III. 
_ Root propoſed. 
| a4 = 


4 = 20 I OOOO | aaa 
8= 22586000 | 5 
152600 ; 
40960 
Hoge Wl 
422 280 6 1465619000) 
gE= © ©0000 
: 5 oOOO 
. ©0000 
5 0000 
a=280 GI 4656|0000 ooo aaa 
8= 5 43 90j4©000J0000[44ane 
+: I 1/7 600ſo000|[64aee 
I40o000j4aeee 
: _| 625] ecce 
61/05 8174000625 Biquadrate deſired. 


2 4 
08. 3.0% 
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= Sect. IV. Of the Compoſition of the fifth Power from a Number given for its Root. 
„ 1 1. Let the Root 28 be propoſed, and its fifth Power deſired: Firſt, let the Root 28 
8 Ml be written in ſuch manner, that there may be ſpace enough to ſet 4 Figures between 


2 and 8; then having drawn a Line under 28, and downright Lines, as in the Exam- 

ples of the precedent Section, let 28 be conceived to be divided into 20 and 8, that is, 

a and e; now fotaſmuch as the fifth Power produced from the Binomial Root a+ e is 
aaaaa+ 5adaat+ I oaaaee+ I oaaeee . 5aeece-t eeeee, (as is manifeſt by the Table in 
Leck. 4. Chap. 1.) Therefore the fifth Power | _ EE 
of 20+8 (that is, of 28) may be compo- = 2 2] : | 
ſed thus; Firſt, the fifth Power of 20 is a=20 2200000| 0 


» 


3200000, (that is, aaaaa ;) ſecondly, five e= 8 6400000) Sjẽ 
times the fourth, Power of 20 being multi- | _ -$1/20000|[dgaare ; 


plied by 8 produces 6400000, (that is, 2045000 I caacee 
caaaae ; ) thirdly, ten times the Cube of 20 4,09600| 5aceee 
xing multiplied by the Square of 8. produ- 5 [32768 
es 5 120000, that is, Ioaaaee;) fourthly, R . 1721036 
en times the Square of 20 multiplied by tne | 2 | 
ube of 8 produces 2048000, (that is, Ioaagee z) fifthly, five times 20 multiplied 
by the fourth Power of 8 produces 409600, (that is, 5aeee ;) ſixthly, the fifth 
Power of 8 is 32768, (that is, ecees; laſtly, the Sum of all thoſe fix Numbers, viz, 
2200000, 6400900, 5120000, 2048000, 409600, and 2768 makes 17210368, 
hich is the fifth Power of 28 the Root propoſed, as will eafily appear by multiplying 
28 five times into it ſell MW 4-4 . "> 
2. When the given number or Root, whoſe fifth Power is deſired, confiſts of three 
places, as 285; Firſt,the fifth Power of the two foremoſt Figures 28 muſt be found out 
n like manner as in Example 1. of this Se&. ſo there will be produced 17210368 for 
he fifth Power of 28. Secondly, let 28 be ſet in void place, and annex a Cypher 
0 it, ſo it makes 280, which muſt now be eſteemed a, and 5 the next following Cha- 
acter of the Root muſt be taken for e; then according to theſe values of a and e the 
umbers fignified by aaaaa, 5aaaae, Toaaase, Toaaeee, 5acere, and eeeee, being added 
ogether make 1880287678125, which is the fifth Power of the given Root 285, 
nd the work will ſtand as you ſee in the following Example 2. Nor will the Ope⸗ 
ation be more difficult (though more laborious) to find the fifth Power of a Num- 
er (or Root) conſiſting of four or more places. | TOs 5 


- "Bangle 


Ern 


into 3 Members, to wit 11, 90, 25. In like manner if the Square Root of 785 be deſired, 


5 


aaaaa 

q aaaae 
I oaaace 
Ioaacee 

5acece : 
 eeeee 3 
10368 aaaaa 
36640|e0000| S aaaae 

15 4880|00000[I oaaaee 
| 988[00000[I oaacee 

8[75000| 5aeeee 

3125 ececce 


— — 


: 188[20876 78125! Fifth Power defired, 


: 

| | 

By the Precedent Rules and Examples of this Chapter, the Ingenious Reader will { 
eaſily apprehend how to compoſe the fixth, ſeventh, or any higher Power, from a i 
Root given in Number, and conſidered as a Binomial ae, as before hath been di. . 
refted. TIE main Bufineſs conſiſting in a right underſtanding of the Number ſignified 1 
by a and e, and in finding out the Numbers anſwering to the Members of the deſired { 
Power of a-+e, according to the Table in Sec. 4. of the precedent Chap. I. i . 
— — — | . BM 2 
| tr 

Concerning the Reſ, olation of- Powers expreſt by Numbers, or the Re 
Extraction of all kinds of Roots out of Powers given in % 
Numbers. 3 . u 

ä | 5 5 wh 

Sect. I. Of the Extraction of the Square Root out of a Number given, * 

| 5 2 this 
. 1 it be obſerved in general, that the Reſolution of every Power given in Ref 
Numbersconfiſts in a Regular Subtraction of thoſe Numbers which are ſup- the 
poſed to be added together in the Compoſition of each Power reſpectively, accord und 


ing to the Rules of the laſt preceding Chapter, wherein I preſuppoſe the Reader to 
be well exerciſed. And for the more ready Extraction of any Root, it will be conve- 
nient to have in a readineſs the reſpective Powers of the nine fingle Figures; as if 
the Square Root be deſired, then the Squares of 1, 2, 3, 4, 5, 6, 7, 8, 9, will be uſe- 
ful, which Roots and Squares are expreſt in the following Tabulet. . Sx 


ROOTS. | x | 2 | SHE 167185 
SQUARES. | x | 4 9 16 25 36 | 49] 64 81 | 


2. When a whole Number is propoſed, and its Square Root deſired, the Numbet 
propoſed muſt he prepared for Extraction, by diſtributingit into parts or members af. 
ter this manner, vx. Firſt, ſet a pon over the firſt or Units place of the given Num- 
ber, then paſling over the ſecond place ſer another Point over the third ; alſo paſſing 
over the fourth place ſet another Point over the fifth: and in that order if there be more 
places in the given Number, Points are to be ſer, ſo that betryeen every two Points 

which ſtand next to one another, there will be one place without l 

119025 Point over it. As for Example: If the Square Root of 119025 be del. 
red, I ſet Points as here you ſee, whereby the ſaid Number is diſtribute! 


| the 


CH AP. g. 


but 441 exceeds 384, and therefore cannot be 


der; whence I conclude, that e muſt be leſs than 9: 


” 


z - 


» 
8 


out of a Number 


wo 33 


Members 7 and 84. The Points ſer as aforeſaid ſhew: the number of 
places that will be found in the Root; for. if there be two Points, - 8 4 


ihe Points will, Rand as you fee here, wheieby the fad 5841s dſtribured he em 


| There will be two places in the Root; if three Points, then the Root 


will confiſt of three places, ©. The Points alſo ſhew what Member of the Number gi · 
ven belongs to the dig out of every ſingle Character of the Root ſought, as is evi- 
dent by the Rules in Seck. nt. Chap ught, 

preparatory to the Extraction of the Square Root, I ſhall proceed to 


4 . 


Examples. © 
FO Ot" | 


. 5 all | 
Exanpls Il. ag d 


3. Let it be required to extract the r Root of 784. By the Preceding Rule 2. 
it is evident that the defired Root conſiſts of two 2 of ſome number of Tens 
under 100, and of ſome number of Units under 10 ; which two numbers (agreeable 
to the compoſition of a Square in Se@. I. of the ptecedent Chap. 2.) may be repreſented 
by a and e, ſo that a and e ſignifie the Root ſought ; and conſequently the | Marne of 
ae, that is, aa+ 2aeee is equal to the propoſed Number 784. Now to find out 


the number of Tens, (that is, a) in the Root; (after a crooked Line 1 5 drawn on the 


right hand of the given Number, that the Root, like the Quotient 


in Diviſion, may be ſet next after the ſaid crooked Line, as alſo © 87 E | 


a downright Line next after each of the Points, as here you ſee;) ', 


4 
* 
” w 


* 


uare whole Number contained in the firſt Member towards the _ 3 
hand from the ſaid Member, and to write the Root of the ſaid | 
ſquare Number in the Quotient for the firſt 9 — Figure of the defired Root: ſo 4 be- 
ing the greateſt Square contained in the firſt Member 7, I ſubſcribe 4 under 7, and ſer 


10 a 
the firſt work in the Extraction is always to ſubtract the greateſt 1 * oy 


2 the Root of the ſaid 4 in the Quotient, then after a Line is drawn under 4, I ſub- 


tract 4 from 7, or 400 from 784, and there remains the Reſolvend 384, that is, that 


part of the given Number 784, which is yet to be reſolved. Now. obſerve, that the 


faid 2 in the Quotient, inreſpe& of the next following unknown Character of the 
Root, is really 20, which is the Number ſignified by a in the Compoſition ; and the 
Square of 20, to wit 400, is aa, which being the firſt Number found in the Compofiri- 
on, is the firſt Number to be ſubtracted in the Reſolution. Obſerve alſo, that the next 
fingle Character of the Root, whither it happen to be a Figure or a Cypher; is called e, 
which is yet unknown. | e nee 0 

4. Then proceed to find the value of e, that is, the greateſt ſingle Character with 
this Condition; that the ſumof the Numbers ſignified by 22e and ee may not excced the 
Reſolvend 384. ; for from this Number that ſum muſt be ſubtracted. Now becauſe( for 
the reaſon aforeſaid) a is 20,therefore aa is 40,which muſt beeſteemed a Diviſor, and ſer 


under the Reſolvend; then I divide the ſaid Reſol- 


vend 384 by 40, and find the Quotient 9 for the 84 (28 
Number e, provided it will anſwer the Condition Syhtra&  - 784 (2 | 
before mentioned; and therefore I make Tryal  _- 84 2Reſdlven 1 6] 
(in a waſt Paper) to ſee whether 9 will ſatisſie fas cats 


e be 9, and 2a 40, then conſequently 2ae is 360, 8 
and ee is 81; therefore 2ae + ee 441, this 64] ee 
ought to be ſubtracted from the Reſolvend 384; Subtract 3 | 840 Ablatitium 


100 


200 2ae 


| 3 
the ſaid Condition or not in this manner, viz. If 2929 449 Diviſor 
5 


ſubtracted from it, ſo as to leave a real Remain- 


r; w | -and therefore I make tryal with 
8 in like manner as before with 9, viz. If e=8 and 24 = 40, then conſequently 
24e=320, and ee=64, therefore 2ae+ee=384, which may be ſubtracted from 
the Reſolvend 384; wherefore I conclude that e, that is the Figure which muſt 


follow 2 in the Quotient) is * which I ſet in the Quotient: then I ſubſcribe 320 


and 6 found) under the Reſolvend 384, (in ſuch order that Units may ſtand 
under Units, and Tens under Tens) and adding the ſaid 320 and 64 together, the 


ſum is 384, which ſome Authors call the Gnomen, others, the Ablatitium) which 
ſubtracted from the Reſolvend 384 leaves 7 ſo the vrhole Extraction is finiſh'd, 
„ | | 5 and 


2 


1. of the precedent. Chap. 2. Theſe things being premiſed as 
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148 BOOK IL 
and the Square Root of the given Number 784 is found 28, which is the true Root 
ſought, for 28 multiplied by 28 produces 74. e 
- The firſt Operation in the Extraction of the Square Root is always to fubtract the 
greateſt ſquare whole Number, (that is, aa) contained in the firft Member (towards 
the left hand) of the given number, from the ſaid Member, and to ſet the Root of 
the ſaid Square in the Quotient, (as has been ſhewn in the third ſtep) which Root is 
the firſt Figure of the Root ſought. This Work is no more repeated in the whole 
Extraction, but the work in the fourth ſtep is to be renewed for the finding out of 
every following Character in the Root. : „%; ũͤ ik 
After the fitſt Figure of the Root ſought is known, and ſet in the Quotient, let it be 
written in a void place, and multiplied by 10, (by annexing to the ſaid firſt Figure a 
Cypher towards the right hand) they is the Product to be taken for the value of a, in 
order to the finding out of the firſt D:viſor, Alſo when the firſt and ſecond Characters 
of the Root are ſet in the Quotient, and there be yet another to come forth, then the 
Number conſiſting of thoſe two Characters with a Cypher annexed to them, is to be 
taken for a new value of a, in order to the finding out of the ſecond Diviſor, Likewiſe, 
when the firſt, ſecond, and third Characters of the. Root are ſt in the Quotient, and 
there be yet another to come forth, then the number confiſting of thoſe three Cha- 
raters with a Cypher annexed to them, is to be taken for a new value of a; and ſo 
1 forwards, when there be more Characters in the Root. The reaſon of which Work 
is manifeſt from the Compoſition of Powers in the precedent Chap. 2. 
But the Letter e repreſents every ſingle unknown Figure or Cypher next following 
* that part of the Root which is already diſcovered and fer in the Quotient. This Note 
= | concerning the Eſtimation of à and e is to be obſerved not only in the Extraction of 


it -4 | 8 


the Square Root, but of any Root whatever. 

Zi SR ag of © Si 
After the Number ſignified by a is found out by Note 2. the Diviſor, which ſhews | 
how to begin the Tryal in ſearching out the unknown ſingle Character repreſented 
by e, is conſequently known: for in the Reſolution of every Power produced from 
the Binomial Root a- e, the Diviſor conſiſts of ſuch Powers of a as are multiplied 
into the Powers of e; and becauſe the Square Root of ae is aa ade I ee, therefore 
inthe Extraction of the Square Root the Diviſor is 2a; ſo that when the Number 4 
is known, the Diviſor 2a is conſequently known. ee Es 


- WW 


When the Diviſor is found out by Note 3. as alſo the Alatitium, (that is, the Num- 
ber to be ſubtracted) which in the Extraction of the Square Root is compos d of 2a 
and ee, the two numbers ſignified by 2ae and ee mult each of them beſet in ſuch order 
under the preſent Reſolvend, (that is, the number remaining to be reſol ved) that 


| Units may ſtand under Units, Tens under Tens, Cc. to the end that the Ablatitim 
| may be rightly compoſed and ſubtracted from the preſent R eſo ty end. | | 2 
5 ores. 4 | 


| When the Diuiſor is not contained once in the particular or preſent Reſolvend, 4 
| Cypher (to wit, o) muſt be ſet in the Quotient; and then the Reſolvend mult be aug- 

| mented with the next Member (towards the right hand) of the Power propoſed, for 
= » a new particular Reſolvend. Alſo a new Diviſor muſt be found out by Note 3, and the 
like is to be done as often as the Dzviſor is not contained once in the particu lar Reſol- 

vend. The Practice of theſe Notes will be ſhewn in the following Example. 
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5. If ite Square Root of 2285126309 be deſired, it will be found 4702 by the 
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e e (47803. Dr, 
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Subtract 
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The firſt Figure of the Root is 4, (by the foregoing -Note 1.) whoſe Squate 16 
ſubtracted from 22 the firſt Member towards the Left- hand of the number propoſed 
leaves 6, to which the ſecond Member -85 being annexed, there ariſes 685 for ths 
next Reſotvend : Or to cauſe the ſame Effect, ſuppoſe o tobe annexed to 4 the firſt 
Figure of the Root, and it makes 40, (that is, a,) whoſe Square 1600 (or aa) ſub- 
tracted from 2285 the two firſt Members of the Number firſt propoſed, leaves (as 
before) the Reſclvend 688. e . | 
Then, the firſt Figure of the Root being found 4, the value of a is 40, (by Note 
2.) which doubled gives 80 for a Diviſor to the Reſolvend 685 by Note 3.) and 


then by dividing and making Tryal as is directed in the precedent fourth ftep, the 


number e will be found 7 for the ſecond Figure of the Root, and conſequently the 
numbers ſignified by 2a and ee are 560 and 7 ; theſe being ſer orderly and added to- 
gether (according to Note 4.) make the Ablatitinm-609, which ſubtracted from the 


aid Reſolvend 685, there remains 76, to which annexing 12 the third Member of 


the Number firſt propoſed, it makes 7612 for a new Reſolvend. 


Again, the two formoſt figures of the Root being found 459, the new value of a 


is 470, (by Note 2.) which doubled gives 940 for a Diviſor to the ſaid Reſolvend 


7612, (by Note 3.) then by dividing and making Tryal as is directed in the fourth 


ep, the value of e is found 8 for the firſt Figure of the Root; whenee the number 


5 ſignified by 2ae and ee are 75 20 and 64; theſe being ſet orderly and added together 


(according to Note 4.) make the Alatitium 7584, which ſubtracted from the Re- 
ſolvend 7612 before · mentioned, leaves 28, to which annexing 68 the fourth Mem 
of the Number firſt propoſed, it makes 2868 for a new Reſolvend. | 


Again 
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Note 2.)which doubled gives 9560 for a diviſor to the ſaid Reſolvend 2868, by Note 3.9 


then by dividing as aforeſaid the valueof e is found o; therefore, (according to Note 35) 


T ſet o in the Quotient, and becauſe in this caſe the Ahlatitium is alſo o, the Reſolvend 
2868 from which the ſaid Ablatitium ought to be fubtracted remains the fame with- 
out alteration; therefore by annexing o the laſt member of the number firſt propoſed, 
to the faid 2868 it makes 286809 fora new (and the laſt) Reſolvend. Laſtly, by 
proceeding as before, the laſt Figure of the Root will be found 3 ; ſo that the Square 
Root ſought is 47803; for this multiplied by it ſelf produces 2285126809, the num- 
ber whoſe Square Root was defired. {| ©  ' * 5 

The Premiſſes may ſuffice to ſhew a perfect Method of extracting the Square Root 


of a whole number having an exact Square Root, which I have explain d at large, that 
the Reaſon and certainty of the Rules might be apparent. But this Method may be 


contracted into more practical and compendious Rules, as I have ſhewn in the 32 
Chap. of Mr. Vingate's. common Arithme tic. 1 
6. But when a whole Number has not a Square Root exactly expreſſible by any ra- 


© 


tional or true Number, then to approach infinitely near the exact Root, firſt, pairs of 


Cyphers, as oo, 0000, 000000, or 00000000, Nc. are to be annexed to the Number 
given; then eſteeming the number given with the Cyphers annexed to be one whole 
Number, let its Square Root be extracted according to the Precedent (or other practi- 
cal) Rules; that done, look how many Points were ſet over the Number firſt given, for 
ſo many of the foremoſt places in the Quotient are to be taken for the Integers in the 


| Root, and the reſt following thoſe Integers expreſs the FraQtional part of the Root in 


Decimal parts. As for Example: If the Square Root of 12 be deſired, I annex fix Cy- 
phers to 12, thus 12.000000, and then the Square Root of 12.600000 being extracted, 


it will be found 3.464, that is, 3-454. But becauſe after the Extraction is finiſhed, 


there happens to be a Kemainder, I conclude that 34 is leſs than the true Root, but 


37 is greater than it. So that by annexing three pairs of Cyphers you will not 


10 © 


mils = part of an Unit of the true Root, and by annexing eight Cyphers you will 
not want = part: and in that order you may approach as near as you pleaſe, when 
you cannot obtain the exact Square Root of a whole Number given. 


7 The Square Root of a Vulgar Fract ion is found out thus, vzz. Firſt, if the Fra. 
ion be not in its leaſt terms, let it be reduced to the leaſt Terms; then extract the 


Square Root of the Numerator for a new Numerator, and the Square Root of the 
Denomitator for a new. Denominator, ſo ſhall this new Fraction be the Square Root 


of the FraQtion propoſed: As fot Example: The Square Root of is 4; likewiſe 


the Square Root of + is,z.. 85 | . | - 
But when either the Numerator or Denominator of a vulgar Fraction has not 2 
perfect Square Root, then to find the Square Root of that Fraction very near; firſt 
reduce the Fraction to a Decimal Fraction, whoſe Numerator ma confi of an even 
number of places, viz. of two, four, or fix places, &c. then extract the Square Root 
that Decimal as if it were a whole Number, and the Root that comes forth ſhall be 


a Decimal Fraction, expreſſing nearly the Square Root of the Fraction propoſed. As 


for Example: If the Square Root of 44 be deſired, I firſt reduce it to this Decimal 


Fraction, . 8 1250000; (for as 16. 13 :: 100000000. 81250000) then by extracting 


the Square Root of. 81 250000 as if it were a whole Number, I find .901 , that is, 


: II. & 0:0 'S 


>. which is near the Square Root of , for it wants not -- © part of an Unit 
of the exact Square Root of. 55 ÿ BD 5 
8. Laſtly, if the Square Root of a mixt number be deſired, firſt reduce it to an im- 
proper Fraction, and then extract the Square Root of that improper FraQion as before; 
but if it has not an exact Square Root, then reduce the FraQtional part of the mixt 


number firſt propoſed to a Decimal Fraction of an even number of places, and after 


this Decimal is annexed to the Integers of this mixt number, extract the Square Root 
out of the whole, then ſo many Points as were ſet over the Integers, ſo many of the 
foremoſt places in the Quotient are to be taken for the Integers in the Root, and the 


reſt expreſs the Fractional part of the Root in Decimal Parts. As for Example: The 


Square Root of 34, that is, of 2222, will be found 44. or 57; and the Square 
Sed. 


Root of 75, that is, of 7.666666, c. is 2.708, Cc. that is: 27, Cc. 
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98 Again, the three foremoſt figures of the Root being 47 8.the value of a is 47 20 (by 
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Sect. II. Of the Extraction of the Cubic Root out of a Number given. 


1. For the more ready extraction of the Cubic Root of a number given, the fol- 
lowing Tabulet will be uſeful, which ſhews at firſt ſight the Cubic Root of any Cu- 


bical whole Number leſs than 1000. _ Ye 
F RooOTs. | | 2 24 | 5 | 5 | 7 18 9 
CUBES. | 1 | 8 [ 2764 | 125016 343] 512/729 Sor 

2. When a whole number is propoſed, and its Cubic Roor defired, the Number 
given muſt be prepared for Extraction, by diſtributing it into parts or members after 
this manner; viz. Firſt, a point is to be ſer over the Units place of the given number; 


then paſſing over the ſecond and third places towards the left hand. another point is to 
be for oven the fourth place; alſo — over the fifth and fixth places 2 point 


is to be ſet over the ſeventh place: and in that order as many points are to be ſet as the 


number propos d will admit, and conſequently between every 


two adjacent points there will be two Places without Points. | 1321 | 

So if the Cubic Root of 1331 be defired, after Points — {$0 

are ſet as is above directed, the ſaid 1331 will be diſtri- 21952 
buted into 2 Members, to wit, 1, and 331. In like manner „ 


if the Cubic Root of 21952 be required, the Points 231564360195 27 
will ſtand as you ſe in the Example, and the faid 21952 

will be diſtributed into two members 21 and 952; likewiſe this Number 941192 being 
pointed in the ſame order will bediftributed into the two members 94.1 and 192; and 
this number 23156436019527 into theſe five me bers, 23, 156, 436, 019, 527. The 

points ſhew the number of places that will be found in ths Root; for ſo many points as 
there be, ſo many places will the Root conſiſt 


of the Number propos d belongs to the Extraction of every ſingle Character of the 


duced from the Cubical Multiplication of the Binomial Root age, and then the faid 
number will be compos d of theſe four members or ſolid numbers, viz. aaa, ade, 2ee, 
and eee, (as appears by the third Power in the Table in Sed. 4. Chap. 1.) Now becauſe 
the Reſolution of the Cubic number, v. the Extraction of the Cubic Root, is de- 
dnucible from the ſteps of the Compoſition of a Cubic number from its Root, (for 
ſuch numbers as are added in the Compaſition are to be fubtracted in the Reſolution,) 


teſpect muſt be had to Sec. 2. Chap. 2. of this Book. | 

ne Ft „ Example 1. | 2 x | 
Let it be required to extract the Cubic Root of 21952. By the precedent ſecond 

Rule it is evident that the defired Root conſiſts of two places, viz. of ſome number of 

Tens under 100, and of ſome number of Unirs under 10, which two Numbers, (agree- 


able to the Compoſition of a Cube in Se, 2, ofthe precedent Chap. 2.)may be ym | 


ted by a and e, ſo that a-+e ſignifies the Root ſought, and conſequently the Cube of 
ae, that is, aaa-＋ 3aae-+ que F ces is equal to the given number 21352. Now to 
| Kind out the Number of Tens (that is, a)in the Root, (aftera crooked line is drawn on 
the right hand of the given number, that the Root, like the Quotient in Diviſion may 
be ſet next after the ſaid crooked Line, as alſo a downright Line f 
next after each of the Points, as here you ſe.) The firſt Work | : 
in the Extraction is always to ſubtract the greateſt Cubic 21 | 952 | (2 
whole number contained in the firſt Member towards che Left 81, | 
hand, from the ſaid member, and to write the Root of the-ſaid 13 952 | Coty 
Cube number in the Quotient for the firft 785 Figure ef the 1 
defired Cubic Root: So 8 being the greateſt Cube contai Ain 4-2 x68 1 
the firſt member 21, I ſubſcribe 8 under 21, and ſet > the Cubic. Root of the faid g in 
the Quotient, then after a line is drawn under 8, I ſubtracł g from 21, of, 8000 from 
21952, and there remains the Refolvend 1395 2, that is, that part of the propoſed num- 


e 


bet 21952 which is yet to berefolved, Now obſerve, that the ſaid 2 in the Quotient, 
3 2 | . 4 


3. The given number whoſe Cubio is deſired may be conceived to be pro- 


z they likewiſe ſhew what member 
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in reſpect of the next following unknown Character ofthe Root, is really 20, whichis 
the number ſignified by a in the Compoſition, and the Cube of 20, to wit 8000, is aaa. 
which being the firſt Number found in the Compoſition, is firſt to be ſubtracted in the 

Reſolution. Obſerve alſo, that the next fingle Character of the Root, whether ir 

happen to be a Figure or a Cypheris called e, which is yet unknown. 172 55 
5. Then I proceed to find the value of e, that is, the greateſt ſingle Character with 
this condition, that the Sum of the Numbers ſignified by 3aae, 3aee, and eve, may not 

exceed the remainingReſolvend 1395 2, for from this Number that ſum muſt be ſubtracted 
Now becauſe (for the Reaſon aforeſaid) a is 20, therefore zaa = 1200, and 3260 
then ſubſcribing the ſaid 1200 and 60 under the Reſoldend 13952, (in ſuch order that 
Units may ſtand under Units, and Tens under Tens, &c.) and adding-them together 
the Sum is 1260, which muſt be eſteemed a Diviſor, and ſet under the Ręſolvend. 
Then by rb I were to divide the ſaid Reſolvend 1395 2 by 1260, I find the Quo- 
tient exceeds 9, but e always repreſents a ſingle Figure or a Cypher, and therefore it 
cannot exceed 9; whereforeI make tryal with 9:{in a void place) to ſee whether it will 
anſwer the before mentioned Condition, to which e is ſubject, in this manner, viz For. 
aſmuch as it was before found that 3aa=1200 and 34a 60, it will follow, if we ſuppoſe 
| e=9, that 3aae=10800, alſo 3ae= 


| 2152 (28 | 4860, and eee = 729; therefore 3aae 

Subtract 8 aaa ++ 3aeeeee=16389: this ought to be 

II 952 Reſolvend | ſubtracted from the Reſolvend I 3952 

C43 — 3 22 but 16389 exceeds 139522 and there- 

20 3 - 42 fore cannot be really ſubtracted from 
. itz whence J conclude that e muſt be 

11260! Diviſor leſs than 9; and therefore I make tryal 

I OO 3aae with 8 in like manner as before with 9, 
30840 za rx. having before found that z32aaõ22 

512 e 11200. and 34 = 60, it will follow if we 

—Talo52\ Ablatitium. fſuppoſe e=8, that 3aae = 960, alſo 

— 0 — 3 3aee=3840, and eee 5 12; therefore 

zaae ＋ 3aee + eee = 13952, which 


may be ſuhtracted from the Reſolvend 13952 3 wherefore I conclude that e (that is, 
the Figure which muſt follow 2 in the Quotient is 8, which I ſet in the Quotient: 
then I ſubſcribe the three Numbers before found, to wit, 9600, 3840, and 512, under 
the Reſolvend 13942, (in ſuch order that the Units may ſtand under Units, Tens under 
Tens, c. )and adding together the ſaid three Numbers ſo ſubſtribed, their Sum makes 
13952, (the Ablutitium) which ſubtratted from the Keſolvend 13952, leaves o. So 
the Extraction is finiſh'd, and 28 is found to be the Cubic Root of the propoſed 
Number 21952; for 28 multiplied into itlelf cubically, viz. 28x28x28 produces 


21952. 


R NOTE I. 8 111 8 . 

The firſt Operation in the Extraction of the Cubic Root is always to ſubtract the 
greateſt Cubic whole Number, (that is, aaa) contained in the firſt Member (towards 
the left hand) of the given Number; from the ſaid Member, and to fer the Root 
of the ſaid Cube-number in the Quotient; which Root is the firſt Figure of the 
Root ſought, as hath been ſhewn in the fourth ſtep. This Work is no more repeated 
in the whole Extraction, but the Work in the fifth ſtep is to be renewed for the find- 
ing out of every following Character in the Root. . 

10 uk ieee 

The Number fignified by a is to be found out by Note 2 in Sec. I. of this Chap. and 
then the Diviſor for the finding of the unknown fingle Character repreſented by e is 
conſequemly known : For inthe Reſolution of every Power produced from the Bino- 
mial Root a+e, the Diviſor conſiſts of fuch Powers of a as are multiplied into the 
Powers of e:;/ and becauſe the Cube of ae is aaa+ 3aaeþ 2age+ eee, therefore in the 
Extaction of the Cubic Root the Diviſor is compoſed of zaa and 343 ſo that when 
the Number a is known, the Diviſor 3a4-+3a'is conſequently known. — 8 5 


er 


2 a ” l * 


"LI 


* 
» 
* 
— Wwe 


uv 


out of 4 Number given. 


22 


. 


* _ „ —_— „„ 
5 T 
9 5 1 
6 1 * | 
* = i 
8 
6 4 . . 
„ a 
— ” 8 
632 
F 4 . 1 4 
4 q 7 U N 


NOTE 3. 
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When the Diviſor is found out by the precedent Note 2. as alſo the Aþlatitium, 


which in the Extraction of the Cubic Root is composd of 3aae, zaee, and eee; the 


Numbers ſignified by the ſaid 3aae, Zace, and eee, muſt each of them be ſet in ſuch 


order under the particular or preſent Reſolvend, that Units may ſtand under Units, 


Tens under Tens, Ec. to the end the Ablatitium may be rightly compoſed and ſub- 


tracted from the Reſolvend. _ 5 
tracte raged Neven be,, 
When the Diviſor is not contained once in the particular or preſent Reſolvend, a Cy- 

pher (to wit, o) muſt be ſer in the Quotient; and then the Reſolvend muſt be aug- 

mented with the next Member (towards the right Hand) of the Power propoſed, for 

a new particular Refolvend. Alſo a new Diviſor muſt be found out by Note 2. of this 

Seck. and the like is to be done as often as the Diviſor is leſs than the Reſolvend. 
The Practice of theſe:Notes * be ſhewn in the following Example. 

6. If the Cubic Root of 231554360195 2) be defired, it will be found 28503 by 

the precedent Rules, and the Work will ſtand as here you ſee underneath. - 


* 


. | Lane (28503 Root. 
ee N. 
- )J! 
| SOLES J 
; | abs fone Bos 
8 N ; 11260 1 Diviſor. 
2 e=8 986 zaae 
** 31840 zaee 
by N 
Subtract 1309 5 we Allatitium. 
BY : 120 436 1 Feſolvend. 
2280 4235 _— ' 
1154 Þ-_ | 
. 2 236040 2 Diviſor. | 
* ©  :1}I76ſooof | [ace 
21T000 Zaee 
Th S ll. $3 
Subtract II Ablatitium. 
; F 9 82611001 | Reſolvend. . 
8 a=2850 2466 ο aa 5 
8 n 
| 24676 %% | Diviſor. 
BEI Reſolvend. 
a=28500 | 2436 75o|o0o3as 
+ e 
| __21436[835]5 00,Div1or. 
8 753 10|25oſooo|3age 
7695 00;3aee 
| 1 2 as: i; i: 
Subtract 5 J 791 019 527 Ablatitium, 
e 
e Explicatiom of Example 2. 
The firſt Figure of the Root is 2 (by Note 1.) whoſe Cube 8 ſubtracted from 23, the 


firſt Member of the Number propos leaves 1 d to which the ſecond Member 156 being 
; n 9 


— 4 
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154 
nexed, there ariſes 15156 for the next Ręſalvend. Or to cauſe the ſame effect, ſup- 


an 
poſe o to be annexed to 2, the firſt Figure of the Root, and it makes.20, (that IS, a) 
whoſe Cube 8000 (or aaa) ſubtracted from 23156, the two foremoſt Members of 
the Number firſt propos d, leaves (as before) the Ręſolvend 15156. EY 
Then the firſt Figure of the Root being found 2, the value of a is 20, and the Divi- 
ſor is 1260, (by Note 2.) and then by dividing and making tryal, as is directed in the 
foregoing fifth ſtep, the Number e will be found 8 for the ſecond Figure of the Root. 
and conſequently the Numbers fignified by 3aae, 3aee, and eee, are 9600, 3840, an 
5123 theſs being ſet _ and added together (according to Note 3.) make the 
Ablatitium 13952, which ſubtraQted from the Reſolvend 15156 leaves 1204, to which 
annexing 436, the third Member of the Number firſt propoſed, it makes 1204436 
for a new Reſolvend, The reſt of the Operation in Example 2. being but a Repetition 
of what has been directed for finding out the ſecond Figure of the Root, I ſhall 
— f ˙ .. VO a 
The precedent Rules and Notes in this Secf. 2. for extracting the Cubie Root of a 
whole Number, having an exact Cubic Root, are expreſs d at large, that the Reaſon of the 
Work might be apparent; but this Method may be contracted into ape practical and 
compendious Rules, as I have ſhewn in the 33 Ch. of Mr. M ingate's Common Arithmetic, 
7. But when a whole Number has not a Cubic Root exactly expreſſible by any 12. 
tional or true Number, then to approach infinitely near the exact Root, firſt, Ternaries 
of Cyphers, viz. three, or fix, or nine, or twelve, &c. Cy phers are to be annexed to the 
whole Number given; then eſteeming the Number given with the Cyphers annexed to 
be one whole Number, let its Cubic Root be extracted by the precedent (or other pra- 
ctical) Rules. That done, look how many Points were ſet over the Number firſt given, 
for ſo many of the foremoſt places in the Quotient are to be taken for the Integers in the 
Root, and the reſt following thoſe Integers expreſs the FraQtional part of the Root in 
Decimal Parts. As for Example: If the Cubic Root of 8302348 be defired, I annex 
fix Cyphers to. 8302348 thus, 8302348.000000, and then the Cubic Root of 


8302348 000000 being extracted, it will be found 202.48, that is, 20242; but becauſe 
after the Extraction is finiſh'd there happens to he a Remainder,I conclude that 202 
is leſs than the true Cubic Root ſought, but 20242 is greater than it, ſo that by annex- 
ing ſix Cyphers you will not miſs part of an Unit ofthe true Root, and by annexing 
nine Cyphers you will not want = part; and in that order you may approach as near 
as you pleaſe when you cannot obtain the exact Cubic Root of a whole Number given. 
8. The Cubic Root of a Vulgar Fraction is found out thus, viz. firſt, if the Fraction 
be not in its leaſt Terms, let it be reduced to the leaſt Terms; then extract the Cubic 
Root of the Numerator for a new Numerator, and the Cubic Root of the Denomi- 
nator for a new Denominator, ſo ſhall this new Fraction be the Cubic Root of the 
4 propoſed. As for Example: The Cubic Root of is 2, and the Cubic 
Root DES 5E CT | „5 | | 
. 9. But when either the Numerator or Denominator of a Vulgar Fraction has not a 
perfect Cubic Root, then to find the Cubic Root of that Fraction very near, firſt re- 
duce the Fraction to a Decimal FraQtion, whoſe Numerator may confift of Ternaries of 
places, viz. either of three, fix, nine, ar twelve, &c. places, and then extract the Cubic 
14 Root of that Decimal as if it were a whole Number, and the Root that comes forth ſhall 
i" | be a Decimal Fraction expreſſing nearly the Cubic Root of the Vulgar Fraction propo- 
=... ſed. As for Example: If the Cubic Root of +- be defired, I firſt reduce it to this Decimal 
3 Fraction, . 666666666566, and then by extracting the Cubic Root of the ſaid Decimal 
as if it were a whole Number, I find. 8735, that is, ,; which is near the Cu- 
| bic Root of 2, for it wants not ++ part of an Unit of the exact Cubic Root of 2. 
1 10. Laſtly, if the Cubic Root of a mixt Number, that is, of a whole Number witha 
= Fraction in its leaſt Terms, be defired ; firſt reduce it to an improper Fraction, and then 
Þ# 5 jg ; gs . : 
= | extract the Cubic Root of that improper Fraction in like manner as before in the eighth 
| ſtepʒ but if it has not an exact Cubic Roas ot, then reduce the Fractional part of the mixt 
1 Number firſt propoſed to a Decimal Fraction, whoſe Numerator may conſiſt of Ternaries 
of places, and after this Decimal is annexed to the Integers of the mixt Number, extract the 
Cubic Root out of the whole, then ſo many Points as were ſet over the Integers, ſo many 
of the foremoſt places in the Quotient are to be taken for the Integers in the Root, and 
the reſt expreſs the Fractional part of the Root in Decimal parts. Is for Exam pie: TE 
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produced from the Multiplication o 


ſought; then after a Line is drawn under 16 I fubtract 16 from 4/655 


% 


CHAP. 3 our of a Number given. | 
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Cubic Root of 1224, that is, of 23, will be found 2 or 25; and the Cubic Root of 
225, that is, of 3.375 00000, c. will be found 1.3 34, c. that is, 12, Cc. 


* = — 


— — 
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Sect. III. 07 the Extraction of the Biguadratic Root out of a Number given, 
I. The briefeſt way to extract the Root of a Biquadratic Number, that is, of 2 


Number produced by theMultiplication of ſomeNumber or Root four times into it ſelf, 
is firſt to extract the Square Root of the Number propoſed, and then to extract the 
Square Root of that Root. As for Example: If the Root of the Biquadratic Number, 
or fourth Power 256 be deſired; firſt, the Square Root of 256 being extracted is 16, 


and then the Square Root of 16 is 4, which is the Root of the fourth Power 256; for 45 


Fer produces 256. But my purpoſe being to explain the general Method for the 


Extraction of all kinds of Roots, I ſhall upon that Foundation ſhew how to extract 


the Root of a Biquadratic Number. 


2. For the more ready Extraction of the Biquadratic Root, the following Tabulet 


will be uſeful, which ſhews at firſt fight the Root of any Biquadratic whole Number 
under 10000. „ „ 


N . . 3 | 4 [3 18 13 | | s [ 
N Povers) 1 | | 0 Ke | 256 | 625 | 1296 2407 


2. When a whole Number is propoſed, and it is defired to extract the Biquadratic 5 


* 


4096 |656x 


4 


Root of that Number, ſet Points over the given Number in this manner, bx. firſt, 
ſet a Point over the Units place, then paſſing over the three next places towards the 


left Hand ſet another Point over the fifth place, and in that order as many Points are 
to be ſet as the given Number will admit, that there =_ be three places between 
every two adjacent Points. So if the Biquadratic Root of 614656 

be deſired, after Points are ſet as is above directed, the ſaid 614656 614656 


will be diſtributed into two Members, to wit, 61 and 4656. In 


like manner this Number 65975006 25 being — in the ſame 65 eU 
order will be diſtributed into theſe three Members, 65, 9750, and 
0625. The Points ſhew the number of places that will be found in the Root, as alſo 
what Member of the Number propos d belongs to the Extraction of every ſingle Cha- 
racter of the Root ſought. 3 1 
4. The given Number, whoſe 9 Root is deſired may be conceived to be 
the Binomial Root a te four times into it ſelf. 
and then the ſaid Number will be compoſed of theſe five Members or Numbers, viz. 


aaaa, 4aaae, Gaaee, 4aece,ceee, (as is maniteſt by the fourth Power in the Table in 


Sect. 4. Chap. 1. of this Book.) Now becauſe the Reſolution of a Biquadratic Num- 
ber, viz the Extraction of the Biquadratic Root is deducible from the ſteps of the 
Compoſition of a Biquadratic Number from its Root, (for ſuch Numbers as are 
added in the Compoſition are to be ſubtracted in the Reſolution) reſpe& muſt be had 
to Seck. 3. Chap, 2. of this Book. | | 


_— 


5. Let it be required to extract the Biquadratic Root of 614656. After the Num- 
ber given is prepared by PunQations as before is direfted, I ſeek in the Tabulet in the 
precedent ſecond ſtep of this Se. 3. for the greateſt Biquadratic (2 
whole Number contained in 61, the firſt Member (towards the 614656 
left Hand) of the Number propoſed, and finding it to be 16, I 16 

ſubſcribe 16 under. 61, and write 2 the Root of the ſaid fourth 
Power 16 in the Quotient, for the firſt Figure of the Root. 


61, or 160000 from 614656, and there remains to be reſolved 45465 6. 


- 
* 1 


158 


— 
—— 


| 


The Diviſor for the finding out of e, that 1s, every Character which is to follow 2, 


the firſt Figure of the Root, is always in the Extraction of the Biquadratic Root com- 


poſed of theſe Numbers, viz. 4aaa, Gaa, 


6ila658| (28. Root and aa, for theſe are all the Powers of a | 
Subtract 16 aaaa that are dran into the Powers of e in the 
A Neſblven 1 fourth Power of af e; (as is evident by 
2 5 the Table in Sect. 4. Chap. 1.) and becauſe 
a=20  3]2000/44aa the firſt Figure of the Roor is found 2, 
= 2400[6aa and conſequently (by Note 2. in Seck. 1. of 
2 i this Chap.) the Number ſignified by a is 
3 44.80 Diviſor. 8 therefore the Sum of the Numbers 
e=8g 25|6000/4aae .  Hgnitied by 4aaa, Sad, and qa, is 34480, 
15/3 e “ee which is the Diviſor; then ſuppoſing 1 
: | alog60|qacee were to divide the Reſolvend 454656 by 
ood! md 7 — 34480, 3 — eee ex- 
g — hlt, Ceeds q; but in regard e always repreſents 
Subtratt 45455 _Ablati _ | either a ſingle Figure Or a Cy, det i — 
oſooo0 . not exceed 9: and therefore f make tryal 


(in a waſt Paper) with 9, to ſee whether it 


vill conftitute an Alatitium that does not exceed the Reſolvend 454656, viz. I ſuppoſe 
eq; then becauſe a was before found 20, the Ablatitium, which in the e of 


22 


the Biquadratic Root is always compos d of qaaae, 6aaee, 4.26ee, and eece, ill exceed 
the Reſolbend, from which it ought to be ſubtracted. But if 2=8, then the Ablatitium 
will be equal to the Reſolvend, and conſequently that being fubtracted from this, there 
will remain o, wherefore I {et 8 in the Quotient, and conclude that the Biquadratic 
Root of the given Number 614656 is 28 ; for 28x28x28x28 produces 614656, 


Sect. IV. Of the Extraction of the Root of the fifth Power given in Number. 
1. For the more ready Extraction of the Root of any fifth Power given in Num? 


ber, this Tabulet will be uſeful, which ſhews at firſt fight the fifth Powers of every 
fingle Figure, and conſequently any fifth Power in Number under 100000 being 


given, its Root is hereby diſcovered. 5 
Roots.] 5th Powers, . 
| I 


. 32 | 
243 | © x 
1024 

3125 | 
wo, oo 
16807 
12760 


59049 


OO Os 


2. When a whole Number is given for a fifth Power, and its Root defired, that is, 


ſuch a Number which being multiplied five times into it ſelf will produce the given 
Number, it muſt be prepared for Extraction by PunQations in this manner, viz. Firſt, 
let a Point be ſet over the Units place of the given Number, then paſſing over the four 
next places towards the left Hand, ſet another Point over the fixth place; and in that 


order as many Points are to be ſet as the given Number will admit, that there may be 
| four places between every two adjacent Points. So if the Root of 


17210368 the iin Power 17210368 be deſired, after Points are ſet as is 


above directed, the ſaid 17210368 will be diſtributed into two 


1880287678125 Members, to wit, 172 and 10368. In like manner this Number 

* 1880287678125 will be diſtributed into theſe three Members, 
188, 02876, and 78125. The Points (as before hath been ſaid) ſhew the number 
of Places that will be found in the Root, as alſo what Member of the Number given 
belongs to the Extraction of every ſingle Character of the Root fought. 
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"ine Every Nurnber conſidered as a fifth Power may be conceived to be produced om 
the Multiplication of the Binomial Root a-+ e five times into it ſelf, and then the faid 
Number will be compoſed of theſe fix Members or Numbers, diz. aaaaa, Jaaa, 


| Toaaaee, Toaaree, Saree, and eceee, (as IS manifeſt by the fifth Power in the Table in 


Seck 4. Chap 1. of thisBook:) Now becauſe the Reſolution of the fifth Power, 5. 
the Extraction of (5) out of a given Number, is deducible from the ſteps of the 
Compoſition of a fifth Power from its Root given in Number; (for ſuch R 


as are added in the Compoſition are to be ſubtracted in the Reſolution) the Learner 


mult be exercis'd in Sed. 4: Chap. 2. of this Book. 


Example. 


R 
* 3 
K 7 F 


Let it berequited to extfact . ) out of 17210368, vix. to find a Root or Number 
which being multiplied five times into it ſelf will oa x9 10368. After the given 
Number is prepared by Punctations as before is directed, I ſeek in the Tabulet in the 
firſt ſtep of this Section 4. for the greateſt fifth Power contained 8 Ae 
in 172 the firſt Member (towards the left Hand) of the given 17910268) (2 
Number; and finding it to be 32, [ ſubſcribe 32 under 192, and 32 I 5 
write 2 the Root of the ſaid fifth Power 32 in tlie Quotient, for 

the firſt Figure of the Root ſought; then after having drawn a 
Line under 32, I ſubtract 32 from 172, or 3200000 from 140]l0368 


17210368, and there remains to be reſolved 14010366666. 
Then to diſcover the Diviſor, which ſhews how to begin the tryal in the fin din 8 


1 ©» br 4 
* _ 
1 4 

* 


cout of e, that is, every Character (whether it be a Figure or Cypher). which is to 


follow the firſt Figure of the Root, I take ſuch Powers of a as are multiplied into the 


© 2 


Powers of e inthe fifth Power produced: from a Fe, viz,"5anza, I Oaa, I daa, and 52: 


ſo the Sum of theſe four Numbers make the Diviſor. And becauſe the firſt Figure 
of the Root is found 2, and conſequently (by Note 2. in S828. 1. of this Chap.) the 


Number ſignified by a is 20, therefore the Sum of the Numbers fignified by Jaaa, 
| Toaaa, Ioaa, and 5a.is 884100, which is the Diviſor; then ſuppoſing I were to di- 


vide the Refolvend 14010368 by: the Diviſor 884100, I find the Quotient exceeds 9 
but in regard e always repreſents a ſingle Figure or Cypher, it cannot exceed 9; there- 


fore I make tryal (in a void place) with 9, to ſee whethef it will conſtitute an la- 


titium that does not exceed the Reſolvend 14010368, viz, I ſuppoſe e, then becauſe 
a was found 20, the Ablatitium Faaaae Ioaaaee - Ioaaeee-¶ 5ateee exceeds the Reſol- 
vend from which it ought to be ſubtracted. But if e 8, then the Ablatitium will be 


equal to the Reſolvend, and conſequently that being ſubtracted from this, there will 


remain o, wherefore I ſer 8 in the Quotient; fo 28 is found to be the (5) of the 
2 Number 17210368, for 28x28X28x28Xxq28 produces 17210368. Compare the 
ollowing Work with the precedent Rules of Set. 4. 5 


17210368 (28. Root, 
3200000] aaa 
. 14010368 Kęſelvend. 
42220 9 gſooooo Faaaa 
. Sooooſ l oaaa 
40 Oaa 
Tool 5@ _ 
| - 884100] Diviſor. 
"$8 = |  64/00000 5 aaaae 
5 I|[20000[Ioaare 
204 800c[I oaacee 
409600] 5aeeee 
332768 eeees 


| —_— 


14010368 Ablatitium: 
dooſooooc Ps 


By the precedent Rules and Examples of this Chop. the Ingenious Reader twill cafily 


perecine howto extend this general Method to the Extration of the Roots of ul kinds 
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4 of Powets in Numbers, viz. of the ſixth, ſeventh, eighth, £9. Powers; as alſo 
to find out the Roots infinitely near of ſuch Powers as have not Roots exactly ex- 
preſſible by any rational or true Number. = Gals 


" 
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FAY, oe 
Concerning the Extraction of Roots out of Powers expreſs'd4 
| by Leiters. 5 2 


J. * a Series or Scale of Powers produced from a Root, ſuppoſe from a, as in 

this Series, a, aa, aaa, aaaa, aaaaa, as, a), as, Cc. thoſe Powers only whoſe Indices 
are even Numbers are Squares; as aa, anaa, a, a, Ic. (whoſe Indices are 2, 4, 6, 8, 
ec.) are Squares. And thoſe Powers only whoſe Indices are diviſible by 3, are 
Cubes, as aaa, aaaaaa, a, c. ( whoſe Indices are 3, 6, 9, Cc.) are Cubes. There- 
fore every Power whoſe Index is a Prime Number ter than 3, as aaaaa, 27, a1, 
ec. ( whoſe Indices are 5, 7, 11, Oc.) is neither a Square nor a Cube. But every 
Power whoſe Index is diviſible by 6, as 4%, 29, Oc. is both a Square and a Cube, 
becauſe the Index is diviſible both by 2 and by 3. LS | 


II. If a Simple Quantity be expreſsd by the ſame Letter repeated an even number 
of times, the — Root thereof is eaſily extracted; for the Root muſt be ſuch that 
its Index may be the half of the Index of the Quantity propoſed : As, yaa (that is, 
the . Root of aa) is a, for 1, the Index of the Root a is the half of 2, the In- 
dex of the Square aa. In like manner Vaaaa is aa, whoſe Index 2 is the half of 4, 
the Index of the Square aaaa. Again, Vaaaaaa is aaa, whole Index 3 is the half of 
6, the Index of the Square a“. . 


III. And with the like facility you may extract the Cubic Root of a Simple Quan- 
tity, which is expreſs d by one and the ſame Letter repeated ſuch a Number of times 
as is divifible by 3; for the Cubic Root muſt be ſuch that its Index may be + of the 
Index of the Cube py ſed : As V(3)aaa (that is, the Cubic Root of the 
Quantity aaa) is a, whoſe Index 1 is + of 3 the Index of a . Inlike manner y(3) 
as is aa, whoſe Index 2 is + of 6 the Index of the Cube as. | 


IV. If the Index of a Simple Power exprefsd by the ſame Letter be ſome Prime 
Number greater than 3, as 5, 7, II, Cc. then neither /(2)nor /(3), nor any other 
Root, except that denoted by ſuch Index or Prime Number can be exactly extracted 
| outof the ſaid Power: ſo no Root can be exactly extracted out᷑ of aaaad or as, but 
(5), which is a; nor any Root out of a7 but Y(7), which is alſo a. But when the 
Root cannot be exactly extracted, the Sign of the Root is to be prefix d to the Quan- 
tity ; as to expreſs the Square Root of aaaaa or as, I write Vaaaaa or Vas. Like- 
wiſe I expreſs the Cubic Root of as thus, Y(3) a5; and (4) of a7 thus, Y(4)a?; 
and fo of others. e | | 1 


v. When ſome Power of an unknown Simple Root a is found equal to ſome known 
Number, and the Index of that unknown Power is not a Prime Number, then the 
value of the Root a in Number may oftentimes be diſcovered by two or more Extradti- 

ons, more eaſily than by one ſingle Extraction of a Root out of the ſaid unknown 
Number. As for Example: CO RS „„ | 


If there be propoſed or found out 9 V 
Then to find out the value of a you need not extract the /(6) off | 
29, by the general Method before delivered in Chap. 3. but 28 


D 


by that Method extract the Square Root of 729, and then by Se# 

2. of this Chap. the Square Root of aagaza, ſo thoſe two Roots 

compared give this Equation, viz. ..' +. . .:. . + 4 
LLaſtly, by ge the Cubic Root of each part of the laſt} __ 
Uauation, the value of « the Root ſought is diſcovered, vir. 7 = 0 


Or 


—_——— 8 a ——____ 
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| | Or thus, 
Firſt, by extracting the Cubic Root of each part of the Equation ? - 
tion projet, there ariſes. .. . !; RT... FF. * XER 
And then by extracting the Square Root of each part of the laſt 8 
Egquation, the fame value of the Root a is found out as before, to wit, by "OY 
- n like manner if 35 hi $a * o# 3 ; : a 219683 
Firſt by extracting the Cubic Root, it gives 433 27 
And again, by extracting the Cubic Root of that Root the Root Sc 
« is made known, 01%. | - a= 3 


VI. When two or more Squares, Cubes, or other Powers expreſe'd by diffetent 


Letters, be multiplied one into another, then if the Root of each Power, viz. the 


Square Root if they be Squares, or the Cubic Root if they be Cubes, &'. be extracted, 
the Product made by the Multiplication of theſe Roots one into another, ſhall be a 


like Root of the Power or Product firſt given, As for Example: Vaabb is ab, which f 


is the Product of the Square Roots of aa and bb, Likewiſe, /(3 aaabbb is ab, which 


is the Product of the Cubic Roots of aaa and bh, 
Again, vaabbce is abc, which is the Product of the Square Roots of as, hb, and cc. 


In like manner, Y(3) 2 7a is 34h, which is the Product of the Cubic Roots of 27 

aaa and hh; and Y 168abbce jS-4abc, which is the Produkt of the Square Roots of 16 

as, bb, and cc. The like is to be underſtood of others. x 
But if the Square Root of 5aa/s be deſired, becauſe 5 is not a Square, the ſaid Root 


is to be expteſsd either thus, /5aabb, or ghus,'V5xab ; or thus, a5. In like 


manner, to denote the Square Root of agabhb I write yaib3. And to ſignifie the 
Cubic Root of aabb I write /(3 )aabb; but the Cubic Root of 3agahbb may be writ- 
ten either thus, (334% z or thus, (3 :M or thus, abv(3)3. 


Concerning the Extraition of Roots out of Compound Quantities expreſs d by Letters. 


VII. Before the Learner enters upon the Extraction of Roots out of Compound 
Squares, Cubes, or other Powers expreſs d by Letters, he ought to be well exercis'd 


in the eighth and ninth Chapters of my firſt Book of Algebraical Elements; as alſo in 


the foregoing firſt, ſecond, and third Chapters of this Book, and in the precedent 


Examples of this Chapter very plain and eaſie. 


VIII. Rules for the Extraction of Square Roots out of Compound (Juantities ex- 
4 x 3 reli by Letters, = | 
Rule 1. Set the particular Members of the Compound Algebraic Quantity, whoſe 


Square Root is required, in ſuch order, that one of the Simple Squares may ſtand 
outermoſt towards the left Hand ; and next after the ſame ſuch other Member or 


Rules of this Chapter; all which well underſtood will render the following Rules and 


| Members, wherein you find the ſame Letter or Letters as are in the ſaid Simple Square. 
Then the Square Root of the ſaid Simple Square is to be ſt in the Quotient for the 
firſt Number of the Compound Root ſought, and the Square it ſelf is the firſt Quan- 


tity to be ſubtracted from the Compound Quantity 13 This is the firſt Work, 
which is no more to be repeated in the whole Extraction. | 
Keule 2. Double the Root before ſet in the Quotient for the firſt«D;viſor ; likewiſe 
he Druiſor. | 

ule 3. When the Diviſor is found out, divide only the firſt Simple Quantity: (to- 
wards the left Hand) in the Reſolvend, by thefirſt Simple Quantity in the Diviſor, and 
ſet that which comes forth next after the Member or Members of the Root ſought 


to find e following Dini ſor double every Simple Quantity that ſtands in the Quo- 
tient, and take tbe 555 of the Products for the B. | 


that was before found out, 


Rule 4. After the firſt Simple Square is ſubtracted 8 Rule 1.) then every 
following Ablatitium, that is, the Sum of the Quantities to be ſubtracted from the 
reſpective Reſolvend, muſt be compoſed of theſe two Products, viz. the Product made 


by the Multiplication, of the whole Diuiſar by that particular Quantity which was 
laſt ſet in the Quotient, and the tg of the fame Simple Quantity. 
The Practice of theſe Rules wi llo 


be apparent in the 101 wing Examples. 


ern PR" 8 ” —_ - _ — 
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according to the four Rules before given, that the like Opertion may the more eaſily 


| a—b-þc by the precedent Rules, and the Work ſtands as here you ſee underneath. 
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- 


Example „ Ht e 
Let it be required to extract the Square Root of aa 2ab f bb. | 


Firſt, I extract the Square Root of aa, and it is a, which J ſet in the Quotient; 
then multiplying à by it ſelf, I ſet the Product aa under, and ſubtract it from the 


Quantity firſt propoſed,” and there remains. 24b+bb.. This is the firſt work which 
anſivers to Rule 1. and is no more to be repeated, n 


l N 
The Square, aa 2aþ4+bb | (a+b The Root, 
Subtract EL DE ang ea 
Remainder, + 2ab+bb | 5 ; 
Diviſor —+2a) Er IF 
Subtract +2ab+bb | F 
RNemainder 0 0 


Secondly, the Diviſor (according to Rule 2.) is 2a, which I ſet under 2b. 
Thirdly, I divide -+ 2ab by the Diviſor & 2a, and the Quotient is T5, which I ſet 
next after a, (the particular Root before found out) according to Rule 3. 
Fourthly, I multiply the Diviſor + 24 by +b, (that was laſt ſet in the Quotient) 
and the Product is -+ 2ab, to which adding +bb, (the Square of +b ) the Sum is 
+ 2ab+bb, which (according to Rule 4.) I ſet under and ſubtratt from the Reſolvend 
+ 2ab+bb, and there remains o: So the Extraction being finiſh'd, the Root ſought 
is found a-+b, for if it be multiplied by it ſelf it produces aa 2ab+bb, the Quan- 
tity firſt propoſed. 5 323333 8 
Note. By what I have ſaid in the eighth and ninth Chapters of my Firſt Book of 
Algebraical Elements, tis eaſie to diſcover ar, firſt fight whether a Compound Algebraic 
Quantity confiſting of three Terms be a perfect Square or not, and if a Square what 
its Root is. Nevertheleſs in this firſt Example I have expreſsd the Work ar large 


be perceived in the following Examples, Gur 


If the Square Root of aa—2ab+ 2ac—2bc+bb+co be defired, it will be found 


The Square,  aa—2ab+ 2ac—2bc+ bb cc | ( a—b-kc The Root, 
Subtra ua e e 
Remainder, E 2ab - 2ac—2bc+bb+cc 
Diviſor, +28) ... | 2 = 
Subtract —2ab+ bb : 
Remainder, ＋ 2ac—2bc+ te 
Diviſor, 4-28 „ 
Subtract + 2ac—2bc+c 
Remainder, r 
Example z. 


In like manner che Square Root of 64aabb-+ 3 2abc—144ab-þ acc 6c 481 will 5 
found 8ab+20—, a5 is manifelt by the following Operation, or 


64aabb +3 2ahc—1 44ab+ 4e—3 6c+ 31. 


The Square, 


Subtra bA4aabb 


(Bob 26-9 | 


Remainder, 
Diviſor, 


+3 zabo—T94a0 + a0e3 80 or | 
+16ab) 1 LS | 


Subtract  +32abc 


_+4ac_ . 


Remainder, 
Diviſor, 


+ 16  '+ 40) 


—Z 6+ 81 1 . 


Subtract i 


| Remainder, 


—1444þ __—36c+81_ 


bs. „ . 
. | -  Exan- 


1 
4 PO FAY + 
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, 
Again, the Square Root of dddd-+ 2dddb-+ 3ddbb-+ 24bbb+bbbb will be found dd. 
bb; and the Extraction ſtands thus: IS | 


WW _—_ d4+ 2d%b+ 5d*b: 4 24b3 +b+ | / K 
Meas | OL 3 7 mn 8 (dd db b 
Reminder, + 24%Þ+3d*6* + 24b3--b+ | 
Diviſor, FEE. | A 
Subtrat Fadbeap : 
Remainder, +p2dbe+2db3 4b” 
Diviſor, +2d* -þ2db) 
Subtract 5 | + 2d>b*-+ 2db Y 1 
©. Remainder, OT red 
IX. Rules for the Extraflion of Cubic Roots out of Compound Quantities 
48 expreſs d by Letters. | 1 


Rule 1. Set the particular Members or Parts of the Compound Algebraic Quantity 
whoſe Cubic Root is required, in ſuch order, that one of the Simple Cubes may ſtand 
outermoſt towards the left Hand, and next after the ſame ſuch other Members wherein 
you find the ſame Letter or Letters as are in the ſaid Simple Cube; then the Cubic 
Root of the ſaid Simple Cube is to be ſer in the Quotient for the firſt Member of the 
Root ſought, and the Simple Cube it ſelf is the firſt Quantity to be ſubtracted from 
the Compound Quantity propoſed. This is the firſt Work, and no more to be repeated 
in the whole Extraction 0 | | 

Rule 2 The firſt Diviſor muſt be compoſed of the Triple of the Square of the Root 
before ſer in the Quotient, (which Triple Square I call the firſt part of the Diviſor) 
and the I riple of the ſame Root, (which Triple Root I call the latter part of the Di- 
viſor.) Likewiſe every following Diviſor muſt be compoſed of the Triple of the Square 
of the Sum of all the ſingle Quantities or Parts of the Root already found out and ſet 
in the Quotient, and of the Triple of the ſame Sum. £4 „ 

Rule 3. When the Diviſor is found out, divide only the firſt Simple Quantity (to- 
wards the left Hand) in the Reſolvend, by the firſt Simple Quantity in the Diviſor, and 
ſt that which comes forth in the Quotient next after the Member or Members of the 
Root ſought before found out; — E152 OD 

Rule 4. After the firſt Simple Cube is ſubtracted (according to Rule 1.) then every 
following Ablatitium, that is, the Sum of the Quantities to be ſubtracted from the Re- 
ſolnend, muſt be compoſed of theſe three Products, viz. Firſt, the Product made by 
the Multiplication of the firſt Part of the Diviſor, (to wit, the Triple Square mentioned 
in Rule 2.) by the ſimple Quantity laſt ſet in the Quotient. Secondly, the Product 
made by the Multiplicatien ef the latter pàrt of the Diviſor, (to wit, the Triple Root 
or Sum mentioned in Rule 2.) by the Square of the ſame ſimple Quantity. And 
thirdly, the Cube of the ſaid fimple Quantity laſt fer in the Quotient. 

The Practice of theſe Rules will appear in the following Examples. 


3 | Example 1. F 

Let it be required to extract the Cubic Root out of aaa gaae & gaee. I ere. 
Firſt, beginning at the left Hand I extract the Cubic Root of aaa, and it is a, which 
ſet in the Quotient, then multiplying the ſaid Root a Cubically it makes aaa, which 
I \ubtra&t from the Compound Quantity firſt propoſed for Extrackion, and there re- 
mains to be reſolved -+ 3aas-+ 3aee+eee. This is the firſt Work, which anſwers to 
Rule 1. and is no more to be repeated in the whole Extraction. 


The „ aaa+ 3aae-+ g dee K ce (are. The Root. 
Remainder, I 3age-+ Jace ee 
eee 


X E - - - ln 


FEENEY — 2 — UT 
— K rr > 
1 _ —_— —— br — - 
- 


* 
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Secondly, 1 ſeek a Diviſor thus, viz. to A zaa, which is the triple of aa the Square 
of the Roor a, I add & 3a, the triple of the ſaid Root a, and the Sum 3aa-þ 3a is the 
Diviſor, which I ſet underneath the remaining Reſolvend, according to Rule 2. 

Thirdly, according to Rule 3. I divide + 3aae by + 3aa, and it gives Se, which 
l ſet in the Quotient next after xs. 3 . 5 
Fourthly, to find out the Ablatitium (or Quantity next to be ſubtracted) I make 2 
threefold Heth viz, Firſt, 1 multiply + 3aa (the firſt part of the Diviſor) 
by Te the Root laſt ſer in the Quotient, and the Produtt is & 3aae, Secondly, | 
multiply +3a, the latter part of the Diviſor by ee, the Square of the ſaid Root, 
and the Product is ＋ 3a. Thirdly, I multiply the {aid Root e Cubically, and the 
Product is eee. Laſtly, I ſubtra& the Sum of the ſaid three Products from the Kgl. 
vend, and there remains o So the Extraction is finiſh'd, and ae is the true Cubic 
Root ſought ; for if it be multiplied cubically, it will produce aaa 3aae - 3aee- et 
firſt propoſed. 1 . = EE 


Example 2. | 1 
In like manner the Cubic Root extracted out of I2 5a, 225 ae 135aee-k 27ee 
is 5a+3e, and the Work ſtand thus : | 1 15 EN Ew 
| | N 
The Cube,  T125aaa-+ 225aae-F135aee-h27e | (Ja- 36. Root, y 
Subtract 125 aaa 3 — : 
Remainder, ＋ 225aae-+ II Jace 27ece | : 
Diviſor, | a +_I5a) _ | y 
Subtract + 225aae-+135aee+ 27eee F 
Remainder, O : © 
Example 3. : 
So the Cubic Root of 274.544 17118843 T 285.150 125 will be 
found 3aa— 24 ＋ 5, and the Operation ſtands thus: BE 9 
Cube, 274 —5 4a ＋ 17144—18843-＋ 285 a—150a f 125 | (3aa—2a-＋T 5. Root, 
Subtract 27a⁵ | 30 | e 
Remainder, — 54a ＋ 17144+—18843-F 285aa—150a+125 I. 
Diviſor, 2744 r ga?) . 
Subtract —5445+ 364!.— 8a | At 
Remainder, —+1334+—180a?+ 285aa—150a+125 ro 
9 ＋ 274.— 3645 ＋ 1244 ; 8 | 
Diviſor, : + gaa—6a [ 3, 
| — — to 
+ 1354 —1 8043+ 60ag 4 Ri 
Add theſe, | ＋225aa—1 508 _ Mr „ 
| T7 | EN + 1 25 1 | ne 
Subtrack ' __t+135a44—180a3+ 2854aa—1 5oa 125 | 
Remainder, O O EY O Re 


If there be occaſion to extract the Root of the fourt! fifth. See 0 . 
pound Power, the Diviſors and Ablatitious — Bom be = 5 2 A 


ble in Sect. 4. Chap. 1. of this Book. fn 
T „ - OE a Di 
X. Concerning the Extraction of Roots out of Algebraical Frafions. — 


1. Foraſmuch as in the Extraction of Roots out of Fractiong the RO 
Numerator and Denominator being ſeverally extracted wiv e — job = 
5 


fore if the Square Root of _ be to be extracted, I write 2 for the Root ſought; 
| RT 


for the Square Root of the Numerator aabb is ab.: | p 6 
minator cc is c. 0 is ab, and the Square Root of the Deno- 
In 


7 


are 
the 
lich 

7 
de 2 


ſor) 


55 
It e, 


the 


el. 
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r eee 
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* 
3 n — —_—_ —__— — 


3 t aaaa — aaabb-¶ hbbb 5 
In like manner if the Square Root of — 2 7 n - - : be deſired, by extraQting 


the Square Root out of the Numerator and Denominator, there ariſes 


aa=—bb 


= for 


* the Root ſought. | 
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And for the ſame nid the Cubic Reet itn : . i, . = 


27a%—5445+ 1714%—18843+ 285a4—1504+125 will be 3aa—2a+5 | 


— 2, which is 
| | aan—gaa-r 27427 — 
found by extracting the Cubic Root out of the Numerator and Denominator of the 
Fraction propoſed. | NY as 6 


2. But if the Root ſought cannot be extracted out of the Numerator and Demoni- 
nator, then the Radical Sign with the Index of the Power, if it exceed a Square, 


is to be prefix'd to the Fraction; as to denote the Square Root ＋ ac, that is, 


of — . I urite 90 . ee or (becauſe the Square Root of the Denomi- 


nator is 25) the Square Root of the Quantity propoſed may be expreſs d thus 


2b 


v coxx—gab ve. likewiſe the Cubic Root of _— may be deſigned either thus, 


aa+bb 


„%% or (becauſe the Numerator is a Cube) thus, The like is 
by ALOE 


aa FEB 3 ) aa 
to be underſtood in expreſſing the irrational Roots of higher Powers. 


CHAR. 


Concerning Geometrical Proportion, 


| * HE Difference of two Numbers is found out by Subtraction; but the Ratio, 


Reaſon, or Habitude of one Number to another is diſcovered by dividing the 
Antecedent (or firſt Number) by the Conſequent (or ſecond Number;) for the Quo- 
tient denominates the Ratio, Reaſon, or (as ſome call it) the Proportion which the 


Antecedent has to the Conſequent. As if 6 be compared to 2, then 2, that is 4, or 


3, ſhews that 6 has triple Reaſon to 2, viz. 6 contains 2 thrice, or 6 is in proportion 


to 2 as 3 to 1; but if 2 be compared to 6, then 42 or + ſhews, that 2 has ſubtriple 


Reaſon to 6, viz. 2 is part of 6, or 2 is in proportion to 6 as 1 to 3. In like man- 
ner if the Quantity a be compared to the Quantity b, then 5 expreſſes the Ratio or 


Reaſon of a to b, and + ſhews the Reaſon of 6 to a. 
Note, that the Reaſon of two Numbers or Quantities ought to be expreſs'd by the 


ſmalleſt Terms or Quantities that can poſſibly be found to expreſs that Reaſon. So tlie 


Denominator of the Reaſon of 16 to 12 is 4, where 16 and 12 are firſt reduced to the 
ſmaleſt Terms 4 and 3, (by dividing the 16 and 12 ſeverally by their greateſt common 


Diviſor 4) and then dividing the Antecedent 4 by the Conſequent 3, the Quotient + 


expreſſes the Reaſon or Proportion of 16 to 12, viz. 16 is to 12 as 4 to 3. In like 


manner the Reaſon of bb to ha, or of bbb to bba is G. | 


IT. Quantities which proceed by equal Differences are ſaid to be in a continued 


Arithmerical Progreſſion, (as has been ſhewn in Chap. 17. Book 1, of my Algebraical 


Elements; ) but Quantities which proceed by equal Reaſons (or Proportions) are faid 
to be in a continued Geometrical Progreſſion or Proportion. So theſe Numbers 2,6,18, 


R 2 F 


El 


__ OY 0 0 


a 
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„16, are continually proportional, becauſe the Reaſon (or Proportion) of the firſt 
SD Ms . 5 is equal to * Reaſon of the ſecond to the third, alſo of the third to the 


fourth, and ſo forward; viz. 2 (or P Sr I; or backward, 11 


et 3.) In like manner if theſe Quantities a, ö, c, d, e, be ſuch, that 


SA or backwards, if 2 then thoſe Quantities are con. 
8; 3 ä r 5 | | 5 
tinually proportional; viz. as the firſt is in n to the ſecond, ſo is the ſk. 
cond to the third, the third to the fourth, c. 3 e 
Baut if there be four ſuch Quantities, that the Reaſon (or Proportion) of the firſt 
to the ſecond, is equal to the Reaſon of the third to the fourth, but the Reaſon of 
the ſecond to the third, is not equal to rhe Reaſon of the firſt to the ſecond, then 
thoſe Quantities are ſaid to, be in Geometrical Proporrion diſcontinued or interru pted; 
ſuch are theſe four Numbers 2 . 6 :: 12 . 36 for + (or +) , but +5 (or ) 
is not equal to + or 4. In like manner, if a, , c, d, be ſuch Quantities that 


= bur is not equal to 2 (or - 3 then are a, b ce d diſcontinual Proportional; 


14 | 
III. If three Quantities be Proportionals, the Product made by the mutual Multi- 


's ts BY A. 


- plication of the Extremes is equal to the Square of the Mean; as, 
If there be propoſed dl. 5 nd 18, 22253 BN 


4, B, c, 8 


* 


Then this Equation enſu es » « acmbb=36 _ 
For ſince by ſuppoſition . . . . . « + + + + + @.b::b.c 
It follows (by Seck. 1. and 2.) that 8 : 


| 0 
Whence by multiplying each part by c .. L bes 5 
And hy multiply ing each part of the laſt Equation by , 15 E 
V 
Which was {to de pro l. => : | | 
IV. If four Quantities be Proportionals, whether they be continual or diſcontinual, 
the Product made by the mutual Multiplication of the Extremes is equal to the Pro- 
duct of the Means; aa ende ln fl ebe oda of the Meags be divided by either 
of the Extremes, the Quotient is the other Extreme. As for Example 
Let four diſcontinual Proportionals be propoſed,” 2 127 15 ; f oh - 
Then by the foregoing Sek. 2. 5 80 is SEL a; 708355 
; And by multiplying each part of that Equation by @ this ; 2 15 
ICE ↄ . w ᷣ tn -r A SP 
And by multiplying each part of the laſt Equation by c, , ,__ 
the firſt part of the Propoſition is 3 viz. . 1 da=dh=60 


And by dividing each part by d there ariſes . * 4 ee 5 


* 


14 


Which laſt Equation being compared with the four Proportionals firſt propoſed 
does ſhew, that if three Quantities d, c, h, be given, to find ſuch à fourth as ſhall have 
the ſame Proportion to b as c has to d, then the ProduQ of the ſecond and third Terms, 
to wit cb, being diviged by the firſt Term d will giye the fourth Proportional ſought, 
which is the very Operation in the Rule of Three Dirt. 
V. If three Quantities a, l, c be Proportionals, and the firſt and ſecond, to wit a and 


1 * 


be given ſeverally, the third is alſo given; for by Sect. 3. of this Chap. ac bl, 
whence by diyiding each part by a there ariſe c= which ſhews, that if che Square of 
the Mean or ſecond Term be divided by the fiſt, the Quotient is the third Proporti· 
onal , hence a,b, and 5. are continual Proportionals. 'In like manner if three Quar 
tines in continual Proportion be given ſeyerally, and a fourthProportional be defi! 


— 


— P — 


En 1 5 7 "Of Geometrical Nac 


Z „ „ e «> 6 — > — IS 


E. Square of the third Term divided by the. ſecond gives the — as if 8 « bs 
5524 Vas hen by dividing th bb 4000 
given ”_ three, a, ; then by dividing the Square of 22 to wit, by b;the 


Quotient — 6 mall be the fourth c0 | t m 1 Proportional 2 a, 1 55 are con- 


tinual Pro nojebilals. Likewiſe if the Square of the fourth a Flom be 
divided by the third, the Quotient will be the fifth; ſo ro thoſe four continual Pro- 


portiagals this fifth will be found, to wit, oo, z and 0 forwards infinitely. Therefore, 


I. If Numbe aden many ſever, be collins Þ apPrijoxals, and Lthe leaſt Term 
be eſteemed the firſt, that next greater fiche the le 115 a and ſo forwards; then 
the ſecond Term produced by the oa ation of the firlt i 4: 220 the Reaſon of the 


\ ſecond Term to the firſt, the third Terms uced by the Multiplication of the fir 
into the Square of the ſame Reaſon, the kn erm is e the Multiplication 


oß the firlt inta the Cube of the fame Reeſon; and in like manner every following 
Term is produced by the Multiplication of the firſt into ſuch a Power of the Reaſon 
of the ſecond Term to the firſt, as has fewer dimenſions by one than the Number of 
Terms 1 * as in the 11 fix continual en to wit, 


4 4.25 uh bk 1 „ 7 
abs = ts” er 


aa? N aaa * aaaa 


6, 18, 544.164» 486 „ 


Suppoſing a þ to be the feſt: * leaſt Term, the ſecogd Term þ is equal t to. ab Product 


of the firſt Term a into = to wit, the Realorgof the ſecond Term to the firſt ali 


the third Tem# prota ow Mulciplication of the firſt Term a into the Square | 


of the ſame Reaſon, that is, jnto if end the fourth Tem see by the: 
Multiplication of the firſt Term a into the Cube of the ſame R eaſon, that is, into 


2, ; and th Term 2 = is produced by the dukte of theft Termaiu 


the a ourh Pave of the anheben $9 _ and i formards, 3 


But if the greateſt Term be eſteemed the firſt, t t leſs than the; 

Gen By e downwards : ; then the 1177 rm 1 8 to the Quotie S i 

by dividing the firſt (or greatelt) Term by In o tue to 1 he ſecond 

third | is al to the Quotient that ariſes 55 Gian the pkt erm by the Square 2 | 

the ſame Reaſon the tourth. Term is equat to theQuotientithat ariſes by dividing the 

* firſt Term by the Cube of the ſame Reaſon; and in like manner e 70 Term beneath 
MM TTT 

Term by ſuch Wer or the Reaſon of the greateſt to the greateſt but one ( or ſe- 

cCond) Term, a Pomer of the Rexfo by one than as in theſe 
— hx 8 Wenne bt. 


be, th bh 415 107 10 Fa [fem 8 4 : | 


aa a? 7 ” [try {2 wo > BIG 
4 > 54 + 396 6, 2 — 


* * — 


. 3 *, 4 2 14 486 


If we foppaſs Wy to be the 2 and ae. Term, then the fron Term bh | þ- . 
equal. to che Quotes of che firſt Term "2 = divided by +, ro wit, by the Reaſon of 
 thefirlt Lemm to the ſecond 4 — iu 9 ts Queen of the 


lt Term des niet by en by the Square of the Reaſon +, and de 
„„ | > x fourth | 


\ 


8 


* 


. 9 * r — ad 


Ta ah 


| fourth Term bb is equal to the Quotient of the firſt Term bbbbb divided. by c 


5 | ; aaaa 
Cube of the ſame Reaſon. And ſo of the reſt. 


VII. From the laſt preceding Section it follows, that if in a Series or Rank of Num- ö 


bers which are in continual proportion, the firſt Term, the ſecond Term, and the Num- 
ber of Terms be given ſeverally, the laſt Term ſhall be alſo given by this Rule, viz, 
firſt, (according to the Note in Sect. I. of this Chap.) find out the ſmalleſt Numbers 
that may ſhew the Reaſon of the greater of the two given Terms to the leſs; then 


eſteeming the ſaid Reaſon as a Root, find ſuch a Power thereof whoſe Index may be 


equal to the given multitude of Terms leſs by Unity, which Power multiplied by the 


firſt Term, when the firſt Term is leſs than the ſecond, gives the laſt; to wir, the 


greateſt Term. But when the firſt Term is greater than the ſecond, then the firſt Term 
divided by the faid Power gives the laſt Term. As if there be given a and 5, the firſt 
and ſecond of fix Numbers in continual proportion, and that b is greater than a; 


then the Reaſon of þ to is 4, ( by Seb. 1. of this Chop.) and the fifth Powerof 


2 is 2255 this multiplied by the firſt Term a produces , which is the fixth 
a aaaaa | ox. OR Tg 
Proportional ſought, (as is evident by Seck. 6.) but if the firſt Term a be greater than 


- QAaaaaa 


the ſecond Term b, then the Reaſon of ato h is ., whoſe fifth Power is 444 by 


| | h ET Bb3bh* 
which if you divide the firſt Term a, the Quotient is the fixth Term = | 
| "74 Bf aa 


Inis Rule may be exemplified by the four following Ra nks of Numbers in conti 


nual Proportion. 6 : 
i , 28 5: igge I 60645; 486 = 
3072 „ 768 , 192 , 48 ., la, 3: * 
of : 4 172 9 — 32 1 24352 
7954. 2 7 3. FE, F b Of TOS CE 
1024, 256 6 4 x6: 
ES 8) oe SOT rs, oe 4 5 3 T7 


© VIIL. If there be given two Integers expreſſing a Reaſon in the leaſt Terms, and it 


be defired to find out a given multitude of continual Proportionals in the ſame Rea- 
ſon, and that all the Terms may be Integers ; Firſt, to thoſe two Integers, or firſt and 
ſecond Proportionals given, find out (by Sec. 5. or 6. of this Chap.) ſo many Propor- 
tionals as with thoſe given may make the deſired multitude : then multiply every Term 
by the Denominator of the laſt Term, fo ſhall the Products be continual Proportionals 
in Integers in the ſame Reaſon as the two Terms firſt given. As for Example: If 4 
and b be given, and it be defired to find three Proportionals in Integers in the Reaſon 


of a to b, firſt, to a and ö I find a third Proportional, which (by Secf. 5.) is bh 
MEN | Mu ws Tha ay ep rs - 


then a, b, — being multiplied ſeverally by the Denominator a, the Products aa, ab, 
bb, are pee. expreſs d by Integers, and in the Reaſon of a to b, as was deſired. 
Hence if a=2, and b=3 ; then aa, ab, and bb will give 4, 6, and 9, which are 

continual Proportionals in Integers in the given Reaſon of 2 to 344. 

So if four continual Proportionals in the Reaſons of a to h, be deſired; firſt, (by 
Seck. 5. or 6.) theſe will be found continuaſ@roportionals, to wit, a, 6, 2 = 
ieh multiplied ſeverally by aa, ( the Denominator of the laſt Term ) will produce 
aaa,aab,abb,bbb, which are four continual Proportionals in Integers in the given Rea- 
ſon of a to b. Hence if a=2, and b=3, then aaa, aab, abb, and bbb, will give 8, 12, 18, 
and 27, which are continual. Proportionals in Integers in the given Reaſon of 2 to 3. 
In like manner theſe five Quantities aaaa, aaab, aabb, abbb, and bbbb, will be found 
- continual Preportionals in the Reaſon of a to h; fo that if a=2, and b=3, then thoſe 
five Proportionals will give theſe five, to wit, 16; 24, 36, 54, and 81 = in the Reaſon 
of 2 to 3. After the ſame manner you may proceed infinitely. . 


IX. If 


. 
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aaa | 


aa 


8 


the bbs of Terms is odd. As 


to the Product be: e, e 85 


6. Therefore from the thitd and fifth he (per I. Axiom. 


tf ppoſe to be continually proportional, ob 8g. g; then the Product made by the 
7 Malriplication of the two Extremes a * 3 1s nm to the Square « of the middle 


E H A 5. 2 "Of Geomerical Proportion, wr 2 


. If thats be Quantities in continual Proportion, how many eber, the Produd 

Made by the Multiplication of the Extremes is equal to the Product of any two Means 

equally diſtant from the Extremes * and alſo to the Square of the Mean Term; when 
or Example: If a, b c. d e , be continual Proportio- ( 

nals, Ifay, the Product of the Extremes'a and 7, to wit af, is equal to the Frodut 

of any two Terms equally n . N Viz, to © Produdt ns and 


5 > 22 2 * 2 


1 By ſuppoſition, (and by Seck. 1. and) . 2 
2. Therefore wy multiplying each part by f it produces 5 7 25 22 | . 


| 3. And by multiplying each part of the laſt FEquation by bir gives af=be 
WP Again, by ſuppoſition i LS 5.4 | 
5. Therefore (by multiplying i in like manner as before) c dle 


1. Elem. Euc lid. 122 =cd=be 

Which was to be proved. And if more continual Proportionals even in multitude 25 
were propoſed, the Demonſtration would not be otherwiſe. => 

But if the multitude of Terms be odd, as in theſe ſeven Quantities which we may 


Term d, viz, ag=dd, For, 
1. By ſuppoſition (and by Seck 1. a 20 3 _ 5 
2. Therefore by e each part of that Equation by d, * 3 _dd - 

0 "it makes, - +» ; „ 
3. a hy multiplying each part of the laſt Equation * e, it 3 ad 

4 prod uces 19 . k 
4. And 1 has been already proved: in the firſt part of this 4 es 

Propoſition 8 * 
5. Therefore from the two laſt Equations ( per 1. A*. Elan. Racl) ag 


Which was to be proved. Therefore the 1 1” is every way manifeſt; but 
for further Anme : 


Let there be propoſed. theſe fix continual 
Proportionals in Numbers, to wit, . . 
Then according t e firſt part of the 
Propoſition, 15 
Again, let chere be propoied theſe ſeven 
continual Proportionals, to wit, 
Then according to the latter part of the N 


„ 6 „ 18, 545 16: 486 55 
te = 6 162=18 X 54=972 
F 2,6, 18 , 54 5 162,486, 1458 
2 * 1458 54* 742916. 


roy ition, 
If four Quantities be Proportionals, 4. 57 C. d, they ſhall be alſo Alternly, and 


Inverſl 7 and ana and N and Comverlly Froportionals, VR, 


a Ca 5 s 4" 
Tf TO 6 . 4. 12 1 | 1 
Then Alteroly,, 4 6 1 15 5 1 16, P. Elon, bl N 
C 


ö 5 oor d 
And Inverſly, $i 1 6 1 54 cer Brop 4. Elen 5. 


And Compoſedly{ 8 52. + 1 2095 * „ Eu. 


14 20 — 
And Dividedly, 1 ry E ws - 1855 


a 


Kod Comerdy, J 6 STAT ee of ro. 15 be. 2 


1 7 C - IO . 3 12 * 
wh F 4 p 9 
8 1 | But 
5 bo 5 £ wy & a — 4 7 


N 
4 


- ” 42.» - - . 


4 / 
9 4 — IE INES. * bY 
* ” * 


9 Geome tric al Proportion. 


But that the Learner may the better perceive the meaning and uſe of theſe r of 
this 


Ante te. 
— 


r 


arguing about Proportionals, I ſhall apply ſome of them to the Reſolution o 
following N | 


CORDED ca arapt. 


The Difference (b) between the greater extreme and mean of three Quantities cies 


tinually proportional being given, as alſo the Difference (c) between the mean and 


the leſſer Extreme, to find the Proportionals; but the firſt Difference muſt be gteater 


than the latter. F 
| 5 RESOLUTION. 


1. For the mean Proportional ſought put . . . _— 


2. To which adding the given Difference (b) the Sum is of: 3 on | 
TSS... vu = 
3. But if from the Mean (a) the given Difference (c) be? * 
ſubtracted, the Remainder is the leſſer Extreme, ito wit, Fo * © 
4. Then (according to the Queſtion) theſe three Quantities) ; e 
a+b. a, and a—c muſt be in continual proportion, 4 a4. a:: 4. a= 
5. Therefote 5 Dieiſion ot Reaſ en 1 4 We 
6. And geen (or by Fermuration) , ... . . 1 :: 4 . 
7: And by Divifion of Reaſon, + . 
8. Wherefore by Converſion of Reaſon, . | b—c.b::c.a * 


Which laſt Analogy if it be expreſs d by Words gives this 
51 e CLNO MN. 


As the Difference between the two given Differences is to either of them, ſo is the 


other ro the mean Proportional ſought. : | 
Therefore if 36=b, and 12 , the Canon will diſcover 18 for the mean Propor- 


tional ſought, (to wit, a in the Reſolution) which increaſed with 36, and lefſened by - 


12, gives 54 and 6 for the Extremes. Therefore the three Proportionals ſought are 
, oo end 8 1 

Note. If the Analogy in the fourth ſtep of the Reſolution be converted into an Equa- 
tion, by comparing the Product made by the mutual Multiplication of the Extremes 
to the Product of the Means, that Equation after due Reduction will give the ſame 


Canon as above; ſo that the Argumentation in the four laſt ſteps of the Reſolution is 


not of neceſſity, but only to ſhew how without the help of any Equation the Num- 
ber ſought may ſometimes be made the fourth Term of an Analogy, whoſe three fitſt 


Terms are known, whence by the Rule of Three the Number fought is alſo known, 
Which ways of inferring one Analogy out of another are more proper when the Na- 


ture of a Queſtion will admit the fame, than the common way of proceeding by Equa- 
tions, eſpecially in the Reſolution of Geometrical Problems, where every ſep ought 
to be expreſsd in the moſt fimple Terms, to the end the Compoſition of the Problem 
may the more eafily be formed by the ſteps of the Reſolution; bur in a retrograde or 
backward-Order,as I ſhall hereafter ſhew in the fourth Book of my Algehraical Elements. 

XI. If Proportionals be multiplied or divided by Proportionals, the Products alſo 
or Quotients ſhall be Proportionals; as, | Cn, uh 


I rheſe four Proportional Numbers, a . :: ca , cb. 
tO Wir e Hot DJ, 27 oo Th dee 2x4 
be multiplied by theſe four Propor- ..:: gd . of 
tional Numbers, LS „„ he Co We 2 *: . 7x6 ; 


: 53 .' 4 S Hy 

there will be produced theſe four Pro- ad bf :: Gd . cebf po. 
portional Numbers, to wit... 5 2X5 . 4X6. : :3X7X2X5 , 3ZXJX4X6 
* the 8 part of the Propoſition is PT 5 VVV 0 

And if theſe four Proportional Num- ' 5 e 
bers, to wit, | 5 5 f ** * L ad 2 bf . . © cgad | . cebf. 
be divided by theſe four Proportionals, / „ . 

. a Bom . n 2 8 : , » » l * 

WE ES > ate fs 27.4 5 ＋ . 8d 5 J. 
the Quotients will be theſe four Pro-) „ . „ rp bal. 
portionals, to wit, 199 4 „ /// ęꝑ ñͤmßß 6  * 


irhereby the latter part of the Propofition is manifeſt. 5 


„ Hence 


: 


6 
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Hence it may cafily be proved, that the Squares, Cubes, fourth — fifth 8 
ers. &c. of proportional Numbers ſhall be alſo Proportionals; as, = | Pow 
1 tele Scruares allo lite HHC N 
n their Squares al io iha roportionals, vix. aa. bb :: 2 | 
And the Cikes of che firſt four Proportionals cb 
ſhall alſo be Proportionals, vin. Fane . bbb :: cccaaa , ccebbb. 


And ſo of higher Powers. 


XII. In every Series or Rank of Quantities continually proportional. all 
Terms berween the firſt and the laſt are borh Antecedents 2 70 1 
ſons; as | po | | | ah 

It J)) 42 „ „ d, e, f = | 1 

That is... . ... - e- +14. 8:50, ee nar eff 

It is evident that every Term except the laſt () is a Antecedent of a Reaſon, and 
every Term except the firſt (a) is a Conſequent ; wherefore if (s) be put for the ſum 
of all the Terms in the Series, then s—f ſhall be the ſum of all the Antecedents, and 
a the ſim of ail the Conſequents. Therefore, 35 : 

From the premiſſes (per 12 Prop. 5, Elem. Eucl.) 
this Analogy ariſes, . CO 

Whence by comparing the Product of the Ex- 
tremes to the Product of the Means 3 

Therefore by due I ranſpoſition in that Equa- 
tion when b is greater than 3. 

And by dividing each part of the laſt Equa- Ea. 5 

tion by -a, there ariſes . , . . . , b—a 
„ . „ a4 
But if @ exceed b, then there will ariſe — | 

Which two laſt Equations give a Cannon to find the ſum of all the Terms of a 
Geometrical Progreſhon, the firſt, ſecond, and laſt Term being ſeverally given. 

Divide the difference between the ſquare of the firſt Term, and the Product made 
by the Multiplication of the ſecond Term into the laſt, by the difference of the firſt 


and ſecond Terms, ſo the Quotient ſhall be the ſum of all the Terms of the Geo- 
metrical Progreſſion propoſed. 1 


b :: s—f 4 
þamarmbrmbf 


Fla bS—as 


| Examples in Numbers. 5 
Ler the Yalues-of theft „ e „ f5 
be expreſs d by theſe Numbers, . . 32 , 48 72 , 108, 162, 243 + 


„„ iy phe Canon ale 5 — 2665 the ſum of all. 
But if the Values of the ſame „ „ „ 2 % fu 
3 925 Pp 2 2 53 OE 5 77 


JJ... 8 ng 5 
be expounded by theſe Numbers . . 243, 162, 108, 72, 48, 32 

nn n TH =665 the ſum of all. 

XIII. If what has been faid in the eight Sec. of this Chap. be compared with the 
Table in Se&. 4. Chap I. of this Book, it will be manifeſt, that if we caſt away the Num- 
bers of Multitude which are prefix d to all the mean Terms or Members belonging 
to any Compound Power produced from a Binomial Root, ſuppoſe from a- e, then all 
the Members or ſimple Quantities whereof the ſaid Compound Power is compoſed, are 

in continual Proportion. As for Example: The Members whereof the ſquare of ae 
is compoſed are aa, aae, and ee; now if 2 which is prefix d to ae be caſt aſs then aa 

” _ ee are Continual Proportionals, (as is evident by the preceeding eight See, of 

this V ä | | s 

A it appears by the ſaid Table, that the Members whereof the Cube of a+e 
iscompoſed are aaa, *3aae, ace, and ece ; here if 3 and 3 which are prefix d to the 
mean Terms be caſt away, then theſe four Quantities aaa, aae, ace, and eee will be in 


+Continual-Proportion = 8 
— | Y = Lie 


8 
| 
| 


CCE — —B e 3 — 2 8 . — — 
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| Likewiſe, foraſmuch as the fourth Power of ae is compoſed of theſe Members, 
aaaa, gaaae, Gaace, 4aeee, and eece; by caſting away the Numbers of Multitude 4, 6, 
and 4, theſe five Quantities aaaa, aaae, aaee, ace, and eeee, ſhall be continual Pro por: 
tionals. And ſo of higher Powers infinitely. 1 ; 1 


XIV. Foraſmuch as by the laſt preceding Secł. * ii a aig 5 >: 
theſe Quantities are in continual proportion to wit,F, Uo „e 
Therefore their ſquare Roots alſo ſhall bein conti- } | 
nual proportion,(per22 Prop. 6. Elem. Eucl.)to wit, 


4 Var, 4 8 
Hence if a mean Proportional between any two given Numbers a and e be deſireſ 


it ſhall be Vae; as if a=12 and e=3, then ae=36, and Vae or 36, that is, 6, iͤ4 


mean Proportional between 12 and 3; for as 12 is to 6, 10is6 to 3. 
Again, foraſmuch as theſe Quantities are in}, age „ Hee”, eces = 


continual Proportion, to wit, 


Proportionals, (per37.Prop.11.Elem. Encl.) to wit, 


— 


Therefore their Cubic Roots al ſo ſhall be continual 4, V(3)ant, V(3)ate, 65 
Hence if two mean Proportionals between any two given Numbers (a the 
greater and e the leſſer) be deſired, theny(3) aae ſhall be the greater Mean, and 
(Z) ace the leſſer; as if a=54 and e=2, then age = 5832, and V(3)aae=v(3)5832, 
therefore /(3) 5832, that is, 18 is the greater Mean ſought; alſo aee=216, and 
therefore V(3)216, that is, 6 is the leſſer Mean: ſo that 18 and 6 are the two deſired 
Mean Proportionals between 54 and 2; for 54, 18, 6, and a, are in continual Pro- 
rtion. But when one Mean next to either of the Extremes is found Out, the other 
ean may be found out by Seck. 5. of this Chap. without extracting any Root. 
After the ſame manner by the help of the ſaid Table in Sec. 4. Chap 1. of this Book, 
continued to higher Powers if need be, you may find out as many mean Proportional 
Numbers as ſhall be deſired between any two given Numbers. As, if you would find 
five mean proportional Numbers between 1458 (or a) and 2 (or eʒ) look into the 
Aid Table for the ſixth Power, (to wit, 4 Power who# Index exceed$by Unity the 
number of Means fought) and you will find aaaaana, Gdaadat, 1 5anhate, 2 Oaadebb, 


I5aaeece, Gaceeee, and ececee ; then caſting away 6, 15, 20, 15, and 6, which are pre. 


fix d to the mean terms, and extract (6) out of every one of thoſe fix Terms after 


between a and e, it will be convenient to find the ſmalle 


the ſaid Numbers prefix d are caſt away, there will ariſe a, y(6)aaaate, V(6)azaart, 


V(6)aaaeee, v (6 )ageeeee, VG) aerce, and er; now to find the five mean proportional 


Numbers anſwering to thoſe five proportional Roots x 1 5 by Letters which fall 
| Mean firſt, viz. foraſmuch 

as a was put for 1458, and e for 2; therefore aceeze= 46656, and y(6 )aeeere = 
(6)46656, that is, 6 ſhall be the leaſt Mean ſought ; then 2 being the firſt Pro- 
portional, or leſſer Extreme, and 6 the ſecond, the third will (by Seck. 5. of this 
Chap.) be found 18, the fourth 54, the fifth 162, the fixth 486, inf the ſeventh, to 
wit, the greater Extreme, was firſt given 1458 : fo. that between 2 and 1458 five 
mean Proportionals are found out, as was delired ; and rhe ſeven continual ropor- 
tionals are theſe, to wit, 2, 6, 18, 54, 162, 486, and 145858. 
Many other admirable Properties adherent to Numbers in Geometrical Proportion 


continued, are deducible from the ſaid Table of Powers in Se. 4. Chap. x. of this 


Book, as will partly appear by the Theorems in the following ſixth Chapter, whi 
find diſperſed in fereral Algebraical Treatifess. (oper ef rie, which! 
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Tbeorems concerning, &c. 
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-G H A P. FEE | 
Various Theorems about Quantities in Continual Proportion. 


| Theorem 1. 


Jes Numbers be Proportionals, the Solid Number made by the Continual Mul. 
+ Mu- 


tiplication of all the three is equal to the Cube of the : 
Let three Proportionals be expoſed in Integers ac- ) aa, ae „ee = 
cording to Seck. 8. or 13. of the preceding Chap. 5. F 9 1 
Thence it is evident, that aaaeee, the Product made by the Multiplication of all the 
three Proportionals one into another, is equal to the Cube of the Mean ae. as is 
zffirmed by the Theorem. F 982 eee 


, _ | 3 Tbeorem 2. 
Tf three Numbers be Proportionals, the Product made by the Multiplicati 
the Square of the firſt by the third, is equal to the Produtt ultiplication of 
ſecond by the firſt. RE p 
4s in theſe three, e .. 7 „ ee 
It is evident that aaaaxee=aaee+aa= aaaaet. 5 a, 
1 # 1 9 Tueorem 3. . © 
If three Numbers be Proportionals, the Square of the Sum of the Extremes is equal 


to both the Squares of the Extremes, together with twice the Square of the Mean. 


As in theſe three, o = 4 * * - 5 * - oy s 7 5 1 * 
5 * 


The Square of aa-+ee is aaaa-＋ aaaee-F eree, which is ill 
the Squares of aa and ee, together with twice the Square of a. V equal to 


Theorem 4. f 


Ee Numbers be Proportionals, the Product of the leſſer Extreme multi lied 


by che difference of the Extremes, is equal to the difference of the $ 
| — and leſſer Extreme. EATER * | 8 of the 


As in theſe three, „T. : . „„ 5 x 6 . 4 1 
. 3 ; : Fs Th i | ; : 9. 9 — 
It is evident that ercaa ee: aaee eres 5 


Theorem 5. 


If three Numbers be Proportionals, the Product of the greater Extreme multiplied 
by the difference of the Extremes, is equal to the 2 of the Squares o the 


greater Extreme and the Mean. E 

As in tbeſe three. %% 4 

It is evident that aacaa ee aaaa —uaec. = ; f 85 5 
Theorem 6. = 


If three Numbers be Proportionals, the difference of the Squares of the Rane 


is equal to the Square of the difference of the Extremes, together with twice the 


difference of the Squares of the mean and leſſer Extreme. + I 
hiv had thay, ', ... , Ne 
I. The difference of the Squares ofthe Extremes is a-, es ; 

2. The ſquare of aa—ee (the difference of the „ „„. 
r oo ES Þ gas 2482 --eere 
3. The double of the difference of the Squares of 
the mean and lefler Extreme is | 


| þ 20006—20000 


| Now the Sum of the two later of thoſe three Quantities is manifeſtly equal to the 


Fg 


arſt, as the Theorem affirms. 5 Y.-2 Theorem 


of the Square of the 
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| | Theorem 7. . 5 
| If three Numbers be Proportionals, the difference of the Squares of the greater 
i Extreme and the Mean is equal to the Square of the difference of the Extremes, 


and to the difference of the Squares of rhe Mean and the leſſer Extreme, 

// FOES IR 
The difference of the Squares of the greater Ex 7 2 5 wt 

' treme and the Mean is „„ OY 

To ond nd 

2. The difference of the Squares of the Mean _ "ER. 
%%% „ » dos Ta en. ä 
Now the Sum of the two latter of thoſe three Quantities is manifeſtly equal to 

the firſt, as the Theorem affirms. B 


Ti heorem 8. | 


If three Numbers be Proportionals, then as the firſt is to the third, ſo is the 
Square of the firſt to the Square of the ſecond ; and ſo is the Square of the ſecond. 


to the Square of the third. | 
b OS IT UW 


I I It 18 evident that . - . . o . 2 0 - „ o as , ce * 8 agAX . ee | 
2. Therefore by drawing aa as a common Factor into the} . | 
two latter Terms of that Analogy, this ari- >aa . ee :; anaa , ages | 
2. And by drawing ee as a common Fattor into the | 5 
— | it es 
two latter Terms of the firſt Analogy, this ari- ca. ee :: ages eee 
riſes, . 3 . 5 5 3 is 9 0 . | ; ; | af 
By which two laſt Analogies the truth of the Theorem is manifeſt, 
IE We a . | | 5 
:  Theoremg. 3 "a b 
If three Numbers be Proportionals, then as the firſt is to the ſecond, (ct as the 
ſecond is to the third) fo is the difference of the firſt and ſecond, to the difference of 
; ond, nce o 
1 the ſecond and third. 5 55 I 
As in theſe three, 8 . OE IC. 5 „ ON 3 we "Tas * | 
; R | Ip 9.2 044. 3 
| x. It is evident (as before hath been ſhewn in Theo-! | 3 
* rem 4. ) thar, . . 0 . . 0 « 0 dg P *, 0 eee eee f 
2. And by Multiplication it will appear that, . . . ae-+eexaemeemaace—eces 
3. Therefore from the two laſt Equations (per 1 Ax. .... te 
% J re 
4. Therefore by reſolving the laſt Equation into /,, ! 
/ RE EEE un onde 
F. Therefore by diviſion of Reaſon, n. aa—ae . ate=te :; ae. e : 
| Which was to be Demonſtrated. nr el bas of os 1 
Mais 2... N 
If tour Numbers be continually proportional, the Sum of the Means is a mean Pro- 
portional between the ſum of the rft and ſecond, and the ſumof the third and fourth. I. 
Let four continual Proportionals be exposd in In- Jaaa, ade, ace , eee = | 
regers, ro wit, 2 . . . . OE . * ©, * , 8 5 4 G 2 o I = | 2. 
Then according to the import of the Theorem, it mult be proved that theſe three | P 


Quantities are Proportionals, viz. 
| aaa fa,. age T ace. ace ece = F 

But that they are Proportionals it will be evident by Multiplication, for the Pro- 
duct of the Extremes is equal to the Square of the Mean ; therefore the Truth of 
the Theorem is manifeſt, ne rn On | et Kine ON 


| 


[ 
| 


r — W enn 


CHAT. in 5 Continaal — | . 


"Gn 


„ | ED. a 


If four Numbers be nat Proportionals, the 8074 of all ist 
Means, as the Sum of the firſt and Ti to 5 ſecond. b 5 N ro de up of che 


As intheſe four, =. WE; — aae , aee, eee 8 
0 © bo | 63 * i p 4 4 1 
I. The Sum of all four is > na % MS» 4 Has ee ; 5 


The Sum of the Mean is 7777777 oy 
7 3. The Sum of the firſt and third is 2 n 0 "Jac : 
” 26 the ſecond is + aa 
"1fay, thoſe four pans are Proportions in \ fack order as * are above writ- 


ten; for it will a by Multiplication, that the Product of the Ex 
ro the Produtt of he leans therefore the Theorem is manifeſt tremes is equal 
Theorem 12. 


lf Por Numbers be in continual Proportion, the Sum of all ; is to the Sum of the 
Means, as the Sum of the Dy of the Megs is to the n of the Means or 
Extremes, ; « 
* As in theſe four, e Nee .- 0 aa , aae , ace, eee = 
i | 35 4 35 CSE 8 $9 :2 © I = 
x The Sum of all i is . 2 | * e Teta. e 
2. The Sum of Mans 20 B 
3. The Sum of the Squares of the NMeans is. „ Tate Tae! 
4. The 1 of the Means or 1 1 „ a | 
F ſay, thoſe four Quantities areProportionals, in ſuch order as they are above writ- 
ten; for it will appear by Multiplication, that the Product of the Extremes is 3 
to the Product of * 1 h the Theorem is manifeſt, el h 


| | * a "Pp * b 13. 


If four Numbers be continual Pro . f the Sum of the Sonam of the Mean 
is 2 mean Proportional between the Sum of the * of che firſt ang ſecond, and 
the Sum of the Squares of the third ang fourth. | 


As in theſe four „ Naas, ace , are „ eee = , 


2 2 2 5 = 
1. The ſum of the Squares of the ft, and nom] 3 A : | 
S in > Mn, < » is #0 .. W” | 1 
2. The Sum of the Squares of the Means is. „ ate Tae 
; * Sum of the Squares of the third and fourth ae +65. 
bs „ % . „ „% „ „ # l 1 
P fay 7 thoſe Ho Quantitiesjare Proportionals i in ſuch order as they are above writs 
ten; for it will appear by 15 1 that the Square of the Mean (or ſecond Quan- 
: ry) is * to the Product the Extremes: t — the Theorem is manifeſt. 


Tbeorem 1 4. 


if four Numbers be continual Proportionals the Square a the Sum of thi Means 
is equal to the Square of their difference, D four times the ProduCt of the 
Extremes or Means. 


As in theſe four, . Pagintn I "> 42 e : ar . my 
| » 7 7 
1. The Square of 3 (the ſum of the 


8 * 3 4 2 = __ : 
2. The Square, Bear? e nce . FOR Sy 
13 Erg Tauer Her- 3 
3. The Quadruple of the Produtt. of the Extremes Bas 555 
or Means is "Fe. - +4 
Now it is Evidentthat the firſt 2 thoſs three Quantities is equal to the Sum of the 
ſecond and third: therefore the Theoremis, ft. c 


» * * 
_ 4 ” 1 9 * 
4 n L £ Fs * . * 
? 4 : * . 
> 2 £ * F » 4 6 * \ . 1 
a 3 1 - 4 1 g . « 
7 
* * IF | K - * PP . 4 . - 1 « : " ( 
y . * a ” 
Y 4 * / r „ G . d — 8 . 4 „ + #4 4% * * * —— N 0 * 
8 . g - - —— 
a * . 
* 


- n - , 
=” \ f 5 
5 4 
R JO TOR Oe Ie * 
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Theorem 1 5. ” | 
If four Numbers be continual Proportionals, the Sumof their Squares ſhall be to 


the Sum of the Products of the firſt into the ſecond, and the third into the fourth; 


as the ſum of all the four Proportionals to the ſum of the Means. 
J Ws . - --- - #2 _—_ * Re Say = 

Wo | | | . N JF" 2 722 * 

x. The ſum of the Squares of the four Proportio 75 a 


— jj ß ̃èð- Sf ns 
2. The ſum of the Products of the firſt into the ſe- SY * N 
cond, and the third into the fourth is. 4 FR 
3. The ſum of all the four Proportionals is . . . . ai+@ehan-+e | 
Err... , oo >... Te” 
I ſay, thoſe four Quantities are Proportionals in ſnch order as they are above ſeated, 


i 
- 


for it will appear by Multiplication, that the Product of the Extremes is equal to 


the Product of the Means. I herefore the Theorem is manifeſt. 1 


If from the ſquare of the ſum of four Numbers in continual proportion the ſum of 
their ſquares be ſubtracted, and from half the Remainder there be alſo ſubtracted the 


ſquare of the ſum of the two Means, this latter Remainder ſhall be the ſum of the 
' Products of the firſt Proportional into the ſecond, and of the third into the fourth, 


and ſhall be to the ſum of the ſquares of thoſe four Proportionals, as the ſum of the 


two Means is to the ſum of all the Froportionals. 
V 3 iT ob F the Te dai 
1. The ſquare of the ſum of the four Proportionals will by Multiplication be found 
| a® + 245e-+ 344? + 44383+ 3a*e#+ 2485+ e 2 0 A 
2. The Sum of the ſquares of the four Proportionals is 55 
. as 3 77 . 
Which Sum of the ſquares being fubtracted from the ſaid ſquare of the ſum. 
half of the Remainder will be A ES i | | ans the 
= + aie-þ ate? + 20363 -T free. | 
4. The ſquare of the ſum of the two Means, to wit, of ae ae? is 


93 


7 bo +ate? + 24383-þ att. 5 mn.” 
5. Which laſt mentioned ſquare being ſubtracted from the half Remainder in the 
third ſtep, there will remain the ſum of the Products of the firſt Proportional into 
the ſecond, and of the third into the fourth, to wit; "SES 

Now accord be im | Te h 56% OE 
6. Now according to the import and meaning of the Theorem it remains to prove. 
that the Remainder in the laſt ſtep is to the ſum of the ſquares in the Geog <q 
as the ſum of the two mean Proportionals is to the ſum of all four, viz, that 

6 3 £5 | 7 

Theſe four Quantities are Proportionals, | ee en e⸗ th 


| | ( Tas Tae -faez- res. 
7. But that wer are Proportionals will be evident by Multiplication ; for the Pro- 
duct of the Extremes is equal to the Product of the Means, each Produ being 
| | a zde-rae Tae Tae ,, -fae - CME - f- as. 
Therefore the Theorem is manifeſt. e | 


4 


If four Numbers be Continual Proportionals, the ſum of all their Squares ſhall be to 

the ſum of the ſquares of the Means, as the ſum of the Products of the firſt into the 

ſecond, and the third into the fourth, to the Product of the Means or Extremes. 
This is inferr d from Theorem 12. and 15. by exchange of equal Reaſons. 


If four Numbers be Continual Proportionals, the ſum of the ſquares of rhe Extremes 


{hall be to the ſum of the ſquares of the Means; as the Exceſs whereby the ſum of 


the 4 


f 


2 HA P. 6. 1 in Continual P ropurtiom. 8 | 775 | 
Products of the firſt into the ſecond, and third 8 — 

the roducts of the firſt into the ſecond, and third into the fo 

| 9 of the Means, is to the Product of the Means or Extremes. _ on the Pro- 

_ This aL Thorens 17. by Diviſion of Ren. I ot tro 


. 


Theorem 19. 


If four Numbers be Cana Proportionals, the ton the firſt 
be to the ned, ; as the ſum of the uares of the Means Is to the ae 
Means or Extremes. Ai . 

This is deduced from maren T x, and I 2.by exchange of equal Roofing” 


* Theorew's 40% 


If FOR Nu mbers be Gan ortionals, the ſum of all their 8 ſhall be 
tothe ſum of the Products of the bv 5 into the ſecond, and the fourt 
as the ſum of the firſt and third is to the ſecond. . fd | * no Qs 


This isdeduced from Theorem 17. and 19. by exchange of equal Reaſons, 


Theorem 21. 


If four Numbers be continual Proportionals, the ſum of the Cubes of the Mes 
is equal to the Product made by che Multiplication of the ſum f eans 
tha roduct of the Means or xtremes. l of the Extremes into 


As in theſe four, „ we» + ww. 


1. The Sum of the Cubes of the Means is i "OS 
2. The ſum of the Extremes is „ 4% +6 
3. The Product of the Means or Extremes is. a393 , 


_ eve > 
2,1 # 


Now it is evident, that the fuſt of thoſe three Quantities is equal to the P 
the ſecond en multiplied, by: the third, a affirmed b by wo roduQ of 


Theorem 21. 


= fo 3 be continual Proportionala, the Cube of the ſum of the Extremes 
N the Cubes of the W GP with the ee ſum of the Cubes of 
lean „ 


M in tha four, = „ 25 os * 2 v5 gigs 2 2 
of he ſum of the Ex- EN ie 

MN 1 me 5 9 8 : 4 r 1 
2. The Cubes of the Extremes i is 1 Re * ae 1 Ps 


The triple ſam of the Cubes of the Means is . zes gan- 15 | 
| News! it is manifeſt, that the firſt of thoſe three Quantities is _— to the fam of 
the on two, as the Theorem affirms, OD 


9 5 Tleorem 23. 


if four Nu mbers be conti inual Proportionals, the difference of the Cubes of the 
Extremes is equal to the triple of the difference of the Cubes of the e or 
with the Cube of the difference of the Extremes. 5555 
As in theſe four, en. „ 5$ 185 an, as, on * ä 
5 7 . 
* The difference — alt Cubes af the 8 is a9—e * 8 
2. 
1 — 1 ou e Tenge, „ 
3. N * oY he _ honors. geben 3 2 of 1 | 


| Now it is manifeſt, hs * veſt of thoſe three e js rats to the fm of 
the om two; Which was to be prov'd. 5 + 21 re 0 


* 
4 : 


- 
* 2 A 
. ho ; 


* 
* * r — * . — 1 
. nn 
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Theorem 24. 


If four Numbers be Continual Proportionak, the Cube of the Sum of the fit nd 
ſecond is equal to the Product made by the Multiplication of the ſquare of thefirſt by 
the Aggregate of the ſum of the Extremes and the triple ſum of rhe Means. 


As i in theſe four, | QT aaa, aae, ace, eee = 


8 3 4 * 2 o 1ͤK*ͤ 8 ³5³ 
1. The Cube of the fum on the — and | 2 55 
ſecond to wit, of a3-þaae is - a9 + 34%-þ 347% ace 
2. The Square of — 3 op 5 : . as 
3. The Aggregate of the Extremes and the tri : 3 
ple of the ſum of the Means is . Pee 3a os 3ae 


0 


Now it is evident that the firſt of thoſe three Quantities is equal to the Product 
made by the Multiplication of the third by the ſecond ; which was to be proved. 


1 od a 


Theorem 25. 


If four Numbers be continual Proportionals, the Cube of the ſum of the Means is 
equal to the Product made by the Multiplication of the Product of the Extremes or 
Means into the Aggregate of the Extremes and the triple ſum of the Means. 


£ As in theſe four, . . = » aae, ace, eee = 
1 
f the Mear y 
7 e ee > regal ns, to 5 5 


2. The Product of oy Extremes: or Means is . a3e3 
3. The Aggregate of the Extremes an e. : 
Ne ER of the Means is „ es. N zae⸗ 


Nom it is evident chat the firſt of thoſe three Quantities is nil to the Produ& of 
the two latter ; which was to be proved. 


Theorem 26. 


iffour Numbers be continual Proportionals, the product made by hs Multipticaion 
of the ſum of the Extremes by the Sum of the' _ of the IS is equal 
to the Cubes of the four Proportionals. | | 


As intheſe four, V 


1. The ſum of the Extremes is 4e 

2. The ſum of the ſquares of the Extremes is ase. 5 

3. The Product of theſe two ſums is a9 fate Hale he 
= 4. = pag 5 the 127 of r e Fes Hate 4 


aaa 1 ade, ace, eee 


But the Product in the third ſtep is manifeſtly equal to the ſum i in the fourth ; 25 
the Theorem affirms. | 


1 0 27. 


If five Number be continual Proportionals, the Produ&t of the Mean (or tin 

| Proportional) into the ſum _ the 3 18 _— to ths Squares of hs 1 
| and fourth. | | 

As in theſe ſive. dal of | A 6226, dan, fue, a, 
1. The Product of the Mean i into the Sum of } 
the Extremes is 
2. And the ſum of the Square of the ſecond 
and fourth is alſo ; 8 


Therefore the Theorem is manifeſt, 


earth 


* Communt Prog ori. 


0 wuome 4» 4s — + ide — ve 
2 — Tl 9 r 


** 


U * * 4 * . 4 * 
*. . 1s ; r Ts k i 
4 g 0 8451710 N 4, r 1 
2 * 4&0 18 Y 1 > | F . - » 
. A 34 ö 1 F #7 


- 4p T 17 ©: Theron: 28. 


If five Numbers be continual Proportionals, the ſum of the fir third, and fifth, 
ſhall be to the third; as the ſum of dle ee of . ne a and fourth, is h, 
to the Aua of the third. 4 i ie = p ids 5 


As in theſe five, CO a 12 _— 2 — ante, ler, e 5 
1 woe: oe 12 I | 2, 1 5 
T. The ſum of the firſt, third, and fh is PO LAS - 5 


2. The N 55 1 . of * Room d, A „„ 232 
t uares the n "ind, | 
;. BT 7 neg 6 Sex rn * Je kee bee, 
4. The ſquare of the third is „ ade 


. ſay, thoſe four Quantities are Pro rtionals, in ſuch order as they. are 4 
ſeated; & forir will appear by Mfiltiplication; that the Product of the s they ar is on 


to the Product of the Means; eh U _ nad Therefore the. 
Theorem is manifeſt. 


| Thom 29. TEL 


If five Naas be continual Proportionals, the fur ort bs Ne mote by the 


double of the Mean, the ſum of the * and fourth, and the Mean, are alſo con- 


tinual Proportionals. | 


—_— i. a ea. r S DOE EE GP Leroe ts dc $6 5990 


As in theſe five, 5 © 60 „ „ 7 a _ „ aaee, 2 2 eece 
„ 4, 1 
I, 2 1 "— Extremes more by the Tun the ae Tae 
2. The ſum of he ſecond and fourth is d „ 4 nps ::0 
3. The Mean is . « ae? 


I fay, thoſe three uantities are ; Proportionals fer it will be evident by Multipli- 
cation that the Produ of the firſt and third is is to the Fon of the ſecond: 
therefore the — is | manife Mb: E 


Theorem: 307 


If Gre Numbers be Lomimid Propditicnals, the Sum of the les 1 is to the 
Mean; as the difference of the DEI of the Extremes, to the difference of the Squares 
of the ſecond and fourth. 

e theſe five, VVV aaa, aaae, aaee, aeee, ecee 

nnn... ß Te 

1. The ſum of the Extremes is „„ Co | | 
: The Means is "9 „ e 2: 


3. The difference of the Squares of the Extremes is. _ at—e# , 


4. ha W of * of the ſecond and fourth q des 


tap, thoſe f four Quantities are Proportionals i in ſuch order as they are aboye pla · 
ced; to 


r it will be evident by Multiplication, that the Product of the Extremes is 
val to the Product of the \ n each Product being aber —a Lak : Ten the 
Theorem is manifeſt. WE f | | 
| N f Theorem 31. 6 


If FI Numbers be dochmal Proportionals, the ſum of the Square * the ſecond 
and fourth ſhall be to the ſquare'of the Mean, as the difference of the Squares of the 
Extremes to the difference of the Squares of the ſecond and fourth. {7 hs 


+8 in theſe five, 333 oy 925 my u e 7 
I. The ſum of the Squares of the ſecond and fourthis de. Cale 1 . 
2. The Square of the 1 ean is 3 ab. : 
1 The ares of the Ertietdes! 3 | 


- * * the Mean being given % as alſo To the fum of the Ex \ 


e 2 1 TOR ll 


- a+ — — ee ee 


ee ns 7 13,3 ON Be ra} > 


* „ Ra 6 


If i thoſe * — are Proportionals i in ſuch order as they are above ſeat 
ed; I, ir will be evident by Multiplication, that the Product oy the 2 is 
| equal ro the Produ& of the =? z therefore the N= 25 is manifeſt. 


Themen 33, 43 tn 


If five Nagle be * Pro yopartiogaly the Sum of the Exrremes ſhall be lte 
Mean as the Sumof the Squares of the ſecond and fourth is to the Songs of the Mean. 
This iserident from tha'l two lat e Ta by pos 0 T equal 1 


Theorem 33. 5 


If 6 Narkbes be continual Pro opartionals, EPI of the Squnrezor, the Sond 
and Purth ſhall be equal to the Produtt * by the Multiplication of the third i into 


the Sum of the firſt and fifth. | 2 
n wen e ES 2 mi = -_ 127 

n 7 10% 
fontth is þ. - - +: - 

2. The Mean or third is . . 22 | 
3. The Sum of the firſt and fifth i is . „i | 

. "Mis the Product of the ſecond and tin of thoſe N Quantities 5 oF Written is is 
equal to the firſt. z therefore the Theorem is manifeſt, © 


* 
> &x &* 
. #1 4 4 3 12 
"Ros 2 . 2 1 2 4 dats n —— 0 P 
A 
N — — 
. 
a # 2 F 
1 + 


een ln 
Queens about Gatti in Continual Proportios hoe » 
e Lene erg, gate 


RRE 
HE Sum (6) of three Proportional Quantities brings given, as 5 allo 0 ( the Sum 
T's of their Squares, to find the Proportionals. 


* 


| R ES OL vr 0 
1. For the Mean Proportional f be Ply een, e 
2. Then ſubtracting the ſaid — the; given "ih ns Hy 
"0 all the three Proportionals, there will remain the Sum 
of the Extremes, to wit, . * 
3. Therefote the Square of the Sum of the Extremes is Her 
4. From which Square if there be ſubtracted the _ of a 
- Th e er of m Mean, 2 — 1 gh 3 72 = 
ere will remain(as is man y Th. 3. oft receding $5 8 
"ow 6.) the Sum.of the Squares of the Loy to wit, —.— . 
6. To which Sum of the Squares of the Extremes if you addꝰ)ꝰ7 9 
(aa) the Square of the Mean, the ggregate ſhall he the ſum - 
of the Squares of the three k % cc 
7. Which ſum in the laſt ſtep mult be equal to (c) the gi- 1 . mie 
ven ſum of the Squares; hence this 1 Viz, e 1 5 #4 


8. Which Equation after due ReduBtion gives 1 i 


And the laſt Equation in words Lins: 
Prom theSq of the on. a the | 
rom the Square of t given um of. the three Pr "erica bu t ſubtr⸗ the 
given ſum of their Squares; then divide the WN by the 127 2 of the fum of 
the three Proportionals, and the Quotient is the mean Proportional. 7 
Therefore if 14 be given for the firm'of the three N in ite proportion, 


and 84 for the — of their Proportional will be found 4 by the 
| ; the 


* 2 RA x 
. * & 2 84 


_— £7. SE 4 . 8 
- . 


6. Which Sum of the Squares of the Extremesmuſt be :equal 


of 1 E Lemont: 3) and ther ore the three en fought are 2, 


2. Then foraſmuch as the difference of the Extremes i is gi⸗ | 


4 Then the Product made by the Multiplication of the 3 


* &@ Od 


Fog ill be 180 


r. 55 —— 1 — Canon u 


Bock of a Ind therefore the three — en are as 4, 
and . „ „ r j 
* MEE 8 —_ "0 "A — OrES 8 Wie 2 2 ' all ©3; — 2 . A 
9 1 the | WW; 9 er 3 uo : | | ! 1 
| — 7.55 ET 
| The 1 (b) of th ro; portional uantities being given, as alſo © the Sum of 
; the SOIT 8 the Ext es, to find IX de t 221 11 0 it 1 * * 
R 2 SO L. 5710 N. YT int 10 5 
1. erregen Na ſought por 5 ins rs 


2. Then ſubtracting the aid Mean from (5 1457 the planets Bie 
2 all the three roportionals, there will remain the Sum 22 1 ky ON 
of the Extremes, to wit, at 61s tie N 
3. 'Therefore'the Square of the Sun of tlie Extremes i is:: ; babar as 11 
4. From which ſquare if you ſubtract the double of the 2 1 
quare of the Mean, o Fes AT we 14 
5. There will remain (as is manifeſt by the third Them I 


of the preceding fixth Chap.) the Sum of the Squares of 6 ee. 


the Extremes, to wit, \ 5 
to the given Sum (e,) hence this Equation, viz. 12— 2ha—aa=c | 
7. From which Equation after due Reduction t this will ariſe bb—c=aa-+ 2b 
8. Therefore by reſolving the laſt Equation, (according to) 
the Canon in Sec 6. Chap. 1. of my Firff Boo of Algebrai- vio + enact OY 
cal Elements ;) the value of (a) the Fe, . SOC! 
will be made known, viz. .. a D 
. laſt Equation in words is this I _ ERS 1 75 . 
F double of the Squa CANON. f 15 ; 1 
rom the double of the Square of the given of all the AB Pro rtionals 
ſought ſubtract the given Sum of the Squares of Som of al of then from 15 ſquare 
Roor of the Remainder ſubtract the Sum of the three Propertionals, Toſh: this laſt 


| Remainder be the mean Proportional ſought, , 


Therefore if 14 be given for the Sum of three Continual Rropottionals,/a 10 6 8 for 
the dum of the Squares of the Extremes, the mean Proportional will be found 4 by the 
ſaid Canon. Then the Mean e given 4, as alſo 10 the Sum of the Ty 7 75 the 
Extremes will be found 2 and 8, (by the Canon of Queſt. 4. Chap. 15. of 15 Book 

and 4. 


rr * OT ANN —— 
EVE ST. 3. | | 

2 acer (b) of the FN... of three proportional Quantities being given, as 

alſo © the Sum of. ng the three Proportionals,, to find the 1 


RESOLUTION. 


1. Fot the Sum wy 7 Extremes, (to wit, of the unt 1 


third Propoxtionals ſought) put 15 415 


ven (ö,) and their Sum is aſſumed to be (a,) therefore 
Gy: the Theorem in Oueſt. 1. Chap. + of my Firſt Book 
Algebraical Elements) the greater Extreme ſhall be. ) 

3. And by the ſame Theorem the leſſer Extreme is 


Extremes in the ſecond: and third , 1 give the 
9 of "ny ome) Fs wir, 1 0 f f wa Ex: 
5. And from the ſecond ſtep the Squate of the greater 75 
treme is 5 Sq 1 tee 
6. And from the chird ſtep cheSquare of the lefſer Extrenie' is Hemi} Mb: 
7. Therefore from the fourth, fifth, and Tixth ſteps ay 5 ao 1 
Sum of the * of r the Hyee 1 e is, 


"gy "Which - 


2 . 1 
r 2 J "69 Tf) wa} 10 25197. 


25044 4 


R * 


* 16, of my Firſt 


w ib I T y 
8 © Jr | 
2 . 000 


ſum of the Squares given in the Queſtion, henee this Sa- Abbe 
* 0 0 a 5 . a : — 
Which Equation after due Reduction will give . 


— Therefore by extracting the ſquare Root out of each 1 8 
part of the laſt Equation the ſum of the extreme Propor- S e 
+ tionals 18 diſcovered, to wit, 1 . * Y . - | 0 * ; Fd 9 3 3 ; & - f 


Which laſt Equation gives this 
eee IIs TOW 
From four times the given ſum of the ſquares of the three Proportionals ſouphs: 
ſubtra& the ſquare of the given difference of the Extremes; then the ſquare Ras u 
one third part of that Remainder ſhall be the ſam of the extreme Proportionals. , 
Then half the ſum of the Extremes increaſed with half their difference gives the 
greater Excretpe, and half the $216 ſum Jefſenel by half the Kid diligence leaves the 
lefler EU © 5 5 ES * 
Laſtly, the ſquare Root of the Produtt made by the mutual Multiplication of the 
Extreme is the mean Proportional. 5 OW 
Therefore if 16 be 7555 for the differente of the Extremes of three Proportional 
and 364 fot the ſum of the ſquares of all the three Proportionals, the Proportiona!y 
are alſo given ſeverally, to wit. 2, 6, 18 = . | 5 


QUEST. 4. 


One Extreme (b) of three Proportional Quantities being given, as alſo( ch the ſum of tha 
uares of the other Extreme and the Mean, to ſind out that other Extreme: 
10 | 1  RESUIUITION, $5 e 
1. Fox the extreme Proportional ſought put . . . @ .* 
2. Which multiplied by the given Extreme (b) produces to 
the ſquare, of the Mean, to wit. „3 
3. But from the firſt Rep the ſquare of the extreme Pro- j _ 
> portional fought 5: 5 „ : 8 . 5 
4. Therefore from the ſecond and third ſteps the ſum of } n 
the ſquares of the 2 Proportionals ſought is ST 
5. Which ſim in the laſt ſtep muſt be equal to (c) the 12 a 
iven in the Queſtion; hence this Equation ariſes, viz. N Hb ꝙ 
6. Which Equation being reſolved by the Canon in Se&, 6.7 3 
Chap. 15. of my Firſt Book of Algebraic Elements, will a 306 _ _ 
diſcover the extreme Proportional ſought, to wit. z 
The laſt Equation in words is this 1 CC 
5 AC NDE 7c ers 
To the given ſum add the ſquare of half the extreme Propertionsl ven, and out 
of this ſum extract the ſquare Root; then this ſquaze Root Jeſſe Au Bm given 
Extreme will give the other Extreme. _ „„ . 
I) berefore if 18 be given for one of the Extremes of three Proportionals, and 40 for 
= the ſum of the ſquares of the other two Proportionals, the Canon will diſcover 2 for 
= the Extreme ſought. Laſtly, the ſquare Root of the Product of the Extremes, to wit, 
1 6 ĩs the Mean fought; therefore the three Proportionals are 18, 6, and 2. 


The difference (5) between W of three proportional Quantities bei 
given, as alſo the Proportion which the difference of 1 area of — Extremes ha 
" he ſum 2 2 187 of a the N e ſuppoſe the difference be to 
the ſum as (7) to (s;) to find the Proportionals. t (7) muſt be leſs than (, 

b oN 1 5 — 
1. For the ſum of the Rxtremes put „ „„ 
2. Then foraſmuch as their difference is given 5 
3. Therefore the difference of the ſquares of the Extremes 

{hail be ba; (for the Product of the Multiplication of 
the ſum of any two Numbers into their 2 — is 
equal to the difference of their ſquares.) 


7 
* 


2 
*** 22 
$25 >. AA * 4 FI 
= 0 Ws *** ems. 2 
_” ST 


; 8 1 A E | 7. "oboe See, F ee 3 181 


4. Then 7 805 the or and frond Reps (b 25 The rem of © 
eff. 1. 14. of my Fitft Book 0 ebratcal Ele. & 
5 the Fan ſhall be 7 Y 9 
by = age Funk & ite fy 7 ſhall be 2 
Ws re from the fourt * the greater 
8 po 1 W wy 12 a+4bb-+qbe - 
And from t ep the quare o the xtreme is 
And becauſe the Product made by the mutual Multipli- dais 
cation of the Extremes is equal to the Square of the # 
Mean, therefore the Extremes in the fourth and fiſth ſteps 4a 
being multiplied one by N * give the Square 0 
of the Mean, to wit, &< 
9. Therefore by adding together the Squares in the three © | 
_ laſt 8 5 Sum of the ſquares oft three cit net OO 25 
Re a 9 
©. Then according to the Queſtion - asy is to 5, Dd muſt the di 
"ſtep be to the Jum in the ninth ſtep 3 2 this Analogy r in the third 
fk 4 aa. þþ 
Whence by comparin the Product made by the mutual Multi 
"Ems to the Tron ot the * this . comes pl des of che 
as 


12. From which Equation oth due Reduction n will ariſe 44 Lamas 5 oy 


Therefore (pet Canon in dect. To. Chap, 15. Book 1.) the wo R | 
2 laſt Equation are theſe, to wit. 3 _—_ Values of's 


—2b+v: 5 —.— the greater; e the leſſer 


37 
14. _ the Fin of thoſe two Values of (a) is the defired ſum of theextteme Pro- 
© portionals ſought ; for if we ſhould ſuppoſe the leſſer Value to be the ſum of the 
Extremes, it ought to exceed (5) the 12 — of the Extremes: but from that 
ſuppoſition it will follow that (7) isgreater than (i,) and conſequently that the dif 
ference of the ſquares of the Extremes is greater than the ſum of the Gia of all 


the three „ . is impoſſible, Now to prove the ſaid eee | 

15. Suppoſe - $7 — 0 by Re ALI: Sb. | 
16, Then mut ing each pan by a5 

= 4 that ay & 2h—y7 5 _— 


17. And by 8 e P ese 2rb+y : GET 


= by brad Ee h 
18. And by zr om cac 4 
in the ſeventeenth ſteps : part Tau- 3rb Ev: e 


1 S the eigh- iel ohh = dull— gt 


ene to each bart! in E 25rbb + 1 2rrbb 2 4bl. 


21. And by addin 12996 0 each part in ; 
hoon et Rep, ewe Fi pee ph uin. | 
22 y ſubtracting 4s m eac * | 
| part in the twenty 64 ** 12nþb © arb. 
23. Wherefore by 7 dividing each part in ( 
the twenty ſecond ſtep by :22#bb, THE 
24. Thus froma ſup 4 — that the lefſerValueof eof(o)in the he tient ſtep is greater | 
than (Y the given en een * erg: Ir g conſequencethar 2 * | 
pen Than ch is impoſſible; for'm Gif ence of cls ne uares of the 
Dr of — quares of pal opel 2nd that atcord- 
S t0- "he er) reno) 
drawn from the ſaid fu nends 


as f e 1 | Theletſer 
Ws 2 * * 5 I ml | 'Falue 


5. A 
6, 
7 
8. 
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value of 05 a 10 f is not greater than 8, 7 20 "= © giyen WT of the ms, and aan | 


be 1 by words, it will give the allowing 3 to PER. 5 Kerr: um 0 Hy 

Extreme Proportionals ſought; whence by the apa of the given difference of the 

Exon, the Extremes are everally BIVED. - Li I 4-4 TTY by 8 © 
tet N ON e 


From four times the ſquare of the latter or — Term ©) af the 5 — Reaſon 


ſubrra& thrice the ſquare of the firſt Term (r,) on multiply the Remainder by the 
ſquare of the given difference of the extreme Prc enen ſought; then add the 


ſquare Root of that Product to the double of the Product made by the Multiplica- 
tion of the latter Term 6) into the difference of the Extremes, and divide the Sum 


of that Addition by the triple of the firſh Term ( ;) ſo ſhall the Quotient be the Sum 


ceed C. 


of the extreme Proportionals. Laſtly, half the Sum of the Extremes increaſed with 
half their difference gives the greater Extreme, but the laid half Sum leſſened by the 
ſaid half difference leaves the leſſer Extreme, - + WR 

As for Example: If 6 be given for the difference of the Extremes of three Conti- 
nual Proportionals, and the difference of the ſquares of the Extremes has ſuch pro- 
portion to the Sum of the Squares of all the three Proportionals as 5 to 7 then by the 
Canon the three Proportionals will be found 2, 4, and 8. 

Again, if 22 be given for the difference of the Extremes, and the difference of the 
Squares of the Extremes be to the Sum of the Squares of all the three 9 


as 123 to 42, the Proportionals will be Wund 4, 5 and 16 


FFF ian M8. ci; 


; 2 7 1 > * 1 K* 


1 


PE 


„ U 6. 
The Sum G) of the Extremes, and the Sum (c) of i 6 Means of oo, PR e in 
Continual OR EE: given, to. find out the e _ 09 muſt ex ex- 


RESOLUTION. oc rad „ 8 
1. For one of the 9 put ne Ln ie £58 
2. Then by ſubtracting the Mean from © the Sire Sum 14 

of the Means, the Remainder is the other Mean, to wit, — 


| 3. And by dividing the Square of the latter Mean by Sj 


former, the Quotient gives one of the Extremes, to wit =, 
4. Inlike manner the ſquareof t the firſtMean(a)being divided aa 5 
by the other Means (c—a) gives the other Extreme, to wit, 5 6244 4 
5. Therefore from the | Os _ fourth ſteps the Sum of Feet, * 
the two Extremes is n n | 


6. Which Sum muſt be Soal * (b) the given Sum of the PEERS. | 4 
Extremes; hence this Equation ariſes, to wit, 2 K 


- 


, 2 


7. From widch Equation after due beladen this ariſe = K , =00—aa | 


to wit, 0 * 0 * A „ „ © = oO » 0 


8. Wherefore by reſolving the laſt Equation by the Canal in 855 22 Chap. 15. Boob J. 


the two values of (a,) to wit, the mean ren 07 ſought will be ade Known, vi vix. 


e V 
a c- V: W N Mean: * 


ae © DI e the eder Mean, EFT wy Send; n 
| Which las of Co) gve this, | | Fre 
4 ON. 


| Divide reo te 2k, ME ns wk TP 
Means ＋ * Extremes; ſubtract the res 


4 


wwe Sia of the 
_ uare.of half 


10 - * cans, and ext te fre Rove of of. the Remainder; then cheSu ſaid 
quare added to and ſu rom | 11 Gum 
and 2 be the Means fought. 1 e 


F ben 


. . 


G A P. 7. i "I 1 Continue) . 


Os. * 


N the Square of _ leſſer Mean being divided by rhe greater will WP the leſſer 
Extreme, and the Square of the rater Mean divided by the leſſer gives the greater 


Extreme. 
Therefore if 18 be given for the * oy Ke and 12 for the ſum of the 
r 


| Means of four continual Property une: th t * are given ſeyerally by the 
faid — to wit, 2, 4, 8, kt TO 


f EEE FT TT 2D 2 r — — 
The difference þ h of hn KS and the 4/Frence (c) of the Mears of four 


Qualities continual. y ES 0 £2, F ON. out the four amen 


1. For the leller mean Proportional 
2 Which added to (c) the given ces of of u the Means 
* the 8 Mean, 8. 2555 obs 


e = 


5. Therefore th — the we Eee in arti a —_ 3caa 
| and fourth PS is ee bY "if Cie! 1: LIED ...  -- o-tÞ->. cara | 
; & Which difference muſt be equal to 0 che given differ. ccc T acca - gc 


— 


ence of the Extremes; hence this Equation atifes, viz. 12 . 4 =b 
7. From which ien after” due Reduktion. this ariſes, 9 
to wit, We. . ff LG — ane 


8, Wherefore by reſolving the laſt Equation by the Canon in Seck. 6. Ch. 15. Book 1. the 
FValus of (a to wit, the leſſer eee * known, viz 
. 7. ce "Tel; | p | | 

. „ * 1 

When Equation h ee „ 
DividetheCubeof th PET h of 
ivide the Cube of t e given i 0 ea t 78880 * ven differ- 
ence of the Extremes above the triple of the difference ya the Means; add 115 Quotient 
to the Square of half the difference of the Means; then from the ſquare Root of that 
ſum ſubtract half the diftexence of the Means, ſo ſhall this Remainder be the leſſer Mean. 
Then to the leſſer Mean add the Abe of the Means, and the ſumis the greater. 
Laſtly, the Square of the ter Mean divided by the leſſer gives the greater Ex- 
treme, and the Square of the leſſer Mean divided by the greater gives the leſſer Extreme. 
Therefore if 52 be given for the difference of the Extremes of 4 continual Proporti- 
onals and.12 for . — of the Means, tbe Proportionals will be found 2,6 —.— 


— w— —TS__ as a ren. = = " 
- 


— 


The tum (5) F fo Qu . * bei 

e ſum (5) of four angie fo u e op s in as alſo 

the ſum of 3 to fin 5 Proportienals. : enen 00 
RESO TON | | 


1. For the ſum of the Mea ins put 
the be nog all n . 


"mY; 


4 


* 


2. Which ſubrracted Wo? (b 
bs  Proportionals. leaves the ſum of the Extremes, to wit, 
2.” The ſquare of ( b) e given ſum of ls 3 Tour Proper bb | 

” is N 
4 Nom according to Theoy, 16. of che in 8 Chap. a... „ 
_ from tig aid ſquare (55). I ſubtract (c) the on fam of f 
the ſquares of the four Pro . and from the half — 
of the Remainder I alſo ſubtract (aa) the ſquare of LF 
_ ſum of the Means, ſo e remains, — 
5 1 Which Remaitider,'to e ld er 16.) ſhall be to the gh 

ven ſum of the ſquats of the four orals, as the ſum of the 2 is to 
_ gt eee 8 * this Analogy ariſes, vx. 


3 I 
a7 


tg Wick 


— 4 1 


wh. aw 


1 * 8 wt 
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6. Which Analogy, by comparing the Product made by the mutual Multiplication of 
the Extremes to the Product of 1 _ be converted into this Equation, viz. 
abbb— be- baa ca | "PR 7 


1 7. Whence after due Reduction this Equation ariſes, to wit, 
Abb -c a f- > | 3 | 
Which Equation being reſolved (per Canon in Sed. 6, Chap. 15. Book I.) gives this 
following. ö oe a7 tes & 4 
CANON 


Froni the ſquare of the given ſum of the four Proportionals ſubtract the given 
ſum of their Squares, and to the half of the Remainder add the ſquare of half the 
Quotient that ariſes by dividing the ſum of the Squares of the four Proportionals by 
the ſum of the four Proportionals. Then extract the Root of the ſum of that 
Addition, and from the faid ſquare Root ſubtract half the Quotient aforeſaid, ſo ſhall 
the Remainder be the ſam of the two deſired mean Proportionals. 

Then the ſum of the Means of four continual Proportionals being given, as alſo 
the ſum of the Extremes, the Proportionals ſhall be given ſeverally by the Canon of 
the preceding Queſt. 6. of this whe” 5 . * 

So if 30 be given for the ſum of four Proportionals, and 340 for the ſum of their 
Squares; firſt, by the Canon above expreſs'd the ſum of the Means will be found 12 
which ſubtracted from 30 the given ſum of the four Proportionals, leaves 18 for the 
ſum of che Extremes; then the ſum of the Means being given 12, and the ſum of 

the Extremes 18, the four Proportionals (by the Canon of the preceding fixth Queſti- 
on) will be found 2, 4, 8, 16. « DE Loa [OAT OD 


= 4 2 EUEST. 9. 7 e e Sins SE 
The ſum (5) of four Quantities in continual proportion being given. as alſo (c) 
the ſum of the ſquares of the Means; to find the — 0 0 
= KEdSDELUTTON. * | 
1. For the ſum of the Means put . . . . e & 5; ;- 
Then becauſe (by Theorem 12. of the preceding Chap. 6.) 
the ſum of the four Quantities continually proportional is | 
to the ſum of the Means, as the ſum of the 2 of the | _ 
Means is to the Product made by the mutual Multiplica- ce 
of the Means or Extremes, ſay by the Rule of Three, FF 
.. : 7 4 
WMhence the Product of the Means or Extremes is found | 
3. And becauſe if from the ſquare of the ſum of the Means) 
: there be ſubtracted the ſum of the ſquares of the Means, | 
there will remain the double Product of the Means or Ex- 1 „„ 
tremes; therefore if from (aa) you ſubtract (c) the half of „ e 
the Remainder ſhall be the Product of the Means or Ex- | 
tremes, to wit, | bi 


4 Which Product, to wit, aa -c muſt be equal to 7 


a 


the Product in the ſecond ſtep ; hence this Equation ari- as FF * 
ſes, to wit, . 2 88 . ® 0 * © 85 . . | 1 


5. From which Equation after due Reduction there ariſes Jae | - 
Which laſt Equation being reſolved (by the Canon in Seck. 8. Chap. 15. Book 1.) 
gives this following 5 „„ 

CANON. 


To the given ſum of the Squares of the Means add the Square of the Onotient that 
ariſes by dividing the ſaid ſum by the given ſum of the ha Ark and out 
of the ſum made by that Addition extract the ſquare Root; then this ſquare Root 

added to the aforeſaid Quotient gives the Sum of the Mean Proportionals ſought. 

Then the Sum of the Means being given, as alſo the Sum of the Extremes, (for the 
Sum of the Means found out bein ſubtrafted from the given ſum gf all the four Prc 

rtionals leaves the Sum of the Extremes) the four Proportionals will be diſcovel 

y the Canon of the ſixth Queſtion of this Chapter. Theres 


CH Ty 77 7. 1 — Continzal — 


Therefore if 30 , given for the ſum of four Contiruat Proportiomals, and 8 8 for 


the ſum of the Squares of the Means, the four pr tionals ate d ſe 
Þ to 2:4:8, 8,16, : by the 2 above expreſdd· Wo > * = EW; 3 


2 UE 'F ; 6 18 | . 1. * * 
The ſum (b) of four WR: continually proportional. being bed; 

the ſum of the ſquares of the Extremes, to find out the P roportio * as e @ 

RES 5 Z UTIO NN. 

1. For the ſim of he Meas ut : 0) ; . W 

Which ſubtracted from (5) the egiven um of the four Pro- 

bs rtionals leaves the ſum of the Extremes; to wit... b—a 
3. Therefore the ſquare of the ſum of the Extremes is 1 ad 
1. From which Square if (c )rhe given ſum of the ſhuares ty 
the Extremes be ſubtracted, there will remain the double E | 
Product made by the mutual Multiplication of the Ex- Sem 
tremes or Means; therefore the Product of the Means 9 err 

5. And becauſe if from aa the ſquare of the ſum of the Means not 

there be ſubtracted bb—2ba-F aac, the double Product of 4 
the Means, there will remain the ſum of the ſquares of the 2bs * be. | 
Means, therefore —— ſum of — _ of TOME eine 

6. And becauſe by Theor. 12. in the preceding 6: the furs of chi 
Means is to the Product of the Means, as the e fm ef 2 all the 4 mc of = 
Jum of the Means; therefore from the premiſes this WWlowing en atiſes, viz, 


aba bb 9 7 87 27 þ. 


44; 


Prog which/A Analogy b comp paring the Product of the 
7 the Means, this ogy by ariſes, iz. Emre te Pte ＋ 


B — 2 w_ SY EE”, 
ag Equatin, uit 


j- IS} Val 


5 2 | 4 1 „ 
Where (97 Conn in So 6. ch T5: Booth Fi En * bon n . 1 1 


CANON. 


e 


tion ſubtract the 5 8 15 iſ found out y 10 ſhall the i Remi be 995 4 = 
of the meaniProportionals.' * .* x 
Then the ſum of the Means being givet giver) bs alſo the fun of the Exttemes, (1 for the 
ſum of the Means being ſubtracted hy, is the given ſum of the four Fropottionals 
leaves the ſum of the Extremes) the four Proportionals will be diſcovered. by the Ca- 
non of the-fixth Queſtion of this Chapter. 
"Therefore if 80 be given for the ſum of fout continual Proportionals,. and 2920 for 
the lum of the Squares of rhe Extremes, the 4 Fropottionals wil 2 2,6,18,54- 


rn 
The ſum (5) of debe of the Extremes of'4'Quintities in n jon 
being Or cg @) the ſum of the ſquares of the K Nabe out as eke. 
x i 3 412-44 Boda n 5 
* Add che bind giver reg into 'ohe' 
the ſum of the ſquares ofthe four Pip | 3 
fox which laſt mentioned Sum put: —_—— ' - 
2. Then for the fum of the 2 a the firſt as cond * 2 1 1 


Proportionals put : , + FINITE 0 7 
3. Therefore the lum of pi res Ehe andfourth} F W 
. . 1 Mr TRIM ISLET Yeh LF — 12121. $2.1: Ft : 
of . * * 4 * ” * zun C2 6 #1 ; 
— 11 4 3 Aa | 8 4. Then 


1 
, 2 g 
„ 2 5 
A > Wo 
- * 
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a n ade ed att. had; Lat. 
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4. Then becauſe (by Theorem 13. of the preceding Chap. 8) 
the ſum of the Squares of the two Means is a mean Pro- TY 
rtional between the Sum of the Squares of the firſt and pa. c:: c. da 
cond, and the ſum of the Squares of the third and\ 
fourth, this Analogy is manifeſt, vin. 2 
5. Therefore by com ring the Product made by the Mul- | 
tiplication of the Extremes of that Analogy to the Pro- >da—aa=ce 
duct of the Means this Equation ariſes, vis. | 
6. Which Equation being reſolved by the Canon in Se@, 10. Chap. 16. Book 1. gives 
is following 5 | 15 „ 
this following a ol * 


Add the given Sum of the Squares of the Extremes to the given Sum of the a 
of the Means. and reſerve half of the ſum. From the ſquare of this half ſum ſubtrad 
the Square of the ſum of the Squares of the Means, and extract the ſquare Root of the 
Remainder; add this ſquare Root to the half ſum before reſerved, and alſo ſubtract it 
from the ſame half ſum, ſo the ſum ſhall be the ſum of the Squares of the firſt and ſecond 
Proportionals,and the Remainder ſhall be the ſum of che Squares of the third and fourth. 

hen (according to Theor. 3. of the preceding Chap. 6.) add ſeverally the ſum of the 
Squares of the firſt and ſecond Proportionals, and the ſum of the Squares of the third 
and fourth to the ſum of the Squares of the Means, and out of each ſum extra the 
ſquare Root; ſo ſhall one of theſe Roots be the ſum ot the firſt and third Proportio- 
nals, and the other ſhall be the ſum of the ſecond and fourth. Which two laſt men- 
tioned ſums being added together give the ſum of the four Proportionals ſought. 
Laſtly, the ſum of four Froportionals being given, as alſo the ſum of the Squares of 
the Means, the Proportionals ſhall be given ſeverally by the ninthQueſtion of this Chap, 
Therefore if 260 be given for the ſum of the Squares of the Extremes f four con- 
tinual Proportionals, and 80 for the ſum of the Squares of the Means, the Propor- 
tionals will be found 16,8,4,2 . | 


and 


| | GUEST. 12 | | 
The ſum-(5) of the Extremes D four Quantities in continual-Proportion being gi- 
ven, as alſo (c) the ſum of the Cubes of the * to find out the Proportional. 
71 RESOLUTION. „ 
1. = 5 28 ee eee pur fl 771 d „ 
2. Then the other Extreme (by ſubtracting (a) from the gi- 
ven ſum of the e „„ 1 b—a 
3. Therefore the Product made by the mutual Multiplication ag 
/// ůͤet :: 8 e 
4. And becauſe ( - Theorem 21. of the e ) the? 
R Product made by the Multiplication of the Means or Ex- | 8 
tremes into the ſum of the Extremes, is equal to the ſum of W 
the Cubes of the Means; therefore if you multiply ba—aa by 7 * =: F 
b, this Product ſhall be equal to (c) the given ſum of the _ 
Cubes of the Means; hence ariſes this Equation, vi. 
J. And by dividing every Term of that Equation by (6,) there „ 
ariſes „ „ 1 4.0 „ „ f * e 
Which laſt Equation being reſolved (by the Canon in Sec. 10. Chap. 15. Book 1.) 


6. From the Square of half the given ſum of the Extremes ſubtra& the Quotient that 
ariſes by dividing the given ſum of the Cubes of the Means by the ſum of the Ex- 
tremes, and extract the ſquare Root of rhe Remainder, then half the ſum of the Ex. 
tremes being increaſed; and alſo leſſened „1 ſaid ſquare Root, gives the Extremes 
ſeverally Then you may find out the Means by a new Work thus 
7- Let the greater Extreme found out as above e. fi _ 
hy ER detec, es EEE 


9. Then for the greater Mean put V 


1 


10. Therefore by dividing (aa) the ſquare of the greatei 
by the greater Extreme (J,) the Quotient ſhall be the lefler 
Mean, to wit, „ Oe SE Op, ER 5 i. ah LEP 3 . But 
| 1 Bs 11. Bu 
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CHAP. 7. 


11. But the ſquare of the leſſer Mean is equal to the Product of 22 
the leſſer Extreme multiplied by the greater Mean; therefore > ——=g2 - 
from the three laſt preceding ſteps this Equation ariſes, viz. 3 
12. Which Equation after due Reduction gives aaa ff 
13. Therefore by extracting the Cubic Root out of each part oy | 
of the laſt Equation the greater Mean is made known, viz. dam (315 
Which laſt Equation, together with that in the tenth ſtep, will give this 
ä | CANON. : 08 
14. Multiply the ſquare of the greater Extreme by the leſſer, then the Cubic Root of 
the Product ſhall be the greater Mean. Laſtly, the Square of the greater Mean di- 
vided by the greater Extreme gives the leſſer Mean. 50 
Therefore if 18 be given for the ſum of the Extremes of four Numbers in continual 
proportion, and 576 for the ſum of the Cubes of the Means, then by the firſt Canon 
of this Queſtion the Extremes will be found 16 and 2. And laſtly, by the latter Ca- 
non the Means will be found 8 and 4. Wherefore the four continual Proportionals 


ſought are 16, 8, 4, 2. 


— 


-  EUCESEF . 
The ſum (b) of the Cubes of the Extremes of four Quantities in continual proportion 
being given, as alſo (c) the ſum of the Cubes of the Means, to find the four Proportionals. 
= RESOLUTION. „5553 
1. For the ſum of the Extremes put . . . . . . 
2. Therefore the Cube of that ſumis . . . . . . . . 
3. Then becauſe by Theor. 22. of the preceding Chap. 6. if four? 
Quantities he continually proportional, the ſum of the Cubes 
of the Extremes more by the triple of the Cubes of the Means ae 
is equal to the Cube of the ſum of the Extremes; therefore * 
if to (b) you add zeit gives the Cube of the ſum of the Ex- 
tremes, vhich Cuhe muſt be equal to aaa; hence this Equation»  _ 
4. Therefore by extracting the Cubic Root out of each part of 5 N 
that Equation, the ſum of the Extremes is made known, viz, J (3% ＋ 30. 
Which laſt Eg 


a 
— 


uation in words is this following 
- | C4.N ON | | 
Add the triple of the given ſum of the Cubes of the Means to the given ſum of the 
Cubes of the Extremes, and out of the ſum made by that Addition extract the Cubic 
Root, which ſhall be the ſum of the Extremes ſought. | ** 
Then the ſum of the Extremes being given, as alſo the ſum of the Cubes of the 
Means, the four Proportionals ſhall be 7 ſeverally by the Canon of the preceding 
twelfth Queſtion. As for Example, if 157472 be given for the ſum of the Cubes 
of the Extremes of four Numbers in continual proportion, and 6048 for the ſum of 
the Cuts of the Mean; firſt, by the Canon of this Queſtion the ſum of the Extremes 
will be found 56, and then by the Canon of the preceding twelfth Queſtion, the four 
Proportionals will be found 2, 6, 18, 54. EY 5 


. | 85 E 2.16 | 
The ſum of the Extremes (6b) of five Quantities in continual Proportion being gi- 


—— 


00 
ven, as alſo (c) the ſum of the three Means; to find the five Proportionals. 
„ „„ RESOSUEIOCE N 

lat 1. For the third Proportional, that is, the middle Term of } 
"ot CV 
* 2. Then ſubtract that middle Term (a) from (c) the given 
es ſum of the three Means, and there will remain the ſum of >c—a 

| ih and fourth; wiz. of io nw NT 

3. And becauſe by Theorem 29. of the preceding Chap. 6: the : | 4 


Tum of the Extremes of five continual Proportionals, toge- 

ther with the. double of the Mean, the ſum of the ſecond yt 24. c-, - . 
and fourth, and the Mean, are alſo in continual proportion; 8 . 
therefore this Analogy is manifeſt, vin. 
. EY Aa 2 8 4. From 


But 


x 
tf 
4 * 
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From which Analogy, by comparing the Product made F _ EN 
5 by the Muldolication of the Extremes to the Pradutt of >ba-+ 2aa=cc—2cab aa 
the Means, this Equation is produced, vin. . 
F. Which Equation after due Reduction gives . - . - aa-Fba+2ca=ce 
_ Laſtly, by 1 > p— — to the Canon in Sec, 6. Chap. 15. 
there will ariſe this following 7 | GE. Fo 
me, dane, „ 
Add the ſum of the Extremes to the double of the ſum of the three Means, and 
take the half of the ſum made by ſuch Addition; then to the Square of the ſaid half 
ſum add the ſquare of the ſum of the three Means, and out of this ſum extract the 
ſquare Root; from which Root ſubtract the half ſam firſt taken, and the Remainder 
| ſhall be the middle (or third) Proportional of the five ſought. | 
Then by fubtraQting the faid third Proportional from the ſum of the three Means, 
the Remainder is the ſum of the ſecond and fourth; by which ſum and the third 
Proportional, the ſecond and fourth ſhall be given ſeverally, (by the Canon of Dneft. 4. 


rr DIES, ICEM —— 
* 


ö 
| Chap. 16. Book 1.) Then the ſquare of the ſecond Proportional being divided by the third 
gives the firſt, and the Square of the fourth being divided by the third gives the fifth. 
x Therefore if 34 be given for the ſum of the firſt and fifth of five continual Propor- 
| tionals, and 28 for the ſum of the three Means, the five Proportionals ſhall be given 
| Teverally, viz. 2, 4, 8, 16, 32 *. | | | | 
| 4: PUVEST. 15. . 5 6 
| | The Sum (5) of the firſt, third, and fifth of five Quantities in continual proportion 
| being given, as alſo (c) the ſum of the ſecond and fourth, to find the five Proportionals. 
| 4 . RESOLUTION. 8 7 
| 1. For the third Proportional, that is, the middle Term of the 5, put 4 
| 2. Then ſubtract that middle Term (a) from the given ſum (5, * "I 
4 and the Remainder is the ſum of the firſt and fifth, viz. . , . 885 
3. And becauſe (by Theorem 27. of the preceding Chap. 6.) the? 
| Product made by the Multiplication of the third or middle Term | bl 
| of five continual Proportionals into the fam of the firſt and fifth, 5 in 
| is equal to the Squares of the ſecond and fourth; therefore > th 
(from the firft and ſecond ſteps) the fum of the Squares of the ſa 
Soond ang tourth Frebportionals is . 
4. The fquare of the third Proportional (a) is equal to the Pro-F tr: 
duct of the ſecond multiplied into the fourth, therefore the & 244 ſi 
—— p / Eo 8 fal 
5. Therefore from the two lait ſteps the Aggregate of the Squares 7 þ 
- and the double Product of the ſecond and fourth Proportional is and. thi 
6. But the Aggregate of the Squares and the double Product of | 
the ſecond and fourth Proportional is _ to the Square of 3 an 
their ſum, therefore the Aggregate in the fifth ſtep muſt be equal * wi 
to the Sakare of the given ſum (v) vin. JJ iS 
Which Equation being reſolved by the Canon in Sec. 6. Chap. 15. Book 1. will _ 
give this following 5 „ | | | Y 
| . CANON. : 8 5 i 
Add the Square of half the given ſum of the firſt, third, and fifth Proportionals to 25 
5 the Square of the given ſum of the ſecond and fourth, then from the ſquare | 
5 Root of the ſum made by that. Addition ſubtract the ſaid half ſum, and the Remain- 
| der ſhall be the third Proportional. | n 3 I. 
Then by ſubtracting the faid third Proportional from the given ſum of the firſt, hy. 
| third, and fifth, the Remainder is the ſum of the firſt and fifth; by which ſum and 1 
6 the third (or mean) Proportional, the firft and fifth (to wit, the Extremes) ſhall be : 
given ſeverally by the Canon of Puef. 4. Chap. 16. Book 1. Then the third Proportional : 
| being multiplied into the firſt and fifth ſeverally, and the ſquare Root being extracted 


out of each Product, theſe Roots. ſhall be the ſecond and fourth Proportionals. 
Therefore if 42 be given for the ſum of the firſt, third, and fifth of ſive Numbers 
in continual proportion, and 20 for the ſum of the ſecond and fourth, the five Pro- 
portionals will be found theſe, to wit, 2,4, 8, 16, 32. V 9, F 

: | | a Hei. 


CHAP. 7. about Continual'Pioportionals. 

5 | 5 th pd JOE 16. | i. | ND 

The third Proportional (5) of five Quantities in continual proportion being given 
as alſo (c) the ſum of the other four, bo fad out the five Proportionals. - ao 


* x AEO LTPIPON, =: 
1. For the ſum of the ſecond and fourth Proportional put @ 

2. Then ſubtract that Sum (a) from (c) the given ſum of they | SY 
firſt, ſecond, fourth, and hiv Propottionals and there will C4 * 
remain the ſam of the firſt Md fifth, ro-wir, . . . , , T4 

3. The ſquare of the third (that is, of the mean) Proportional (5) 
zs equal to the Product of the ſecond multiplied into the fourth, & 2b 
therefore the double of that Product is.. 

4. Which double Product (2% ſubtracted from (aa) the Square | 

of the ſum of the ſecond: and fourth Proportionals, leaves for & 1a—244 
the ſum of the Squares of the ſecond and fourth, . . . . “ «le 

F. And becauſe. (by Theor. 33. of the preceding Chap. 6.) the ſum ! 

of the Squares of the ſecond and fourth of 5 continual Proporto. | 
nals is equal to the Product of the third (or mean) multiplied by 44255 


"<< om. 4,7 


p : 
- 


— —— 


the ſum of the firſt and fifth, therefore if (aa 2b) the ſum }, ——_ 
of the Squares of the ſecond, and fourth be diyided by the mean CT 
() the Quotient ſhall be the ſum of the firſt and fifth, viz. 
6. Which Sum found out in the-laſt ſtep. muſt be equal to tlie 223 
ſium of the firſt and fifth Proportionals tound out in the ſecond 7 
ſtep; hence this Equation àriſes, bi.... 1 
7. Which Equation after due Reduction gives. ., . aaþba=2bb+bc 
Wherefore by reſolving the laſt Equation ( according to the Canon in Se8. 6. 
| Chap. 15. Book. 1, ) there will come forth this following 5 
 CANOMN © © 


” — 


ca 


To the ſquare of the half of the given third (or mean) Proportional add the dou- 
ble of the ſquares of the ſaid Mean, as alſo the Product of the ſaid Mean multiplied 
into the given ſum of the other four Proportionals, and out of the ſum of that Addi- 
tion extract the ſquare Root; this Root leſſened by half the given Mean, gives the 
ſum of the ſecond and fourth Proportionals. n 2 

Then from the given ſum of the firſt, ſecond, fourth, and fifth Proportionals ſub- 
tract the ſum of the ſecond and fourth (found out as above) and the Remainder is the 
ſum of the firſt and fifth ; by which ſum and the third (or mean) Proportional, the 
faid firſt and fifth ſhall be given ſeverally by the Canon of Pneft 4. Chap. 16. Book 1. 

Laſtly, the 8 Roots of the Product of the firſt multiplied into the third, and of 
the Product of the third into the fifth, ſhall be the ſecond: and fourth Proportionals. 

Therefore if 8 be given for the third of ſive Numbers in continual proportion, 
and 54 for the ſum of the other four, the ſive Proportionals will be found theſe, to 
wit, 2, 4,8, 16,32. „ . 


: > 3 N 3 
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1 V ä 
The ſum (6) of the Extremes of five Quantities in continual Proportion being given, 
as alſo (c) the ſum of the Squares of three Means; to find the ſive Proportionals. 
1 55 C SL, 
1. For the Mean (or third- Proportional pu 
2. Then (by Theor. 33. of the preceding Chap. 6.) the Mean (a) | 
multiplied by (5) the given ſum of the Extremes, produces the >ba 
ſum of the Squares of the ſecond and fourth Proportionals, vix. 
3. Therefore if to (aa) the ſquare of the Mean you add (ba) the 
. Jum of the Squares of the Jacond and fourth, there will come (_ + be 


* 


korth the ſum of the Squares of the ſecond, third, and fourth 


Fark ba=c | 
re- 


es, „ I REY 8: p = 
3 4. Which ſum found out in the laſt ſtep muſt be equal to the gi- 
' ven ſum (cz) hence this Equation ariſes, vin. 


3 


„ 9 
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Wherefore by reſolving that Ron (according to the Canon in Sof. 6. Chap. 15. 
Book 1.) there will ariſe this following 1 „ 
| 185 CANON. as ae 8 
Add the ſquare of half the given ſum of the Extremes to the given ſum of the 
Squares of the three Means, and out of the ſum of that Addition extract the ſquare 
Root; this Root leſſened by half the fam of the Extremes will give the Mean ( or 
third) Proportional. N . b 85 
Then the mean (or third) Proportional being given, and the ſum of the Extremes, 
(viz. of the firſt and fifth) the ſaid Extremes ſhall be given ſeverally by the Canon 
of Queſt. 4. Chap. 16. Book, — , iy" Frets 
Laſtly, the ſquare Roots of the Products of the firſt into the third, and of the 
third into the fifth ſhall be the ſecond and fourth Proportionals. | 
Therefore if 34 be given for the ſum of the Extremes of five Numbers in continuat. - 
proportion, and 336 for the ſum of rhe Squares of the three Means, the five Propor- 
tionals ſhall be alſo given, to wit, 2, 4, 8, 16, 32 : 


DUEST. 18. „ 8 
The Sum (6) of the Extremes of five Quantities in continual Proportion being given, 
as alſo (c) the Sum of the Squares of the ſecond and fourth, to find the 5 Proportionals. 
RESOLUTION. „„ 
x. Fot them ioperond pure 64 | 
2. Then (by Theorem 33. of the preceding Chap. 6.) the Mean 5 
(a) multiplied by (5) the ſum of the Extremes, produces & ba in 
the ſum of the Squares of the ſecond and fourth, viz. . . | . th 
3. Which ſum — be equal to the given ſum (c,) therefore Blñas se “N ſts 


the mean Proportional will be made known, vin. 


4. Wherefore by dividing each part of that Equation by (ö,) do E: 
r 
Which laſt Equation in words is this following 8 . 


o 


| z E | CAN UN: 5 . 
Divide the 3 ſum of the N of the ſecond and fourth Proportionals by the 


given ſum of the firſt and fifth, ſo ſhall the Quotient be the mean or third Proportional. | 
Then the mean (or third) Proportional being given, as alſo the ſum of the firſt 0 
and fifth, theſe ſhall be given ſeverally by the Canon of Quęff. 4. Chap. 16. Book 1. ſel 
Laſtly, the ſquare Roots of the Products of the firſt into the third, and of the dra 
third into the fifth, ſhall be the ſecond and fourth Proportionals. . tity 
Therefore if 34 be given for the ſum of the Extremes of five Numbers in continual ing 
proportion, and 272 for the ſum of the Squares of the ſecond and fourth, the Pro- the. 
portionals will be diſcovered ſeverally, vix. 2, 4, 8, 16, 32. > WW _ Qu⸗ 
| UE I. 19. | | od 


A Vintner having a Veſſel full I Wine containing 16 (or b) Gallons, drawsout 4 
(or c) Gallons, and then pours into the Veſſel as much Water as he drew out Wine 
then out of that mixt Quantity of Wine and Water he draws out the ſame number 
of Gallons as before, and pours in the ſame 2 of Water. Again, he makes a 
third draught of the ſame quantity as at firſt. The queſtion is, to find how much 
pure Wine remained in the Veſſel after the third draught. | ry 

Nd, RE SODEVEFION | 
I. 20 — of Gallons of _ in 3 at firſt was 3 
2. Out of which Quantity (c) Gallons bei wn, there re- X 
mained of pure Wine in the Veſſel . N „ Jin”. = 
3. To which remaining quantity of pure Wine (c) Gallons of} © 

Water being added, the Veſſel is again full, and contains (b) | 

Gallons of Wine and Water together ; out of which draw- 

ing again (c) Gallons, we muſt ſeek how much pure Wine | 

was in this ſecond draught, ſaying by the Rule of Three, or "Y 

PTY 1 * CG 


mixt Wine mixt Vine 128 | 


Whence itis found, that the quantity of pure Wine in the {e- | | Wn>'7 
— V / + + ng = 
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PU 


J. Which Quantity * being ſubtrafted from þ—e, the 


Quantity of pure Wine in the Veſſel before the ſecond > — 2 
draught was made, there remains for the Quantity of pure 2 


Vine in the Veſſel after the ſecond draught . . . . . _ 
J. To which remaining Quantity of pure Wine add (c) Gal- 
ons of Water, fo the Veſſel is again full, and contains (5) 
Gallons of Wine and Water together; out of which draw- 1. 
ing again (e) Gallons, we muſt ſeek how much pure Wine hs 

was in this third draught, ſaying, I bbemaberbaer 
As. b_. — :: do a fourth Pro- 


portional or Quantity of pure Wine in the third draught, | 
„ hie will be found; © of ooo 1 
6. Then by ſubtracting the ſaid fourth * — Lea. | 
| r fl 20C-FCC | Zo 
ty of pure Wine i the chan nga, from 5 6 the bbb—3 bbct2bee—cee 
Quantity of pure Wine in the Veſſel when the third draught fb 
was made, there remains for the defired Quantity of pure SES 


Wine in the Veſſel after the third draught , . e . .. | | 
Which Quantity laſt found out is the Anſiver of the Queſtion; and if it be reſolved 
into Numbers it gives 6- for the number of Gallons of pure Wine that remained in 
the Veſſel after the third draught. Moreover, if the firſt, ſecond, fourth, and fixth 
ſteps of the Reſolution be well examined and compared with Se@. 2,5, and 6 Chap. 5. 
of this ſecond Book, it will be manifeſt that the Quantity of pure Wine in the Veſſel 
at firſt, and the ſeveral Quantities of Wine remaining in the Veſſel after each draught - 


are in continual Proportion: „„ „ 
3 o? hc © — ow : * # — bb 
53 


„ r Eon 6 - | Wk 

Of which continual Proportionals the firſt is the given Quantity of Wine in the Veſ- 
ſel at firſt , the ſecond is the Exceſs of the ſame a above the given Quantity 
drawn out at each draught z and then the fourth continual Proportional is the Quan- 
tity of pure Wine remaining in the Veſſel when three draughts have been made, accord- 
ing to the import of the Queſtion; bur the fifth continual Proportional when fourdraughts, 
the fixth when five draughts, the ſeventh when fix draughts, ſhall be the remaining 
Quantity of pure Wine ſought by the Queſtion. Laſtly, the firſt and the ſecond Terms 
of a rank of Numbers in continual proportion being given, any of the following Terms 
ſhall be given by the Rule in Sec. 5. and 6 Chap. 5. of this ſecond Book. 


—— 
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A Vintner having a Veſſel full of Wine containing 16 (or b) Gallons, draws out a 
certain quantity, and then pours into the Veſſel as much Water as he drew out Wine. 
Again, out of that mixt quantity of Wine and Water he draws out the ſame quantity 
as before, and pours in the ſame quantity of Water. Then he makes a third draught 
of the ſame quantity as at firft, and after this third draught there remained 6 (or d) 
Gallons of pure Wine. The Queſtion is, to find whar P of pure Wine was 
drawn out at the firſt draught, or what quantity of Wine and Water together at the 
ſecond or third draught, (for the three draughts were equal quantities.) | 


RESOLUTION. 


KN. * 


» WM + Byprofecutingthe ſearch as in the preceding nineteenth Queſtion, favingthar Gin | 


be uſed here inſtead of (e there you will find this Quantity, vi 


to be the Number of Gallons of pure Wine remaining in me Veſſel. after the third : 
draught, and therefore it muſt be ut to thie giren I 6+ (or 7 oY he . 


ariſes this 1 VIZ, ; þ 


beta abn0=—0as ; £ Io NS: 4 1 8 
it 55 e E 3: 8 
5. Therefore by cnt each part of that Equation wu Denominate bh, there 
will come forth this Equation in Integers, viz. | a 
 bbb—3bba-+ 3baa—aaa = 554. | n 
6. And is dxtrabting the Cubic Root out of each # 8 of the laſt 22 . 
ariſes  b-—a=y(3)bbd. 
7. Wherefore from the laſt Equation after due Tranſpofition the Value of (a) will 
be made known, vi a=b—v(0)bbd = 4 


Whence it is manifeſt, that four Gallons were en out at every one of che three 
draughts. But if the Reſolution had been wtought out at large, as in the preceding 
nineteenth Queſtion, then it would appear, that if between (5) and (4) viz. the 

antity of Wine firſt given, and the quantiry of Wine remaining after the aſt draught, 
5 wh be found the greater of two mean Proportionals when three draughts are pro- 


poſed, or the grea teſt of three Means when four draughts, and ſo forwards; then 


the Mean ſo found out being. ſubtracted from the greater Extreme (6) leaves the 


Quantity drawn out at each draught; - The manner of finding out mean proportional | 
Numbers between any two Numbers given for Eatremes, has already been ſhevyn in 


Seck. 14. Chap. 5. of this ſecond Book. 
5 If the Reader deſires mote variety of Wueſtions about Quantities. i in Marine Pro- 
portion, he may conſulr the 4lgebra of Jac: de Billy, intituled Nova Geometric Glavi 


and the firſt Ran of out Lemma Dr. Malis hls * ON > | 
e 8 3 15 125 
* 1 4 P. III. „ 


The manner of Nee out 20 the Aliquot Parts bath of Ninthers 
and Algebraical Ouantities,: as 1 15 he ſmalleſt Numbers that 
ſhall have given Mulritudes, of. Aliquor, Parts. 2725 9 


7 gen 1.5 


"4 


x Fan the Reſolution of knotty' Queſtions about Quantity, there! 18 * Wan great 

uſe of finding out all the Aiquot Parts, or uſt Diviſors, as well of Numbers, as 
of Quantities repreſented by; Letters; and there ore in this Chapter I ſhall-ſhew how 
that Work may be done; as alſo how to find out the feaſt Number that ſhall havea 
given Multitude of Aliquot Parts, according to the Method of Fra. b an Schooten, in 


Seck. 2, 3, and 4. of his Miſcelanies, and in his Frincipia Matheſ. Univerſal, 


II. A Prime or. Incompoſit N umber 1 15 that which can only be meaſured or dividel 
by it ſelf or by Unity, and leave no Remainders ; a8 2345761 1,13, Cc. are Fine 
Numbers Ee 


III. & Compoſt Number is that which bay be divided by fete Number lefs than 


D "the Compoſe it ſelf, but grearer this Unity; as 46,8,9,10, Cc, ate ofits. 


IV. Ju Divifors are ſuch Numbers or Quantities, as will divide a given Number or 
- Quaniity, and leave ow Remainder x every one of which Diviſors, except that whichis 
"equal ro the given Quantit called ed an Aliq not. Par be uſe if i it he taken Aliquots, 
that is, certain times, it wil relay tiring the given Quantity: As if 6 bea Num: 


ber propoſed, its juſt Diviſots are \1,2,32 and 6 5; bar the Aliquot Parts, of 6 are'only 


7,2, and 2, for 6 cannot be à part of &, but it may be a Diyiſor to ir ſelf, that is, 6 pul 
bedivided by 6, and theQuorient is Unity. Henes it is manifeſt; that the juſt Dift 
ſors of a Number ate-more in multitude by one than the Number of its Aliquot Parts 
V. The Aliquot Parts of a whole Nutriber may be found out in this manner, viz, Firkt 
if the Number propoſed be. even, divide it by 2, and reſerve the Diviſor. Again, f 

ants Wh be oven divide it eee and contiriue the] Ividion | 

. 
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CHA 
of every following Quotient by 2, until the Quotient be an odd number. But if ei- 
ther the number firſt propoſed, or the Quotient reſulting from ſuch Diviſion by 2 be 
odd, divide it by 3, if it will give an Integer Quotient, and continue the Diviſion by 3 
in like manner as before by 2, ſo long as che Quotient isan Integer without any Fracti- | 

on; likewiſe when the Diviſion by 3 ceaſeth, divide by 5,7, 11, 13,1, 19, Cc. that is, 
by every prime Number, until you find a Quotient leſs than the Diviſory and i no ſuch 

Piviſor will give an Integer Quotient before the Quotient is leſs N Diviſor, you 
may conclude the number firſt propoſed to be Incompoſit, (viz ſuch as has no Divi- 

| ſor bur it ſelf or Unity) and that laſt Diviſor to be greater than the ſquare Root of the 

- propoſed Number. Then by the help of the prime Diviſors to the given Jumber, all 
the reſt may be found our by the Operation directed in the following Examples 


1 Gr A * 


23 3 
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| | Example 4. | Be 
Suppoſe it be deſired to find out all the Aliquot Parts and Diviſors of 60; firſt, 1 
divide 360 by 2, and the Quotient is 180; this divided by 2 gives 90, which divided 
by 2 gives 45; this being an odd Number the Di- 21 1 
viſion, by 2 ceaſes. Then I divide the ſaid 45 by 236011 80 90ʃ45115ʃ5ʃ1 4 
3, and the Quotient is 15 3 this divided by 3 gives 2 2ʃ 2] 3 357 
the Quotient 5, and ſo the Diviſion by 3 ceaſes; _- Ver 
then I divide 5 by it felt, and the Quotient is Unity. Now by the help of thoſe Di- 
viſors or prime Numbers, which (as may eafily be proved) are ſuch, chat if they be 
continually multiplied will produce the given number 360, all the reſt of the Juſt 
Diviſors of the ſaid 360 may be found out thus. : j = 
Firſt, I ſer every one of the ſaid prime Diviſors 2,2,2,3,3, and 5, at the head of a 
Columel, as you ſee in this Table; then I multiply the firſt Diviſor 2 by the ſecond 
Diviſor 2, and ſer the Product 4 under 2 in theſe- I | ; 


cond Columel. Again, I mulriply.the faid 4 by 2, [272T2] T 3] T 
(which ſtands at the head of the third Columel) and sbs bon 
jet the Product 8 under 2 in the third Columel. | 22 a 2 
Then I multiply every one of the Numbers in the | | 24 | 36 40 
firſt, ſecond, and third Columels, by 3, which ſtands 72 | 17 
at the head of the fourth Columel, and write the ; V 
Products under 3 in the ſaid fourth Columel; ex- Fs 4. 2. 
cept ſuch Products which happen to be the ſame —_ 
with any of thoſe before written, (for one and the . a 
ſame Product muſt not be written twice;) ſo mul- 15 8 * 
tiplying 2, 4, and 8, by 3, I ſet the Products 6, 12, 7. Pa 
and 24 under 3 in the fourth Columel. Again]! . 4.466 


multiply every one of the Numbers in the firſt, ſe- OO EY 

cond, third, and fourth Columels by 3, (which ſtands at the top of the fifth Columel) 
and ſet the Products under the faid 3; except (as before) ſuch Products which. hap- 
pen to be the ſame with any of thoſe before written in any of the precedent Columels: 
ſo the Products written under 3 in the fifth Columel are 9, 18, 36, and 72. Laſtly, 
Imultiply every one of the Numbers in the firſt, ſecond, third, fourth, and fifth Co- 
lumels by 5, (which ſtands at the head of the laſt Columel) and write the ſeveral 
Products (except as before excepted) under the ſaid 5. So at length all the juſt Di- 
viſors to the given Number 360 are found theſe, to wit, 1, 2, 3,4, 526, 7, 8, 9, 10, 12,15, 
18,20, 24, 3 o, 36, 40,45, 60, 72, 90, 120, 180, and 360; every one of which Diviſors 
(except the greateſt, which is always equal to the Number firſt propoſed) is an Aliquot 
part of 360, which (as you ſee) hath 23 Aliquot parts and 24 Diviſors. 
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Concerning Aliquot Parts. 
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Exanple 2. 


Ie zen zr de required to find out all the Aliquot Parts and Diviſors of 23 10, 
4 8e et be ike that in Example 1. For, firſt the prime Diviſors will de 


: 1 found theſe, to wit, N, 3, 5. 7 II; then after 
227017128 Tl II1. the ſaid prime Diviſors are ſet at the heads of ſo 


* 
* 


Sr many Columels, as you ſee in the Table in the 


OM Margin, the reſt - the ww re " be found 

TE ECT cording to theforegoing directions; which in ſum amounts 
out by Multiplication Diriſor landing ar be head of every Columel following the 
to this, vi- „* * * .. firſt, is tobe multiplied by every one of the Numbers 


— 


8 in the foregoing Columels, (except ſuch which make 
zin} 5 14 = the ſame Produkts as were before produced) and the 
17 prey *< 23 | Products are to be ſet under each prime Diviſor re- 
T5 15] I 771 Tpettively by which they were produced. So all the 
1.39] E |þ-: 55 Dirilers to the given Number 23 10 are diſcovered to 
35 730 be theſe, to wit, 1, 2, 3,5, 6, 7, 10, 11, 14, 15, 21, 
1 165 22, Cc. as you ſee in this Table; every one of which. 
4 230 | . Diviſors, except the greateſt, to wit, 2310, (which 
| * 77 is the ſame with the Number propoſed) is an Aliquot 
15 ft 154 | part of the ſaid 2310, which has 31 Aliquot parts, 
[ ä 32 Divilogs. ll + | 
Li. - 5 214. 452 | Upon the ſame foundation the Diviſors of Quan- 
AY 285 | tities expreſt by Letters may be found out, as will ap- 
4 | 779 | pear by the following Examples. But this work fe. 
W 1155 | quires that the Analyſt be well exercisd in the 
T | 2310 Rules of Algebraical Multiplication, Divifion, and 
E — the Extraction of Roots; for the find ing out of the 


Primi or Incompoſit Diviſors, when the given Quantity is compos d of many large 


Members connexed by different Signs, is oftentimes both difficult and laborious. 


Let it be required to find out all the Diviſors and Aliquot parts of this Quantity 


| _ gaabhc. Firſt, I divide the ſaid aaabbe by a, and the Quotient is aabbe, which divided 


by a gives alle, this divided by à gives bbc; 


aaab bc laabheabbe be bele 1. and fo the Diviſion by a ceaſes. Then I di- 


a fa! |b iþi vide bbc by b, and the Quotient is bc; this di- 


a, _ vided by bgivesc, which being a Primitive or 


Incompoſit Quantity 1 divide by it ſelf, and the Quotient is 1. So all the primitive Di- 


: propoſed Quantity aaabbc are found a, a, a,b, b, and c ; which are mani- 
17 SY ot 24 multiplied continually will produce the given Quantity aaabbc. 
Nom our of thoſe Diviſors, after _ 70. 1 2 eee as 

zn this Table. Hearch out the reſt of the Divifois by Algebraical Multiplicati- 
you {ce in this 12 N on, in like manner as in Example 15 So 


— Tj 61 6b <c} all the different Diviſors to the given 
la k 4 |} a | | | : . . | X 
| | 2a aaa 4b bb | ac | Quantity aaabbe are found theſe, to 


| | |» aab] abb] aac Þ wit, 1, a, aa, aaa, b, ab, aab, aaab, bh, 
SI 52F-1 Tagah | aabb | aaac j- abb, aabh, aaabh, c, ac, aac, aaac, bc, 
© 7 © "a , 


| | aabc | andgreateſt is an Aliquot part of tie given 

[ E | aaabe | Quantity aaabbc, which has 23 parts, and 24 
| bbc Dirviſors. . 

abbe Note, That this third Example dif- 


aaabbe | Algebraical Divition and Multiplication 
is uſed here inſtead of vulgar Diviſion and 


Example 


Multiplication in Numbers there, 


=; abc, aabc, aaabc, bbc, abbc, aabbe, agablc ; | 
Fh I  obc Þ every one of which Diviſors, except the laſt 


aabbe | fers not from Example 1. ſaving that 


K 


e 2 


OS 0 . . 1225 


e www 


e 
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in the following Table. | 


of ſo many Columels, and 


K 4 * 8. : " 
o 0 — 


* 5 * TN. . — *% Vo a. N ; 
N 3 * T * 7 r — — 2 * ns The . F 8 2 


% 0 5 


CHAP. 8. G oncerning Aliqu ot Forts. | 


8 a 7 
— 


| Example 4. 
Alfter the ſame manner 31 Aliquot parts and 32 Diviſors will be i 
Quantity abcde, viz. 1. a, l, ab, c, -_ be, abc, d, ad, 25 Nc. = you ſee 2822 


abede | beds | de | de | e 1 


Primitive Diviſors, « .1* je «fol. . 4 
j4|'#Þ 6 d e | 
| ah AC ad ae 
| bc bd be 
| abs | abd| abe 
| cd ce 
acd ace 
| bed | bce | 


abcd | abes Coinpaie this Example 
4-4 4 de | with the precedent Ex- 


| þ | | bede 
E 1 abcde | 


—— Example 5. | 
Again, to find all the Diviſors of this compound Quantity aaabe=abþhe, firſt, 1 
ſearch out all its prime Diviſors thus, viz. I divide the ſaid Compound Quantity by a, 
and the Quotient is aabc—bbbc, this divided by 5 gives aac—bbc, which divided by 


e gives the Quotient aa—bb ; this divided by a—b gives the Quotient a+ b, which 
being a primitive Quantity I divide it by itſelf, and the Quotient is 1. So the prime 


Diviſdrs are found a, % c, a—$, and a+b, which are to be reſerved. 
e , | c J. a— |a+b _ 
Then (as in the foregoing Ruampley 2 ſet the ſaid primitive Diviſorsat the heads 
om thoſe Diviſors (according to the directions in Ex- 
ample 1.) I find out all the reſt by Multiplication ; fo at length it appears that 


 aaabc—abbhe the compound Quantity propoſed has 31 Aliquot parts and 32 Diviſors, 


wit, 1, a, , ab, c, ac, bc, abc, a—b, aa—ab, ab—bb, &c, as you ſee them expreſt 
in the following Table. ol 1 * 
| „ 6 | c | 4a—5 2 
$08 ac aa—ah aaa 
abe | aab—abh aab abb 
F = ac—bc ac bc 


1 
- 
— 
o 
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Again, to find out all the Diviſors of this Quantity aaabbc—2aabbbc + abbbjc firſt, 
4 before) I ſearch out all the primitive Diviſors, viz. I divide the Quantity ꝑropoſ. d 
y a, and the Quotient 1s aabbc—2abbbc+ bbbbc, which divided by b gives the Quoti- 


ent aahc—2abbc>+ bbbc ;, this divided again by b givesaac—2abc+bbe, which divided 


by c gives aa—2ab+bb. This laſt Quotient being a Square whoſe fide is either a—b 


or b—a, according as a is greater or leſsthan h, I ſhall ſuppoſe a to be greater than 5, 


and then dividing the ſaid Square aa—2ab-+bb by its fide a—b the Quotient is alſo 
a—b. And laſtly, by dividing a—b by it ſelf (becauſe tis a Primitive Quantity) the 
Quotient is 1. Thus the primitive Diviſors of the Quantity propoſed are found a, ö, 
„ c, a—b and a—b. Then every one of them being ſer at the head of a Columel, and 
Multiplication made according to the Operation in the precedent Examples, the relt 
of the deſired Diviſors to the Quantity aaabbc—2aabbbc + abbbbc will be found out; 
and at length all the Diviſors to the ſaid Quantity are diſcovered to be theſe, viz. I. 
a, b, ab, bb, abb, e, ac, bc, abc, bbc, abbc, a—b, aa—ab, ab—bb, &c. as you ſee them 
expreſt in the following Table. — | 


146 |b c | a—b | a—b _ _ 
| ab | bh lac | aa—ab aa—2ah+bb 
# abb] be | ab—bb | aaa—2aab+abb 1 
I abe | aab—abh aab—2abb+bbb | . 
| bb c | abb—bbb aaab—2aabb+ abbb | 
| | abbc | aabb—abhbb . | aabb—2abbb+bbþbb | 
ac—bc | aaabb— 2aabbb+ abbbb 
aac—abc aac—2abc+bbc = 
abc be | aaac—2aabcabbe | 
I aabc—abbe | aabc—2abbc+bbbc | 
$5 4-2 abbc—bbbc aaabc—2aabbc+ abbbe 
- | ' | aabbe—abbbc | aabbe—2abbbc+ bbbe | 
| 13 I aabbic— 2aabbbe Tabbbbe 


1 Fxample 7. | 5 

In like manner, if it be deſired to find out all the Diviſors of this Quantity aaaaaa+ 
aaaaacc T aacccc, that is, 4. ＋ 2a*cc+aac+; I divide it firſt by a, and the Quotient is 
25 ＋ 2a ccf ac, this divided again by a gives a++ 2aacc+ct, Now tis evident that 
this laſt Quotient cannot be divided by a or by c, or the like quantity; but becauſe 
(by Se&. 4. Chap. 8. Book 1.) the ſaid a. 2aacc-+c4 is a Square, whoſe Root is aa-+cc, 
I divide the Square by its Root aa-+cc, and the Quotient is alſo the ſame Root faid 
aa+cc, which being a primitive Quantity I divide it by it felf, and the Quotient 
is 1. So the Diviſors to be reſerved are a, a, aa c and aa-+cc. | | 


4 2a+c+aac4 | a5b 203+ act | 44+ 2aacc+c+ | aa+cc| 1. 
[-:-: wi 3 a | aaþs aa 


Then after thoſe Diviſors are ſet at the heads of ſo m_ Columels, (as you ſee in 
the following Table) I proceed to find out the reſt of the Diviſors by Multiplication 
according to the directions in Example 1. viz. I multiply each primitive Diviſor ſtand- 
ing at the head of every Columel following the firſt by every one of the Quantities in 


the preceding Columels, and ſet the Products under the reſpective primitive Diviſor, 


laſt are Aliquot parts of the propoſed Quantity a ＋ 2 *cc-F aget, 


with this caution, that one and the ſame Product be not written down twice. So at 
length I find all the different Diviſors to be theſe, viz. 1, a, aa,aa-+ cc, a3-þ acc, a-þ aace, 
a+ 2aacc+c#, a5 acc f act, and a*+2a*cc4aac+, all which Diviſors except the 


aa az acc al zaace c4 


| a aa cc | aa ce 


a+#+aacc | a+ 2a3c + act 


a. T 2a*cc+aact | 


: OO ns  y 


By 


was deſired. 


nator ſeverally by a- Tb, and there ariſes 
poſed, and in the ſmalleſt Terms 
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CHAP. 8. 


VL. By this Skill of finding out all the Diviſors of Quantities we may reduce two or 


more given quantities, when they are not prime between themſelves, to others in the 
ſame Reaſon (or Proportion) with thoſe given, and in the ſmalleſt Terms. As to re- 
duce thoſe three Quantities aaa—abb, aabh—bbb, and aaa+aah—abb—bþb, to the 
ſmalleſt quantities in the ſame proportion with thoſe propoſed, firſt, I ſeek (by the 
Method before delivered) all the different Diviſors to every one of thoſe three given 
quantities, ſo I find the Diviſors of the firſt quantity aaa—abb to be theſe, 1, a, a+b, 
a—b, aa Tab, aa—ab, aa—bb, aaa—abb, and the Diviſors of the ſecond quantity 
aah—bbb to be theſe, viz. I, ö, a—b, ab—bb, ab, ab+bb, aa+bb, and aah—bbb, 
alſo the Diviſors of the third quantity, aaa -f aah—abb—hbh, to be theſe, to wir, 1, 
a—þ, a+b, aa—bb, aa-+2ab-bb, and aaa-+ aab—abb—bbb., Now becauſe among 
thoſe three companies of Diviſors theſe three a—b, a+b, and aa—bb are found in 
each company, we may by the help of any one of thoſe three Diviſors reduce the 
given quantities to others more ſimple, and in the ſame proportion with thoſe given. 
But to find out the ſmalleſt Terms I divide the propoſed quantities aaa —abb, aah—þbb, 
and aaa+aab—abb—bbb, ſeverally by aa—bb, to wit, ſuch of the ſaid three Diviſors 


which has moſt Dimenſions, and there ariſe a, ö, and a+b; which three quantities 
are the ſmalleſt Terms that can be found in the fame proportion with the three 


quantities firſt propoſed. © © 3 ; . 
Note, The Quantities propos d to be reduced are ſaid to be Prime the one to the 


other, when they have no common Diviſor beſides x, (to wit, Unity) in which caſe 


the quantities propoſed are already in their ſmalleſt Terms. 


VII. The finding out of Diviſors may be very fitly be applied to the reducing of 
Fractions to their ſmalleſt Terms; as to abbreviate this Fraction, | | 

| =o aaa T aab—abb—bbb 

on, | aaa—abb | | 

Firſt, the Diviſors of the Numerator (by the precedent Method) are found 1, a—þ, 
a Tb, aa—bb, aa+2ab+bb ; and aaa-+aab—abb—bbb. Likewiſe the Diviſors of 
the Denominator are 1, a4, a—b, aa+ ab, aa—ab, aa—bb, and aaa—abb. Then 
becauſe among thoſe Diviſors theſe three, to wit, ab, a—b, and aa—bb, are common 
both tothe Numerator and Denominator, I divide the Numerator and Denominator 
ſeverally by aa—bb, to wit, that common Diviſor which has. moſt Dimenſions , ſo 
there ariſes ab for a new Numerator, and a for a new Denominator, which gives 


this Fraction Ht \ (or 14 - ) equal to that propoſed, andin the ſmalleſt Terms, as 


aaa—abh 
© # aa+ 2ab+bb* 8 ä 
to the Numerator and Denominator is a-+b, 6 divide the Numerator and Denomi- 
4— a0 
a 


becauſe the greateſt Diviſor common 


In like manner to abbreviate 


VIII. Offervations upon the Examples in the foregoing Sect. v. 


Fir, When two, three or four of the foremoſt Letters (towards the left hand )of 
a {imple quantity are equal to one another, (vix. expreſt by one and the ſame letter) 
then mark well how many equal letters ſtand foremoſt rogether, tor ſo many Aliquot 
parts they will give. As in Example 3. in Se#.5. where the quantity propoſed is aaabbc, 
the three firſt letters a, a, a, (that is, aaa) give three Aliquor parts, to wit, 1, a, aa; 
but four Diviſors, 1, a, aa, aaa. In like manner, if four equal letters ſtand foremoſt 
together, as a, a, a, a, or aaaa, they will afford theſe four parts, 1, a, aa, aaa; but 
five Diviſors, to wit, I, a, aa, aaa, aaaa. The like property enſues, when five or 
more equal letters ſtand foremolt together. = i 
Hence it is evident, that every Power has ſo many Aliquot Parts as there be Di- 
menſions in the Power; as the Square aa, whoſe Index (or number of Dimenſions) 
1s 2, has two parts, to wit, 1 and a; likewiſe the Cube aaa, or a3, has three parts; 
the fourth Power aaaa, or a+, has four parts; and ſo forwazds. | 


f Secondh, | 


— 


which is equal to the Fraction pro- 
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lumel of the ſaid following 


Secondly It is evident from all the precedent Examples in Sect᷑. 5 that e among the 


primitive Diviſors (which are ſer at the tops of the Columels) a following Diviſor dif- 


fers from the next precedent 28 Diviſor, then the multitude of Diviſors in the Co- 
iviſoris more by 1 than the multitude of all the different 

Diviſors in the precedent Columels. As in Example 3. in Se&. 5. where the quantity pro- 
poſed is aaabbc, the letter(or primitive Diviſor) b, which follows and is different from 
the next foregoing primitive Diviſor a, gives four Diviſors, to wit, b, ab, aab, and aaab; 
which are more in multitude by 1 than all the foregoing different Diviſors a, aa, & aaa. 
Again, in Example 4. Sect. 5. where the quantity propoſed is abcde, the Diviſors þ 
and ab in the ſecond Columel are more in number by 1 than a in the firſt, Likewiſe the 
Diviſor c, ac, bc, and abc, in the third Columel, are more in multitude by 1 than a, b, and 
ah, to wit, all the Diviſors in the firſt and ſecond Columels. Alſo d. ad, ba, abd, cd, acd, bed, 
and abed in the fourth Columel, are more in multitude by 1 than all the Diviſors in the 
firſt, ſecond, and third Columels, and ſo forward. The reaſon is manifeſt, for every primi- 
tive Diviſor which ſtands at the top of a followingColumel,is multiplied into all the diffe- 
rent Diviſors ſeverally in all the foregoingColumels;& therefore if that multiplying pri- 
mitive Diviſor be added to the number of thoſe Products, the total multitude muſt neceſſa- 
rily be more by 1 than the multitude of different Diviſors in all the foregoing Columels. 
Thirdly, It is alſo evident, that when the ſaid primitive Diviſors are all different, 
than the numbers which expreſs the multitude of Diviſors in every Columel are in con- 


tinual proportion increaſing from Unity in a duple Reaſon. As in the fourth example 


in Seck. F. where the primitive Diviſors a, b, c, d e, are all different, there is one Diviſor in 
the firſt Columel, two in the ſecond, four in the third, eight in the fourth, Ind ſixteen 
in the fifth, which numbers of multitude, to wit, 1,2, 4,8, and 16, are manifeſtly in duple 


proportion. Therefore when all the primitive Diviſors of a quantity propoſed are 


different or unlike, then if ſo many of the foremoſt Terms of the faid continual 
Proportionals 1, 2, 4, 8, 16, &c. be added together, as there be primitive Diviſors, 


(to wit, thoſe Incompoſit quantities, which being continually multiplied will produce 


the quantity propoſed) the ſum ſhall be the number of Aliquot parts contained in 
that quantity, and the number of Diviſors ſhall be more by 1 than that ſum, 

As for Example, if the number of Aliquot parts in the quantity ab be deſired, I add 
1 and 2 together, (to wit, the two ſirſt Terms of the faid Geometrical Progreſſion 1, 2, 


4, 8.16, Cc. and the ſum 3 ſhews that ab contains three Aliquot parts, and four that is, 


31) Diviſors. Likewiſe if there be propoſed the quantity abc, (which conſiſts of 
three different letters) the ſum of 1, 2, 4, (to wit, of the three firſt Terms of the ſaid 
Geomerrical Progreſſion )is 7; which ſhews, that abc contains ſeven parts, but eight 
(or 7+1) Diviſors. Again, if abed (which conſiſts of four different letters) be pro- 


poſed, the ſum of 1, 2, 4, 8, (the four foremoſt Terms of the ſaid Progreſſion)is 15 ; 


whichſhews that the quantity abcd contains fifteen Aliquot parts, and fixteen(or15+1) 
Diviſors, and ſo forward. But becauſe the ſaid Proportionals proceed in a duple reaſon 


| from Unity, the ſum of any number of Terms may be found out by this brief Rule,v:z. 


the third Term(or Proportional) leſſened by Unity (the firſt Term) gives the ſum of 
the firſt and ſecond Terms. Likewiſe the fourth Term leſſened by x gives the ſum of 
the firſt, ſecond, and third Terms; and the fifth Term leſſened by 1 gives the ſum. of 
the firſt, ſecond, third, and fourth Terms, and ſo forward infinitely. All which may 
be further illuſtrated by the ten quantities, and their reſpective multitudes of Aliquot 
parts, expreſt in te following Table. 3 | 
Wanciries | Mulcicude of | Sums of Terms in continual Proportion, proceeding, 
2 —5 —_— Rs from 2 in duple Reaſon. * oi = | 
ä ES ERS 
| ab . » = I+2 * | | 
abc|,.. 7=| 1+2+4 
abcd | . . 15= | I+2+448 -—- 
abede . 31 | 1+2+4+8+16 
abcdef | . . 63= | 1+2+4+8+16+32 , 
- abcdeſg | . . 127= | 1+2+4+8+16+ 3a+64 
' abcdeſgh |.. . 255= | I+2+4+8+16+32+64+128 -| 
' abcdefgbt | . 5II | 1+2+4+8+16+32+64+128+256 | 
| abcdefghik | . 1023= | 1+2+4+8+16+32+64+128+ 256+513| 
WWW — Potöh 


9 1 —— 


83 > 


ww aw oc WIT 


38 Rn Ry St» 


tbl, 


74 * = © W ”, * % r . 
, : Os * __ : 
* a : 
| ef + * 
. * NS WW 3 A 
— 


1 


— 2 


: . "i OT » i 4 _ 8 
— — — CEPT | 
* 


* W 
Bo 4 


C oncerning Aliquot Parts. 


Fourth h, When two, three, or more equal Letters ina ſimple quantity ſtand together, 


and follow ſome different foregoing letter or letters, then as many Aliquor parts as the 


ſt of thoſe following equal letters produces, (according to Ohſervat. 2.) fo many par 
= one of the reſt of the ſaid following letters will produce. As in — A, in 
Seck. 5. where this quantity aaabbe propofes, the three firſt letters a, a, a (or aaa ) 
gives three parts (by Obſervat. 1.) And t 
from the next preceding letter a, gives four parts (by OlHſervat. 2.) Now I ſay, the ſe- 


cond b ſhall alſo give four parts, and if there had been a third b, or a fourth b, Cc. 


every one of them would give four arts, to wit, as many as the firſt b produced. 
1 like manner, ifthis quantity abbhbb or abs be propoſed, the firſt — a gives one 
part; then (by Osſervat. 2. ) the next following letter þ (in . it differs from a) 
gives two parts. Now I ſay, every b following the firſt þ will alſo give two parts, 
and ſo bbb will give ten, (to wit, five times two) parts, which added to one part 
noted for a makes 11 parts. Whence I conclude, that the quantity abbbbb contains x x 


Aliquot parts and 12 Diviſors. All which may be produced particularly by the Rule 


in the foregoing Seck. 5. 


Again, if this quantity abeddd be propoſed, firſt, (by Obſervat. 3.) abe will give ſeven 
parts, and (by O vat. 2.) the next following letter d gives eight parts; therefore (by 
this fourth OH ſervat. ) every d following the firſt d gives alſo eight parts, and conſequent- 
ly ddd gives 24 parts, which added to the ſeven parts before noted for abc, makes 31 


parts. So thar the Quantity abcddd has. 31 Aliquot parts, and 32 Diviſors ; and the 


ame number of Parts and Diviſers will be found in the Number produced by the 
| continual Multiplication of theſe five prime Numbers 2, 3, 5, 7 x FI 


*. 2 . | 
' Fifthly, From what has been faid in the precedent Obſervations A eat to diſcover 
how many Aliquot parts are contained in any ſimple Quantity deſign d by letters, with- 
out producing the 2 As if aaabbc be propoſed, firſt, three parts are to be 


noted for aaa (according to Ob/ervat. I.) and eight parts more for bb (by Oꝶſervat. 4.) 


which eight parts added ro the three parts before noted make eleven parts; then for c 
twelve parts are to be noted, (to wit, 11-1, according toOhſervat. 2.) which WT, 
the ſaid 11 parts makes 23 parts. Whence I conclude, that the quantity aaabbc has 


firſt following letter b, in regard it differs 


23 Aliquot parts and 24 Diviſors,which are particularly expreſt in xample 3. Se&.5, * 


In like manner we may difcover, that this quantity aaaaabbbbeccdd, or a5b4c3d* has 
359 Aliquot parts, and 360 Diviſors. For firſt, I note 5 parts for a5 (according to 
Ob/ervat. I.) then (by Obſervat. 4.) bbbb or b gives 24 parts, which added to the 5 
parts before noted makes 29 parts. And becauſe one fingle c gives 30 parts, to wit, 
29 ＋ 1 (by Obſervat. 2.) ccc or 63 will give 90, to wit, three times 30 parts (by Os/er- 
vat: 4.) which added to 29 parts before noted, makes 119 parts. Laſtly, becauſe the 
letter d is written twice, and one ſingle d gives 120, to wit, 119+1 parts, (by O6- 


ſervat. 2.) dd will: give 240 parts (by Obſervat. 4.) which added to 119 parts before 


noted, makes 359 parts, which is the multitude of Aliquot parts the propoſed 


quanrity has, but its number of Diviſors is 360. 


And with the like facility we maydiſcover the multitude of Parts and Diviſors of a 


given number, after its primitive Diviſors are found out. As for Example, to find how 
many Parts and Diviſors 15876000 has, I ſearch out by Diviſion (in like manner as in 
the Examples in Se@. 5.) all thegimitive Diviſors, which being continually multiplied 


will produce the ſaid given ul ber, and find them to be theſe, to wit, 2, 2, 2, 2, 2, 3, | 


3, 3, 3, 5» 5» 5, 7, 7, which may be noted by a5b4c3dd, but this quantity (as before 
has been ſhewn) has 359 Aliquot parts and 360 Diviſorsgand therefore the ſaid 
15876000. has the ſame Number of Parts and Diviſors, vr 
found out by the Method in the precedent Examples in Se&. 5, | 
Sixthh If a quantity be compoſed of different Letters or Powers, and [Unity be added 
ſeverally to the Indices of thoſe Powers, that is, to the numbers expreſſing how oft each 


Letter is. found in that quantity, then the Numbers reſulting by thoſe Additions being 


multiplied one into the other continually will produce a Number greater by Unity than 
the number of Aliquot parts that quantity has. As for Example, if aaaabbb or a4 
be propoſed, I add 1 to 4 and 3 ſeverally,Cbecauſe the Indices of aaaa and bbb are 4 and 
3) at makes 5 and 4 ; theſe multiplied one into the other make 20, which is great- 
er by 1 than 19, the number of Aliquot parts that the propoſed quantity a+ b3 has. 
The reaſon of this Property. is not ditficult to be conceived ; for fince (by Obſervat. 1.) 
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aaaa hath four parts, that is, five parts wanting one part; and bbb following aada has 
thrice five parts (by Obſervat. 4.) therefore the whole Quantity aazabbb (or a+ b3 has 
4X5 Parts anting one part, bz. 19 Parts; w ich numbers 4 and 5 exceed 3 and 4 


the Indices of bbb and aaaa ſeverally by Unity. 


1 


Again, if aaaabhbec be propoſed, the Indices f aaa, bbb, and cc, are 4, 3, and 2, 
which increaſed ſeverally by 1 make 5, 4, and 3; theſe multiplied continually produce 
60, which is greater by Unity than 59, the number of Aliquot parts which the propo- 
ſed Quantity aaaabbbcc has. For ſince (for the Reaſon in the laſt preceding Example ) 
aaaabbh has 4x5 parts wanting one part, and cc following aaaabþb has (by Ob ſer- 
vat. 4.) 2x4X5 parts, the propoſed Quantity aaaabbbce has conſequently 3x4x5 parts 
wanting one part, that is, 59 parts; which Numbers 3, 4, and 5 do feverally exceed 
the Indices of cc, bb, and aaaa, by Unity. 5 N 

Seventh hy, From the preceding Obſervat. 6. it follows, that if a Compoſit Number be 
reſolved into any to or more of ſuch of its Factors, the leaſt of whick exceeds Unity, 
and if from every one of thoſe Factors Unity be ſubtracted,” the Remainders ſhall be 
Indices of ſo many ſeveral Powers exprèſſible by different Letters, that being joy ned 
together ( that is, multiplied one into the other) will give a Quantity having a number 
of Aliquot parts leſs by Unity than the Compoſit Number propoſed. As for example, 
it 20 be propoſed; foraſmuch as 5 and 4 multiplied one by the other produce 20, 
ſubtract 1 from 5 and 4 ſeverally; ſo the Remainders 4 and 3 do ſhew, that if the 
fourth Power of ſome Quantity a, as agaa, be — 25 into the third Power of ſome 
other Quantity 6, as into 5b, the Quantity produced, to wit, aaaabbb has 19 Aliquot 

arts, Which 19 is leſs by Unity than 20 the Number propoſed. Again, becauſe the 

rodu& of 10 into 2 does alſo make 20, I ſubtract 1 from 10 and 2 ſeverally, ſo the 
Remainders9 and 1 do ſhew, that if the ninth Power of ſome Quantity a, as as, be 
multiplied by ſome other different — b, the Quantity produced, to wit, a9, has 
alſo 19 Aliquot parts. Hence it is manifeſt, that often times many Quantities may be 
found out, every one of which ſhall have a given multitude of Aliquot parts, as 
will appear in the next following Section. 8 0 


IX. The manner of finding out all ſuch Quantities as ſhall have a 
| given Multitude of Aliquot Parts. 


If the multitude of Aliquot parts defired be any of the Numbers of the ſecond Co- 
1 lumel of the Table in Obſervat. 3. Set 8, the Quantity there ſtanding on the left 
hand of that number, and on the ſame Line with it, has the number of parts deſired. 
As if it be deſired to find a Quantity that has 63 Aliquot parts, that Table ſhews that 
* abcdef has 63 parts; and therefore if fix prime Numbers, ſuppoſe 2,3,5,7,11,13, 
be taken for the values of thoſe fix Letters a, b, c, d, e, f, the Product made by the 
continual Multiplication of the ſaid prime Numbers, to wit, 30030, ſhall have 63 
Aliquor parts, and vr. pag mg ES ome Wo 1 
But without reſpect to that Table, by the help of the Obſervations in the 1 
ing Sect. 8. many Quantities for the moſt part, and always one Quantity may eaſily 
be found out, that ſhall have a given Multitude of Aliquot parts, as will be made ma- 
nifeſt by the following Examples. fone 


. TY Example I. 0 TD 
| Let it be required to find outall ſuch ſimple QuanMegexpreſſible by Letters, that 
| may every one of them have 15 Aliquot parts and 16. Diviſors. . 

I. Io the ſaid 15 he 1 and it make 16, this I divide by 2 and the Quotient is 8, 


which divided by it gives 1; then from each of the Diviſors 2 and 8 (the Product 
| | of whoſe Multiplication makes the firſt Dividend 16) I ſubtract 1; 
16|8]T ſo the Remainders 1 and 7 do ſhew, that if ſome letter, as a, be 
218] written once, and next after it another different letter þ ſeven 
times, the Quantity ſo: Compoſed, to wit, abbbbbbb (or abr) ſhall 
have 15 Aliquot parts, and 16 Diviſors, as was deſired. 1-7 3 
2. Again, I divide the ſaid 16 (to wit, 15/1) by 2, and the Quotient is 8; this 
divided again by 2 gives 4, which divided again by 2 gives 2, which divided by itſelf 
g  gwes1; then from every one of the Diviſors 2, 2, 2, 2, I ſubtract 
4 | 168421 Iz; ſo the Remainders 1, 1, 1, 1 do ſhew, that if four different 
| 2222 fingle Letters be ſet together, as abed, this Quantity ſhall have 
Iz; Tartz and 16 Diviſors asbefors,” © 23. Again, 
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2. Again, I divide 16 by 2, and the Quatient is 8; this divided by 2 gives 
1 by itſelf gives 1; then from every ane of the Diviſors Tot 1 17 l be + 
1, and:theRemainders 1, 1, and g de fhew, that if two difftrent et. 
ters a and h be joined together, and next after them a third differ- 16 181411 
ent from each of them (as c) be written thrice, the Quantity ſo 24 
compoſed, to wit, abccc, ſhall have 15 Aliquot Parts, and 16 Divi- 21714 | 
ſors, as _ ; 5 955 15 5 R . 
| Again, I divide 16 by 4, and the Quotient is 4; this divided by it ſelf gives x - 
5 they — each of the Diviſors 4 555 IJ ſubtract 1, and the Re. 1 W | 
mainders 3 and 3 do ſhew, that if ſome Letter a be written thrice, as 16 | 4 1 1 
aaa, and next after the ſame another Letter different from a (as ) be 4 
likewiſe” written thrice, the Quantity fo compoſed, to wit, aaabbb, + | — 
or 433, ſhall have 15 Aliquot Parts and 16 Diviſors, as before. 
5. Laſtly, I divide 16 by it ſelf and the Quotient is 1; then from 161 
ſubtract 1, and the Remainder 15 ſhews, that if ſome Letter à be writ- 16 [1 
ten 15 times, as aaaaaaaaaaaaaana, or a, this Quantity ſhall have 15 16 | © 
Hence becauſe 16 cannot be divided by any other ways than thoſe five before ex- 
preſs'd, we may conclude that the five Quantities found out, and thaſe only, to wit, 
407, abed, abcꝭ, ab, and a*5, have each of them 15 Aliquot Parts and 16 Diviſors. All 
which Operations do clearly reſult from Osſervat. 6. and 7. in the precedent Seck. 8. 
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Let it be required to find out all ſuch Quantities expreſſible by Letters, dich may 
vel one of them have 23 Aliquot Parts and 24 Diviſors.,, . . _ || 

irft, as before I add 1 to 23, and it makes 24 this may bedivided by its Factors 


* 


in a ſevenfold manner before the Quotient 
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Whence I conclude that ſeven different Quantities may be produced. every one of 
which ſhall have 23 Aliquot Parts and 24 Diviſors; now to find out the ſaid.Quantities 


I ſubrrai4-frown; Unity) from every one of the Djvifors of the foregaing ſevenfold 
Diviſion, ſo the Diviſors 3, 2, 2, 2, of the lt Dien bene oak ned by Uni- 
ty give 2,1, 1,1 ; whence according to the precedent directions in Example i of this 


Seck. 9. this Quantity may be compoſed, to wit, aabes; and by proceeding in like 


q N 
7 


manner with the reſt of the Diviſors ſeven different Quantities, every one. of which 
has 23 Paris fors;-are-tcovered, ee beider 
E Caabcd Ss, ald N | 
| | aaaaabc cool More ev. l aßbe; RE ; 5 7 wy 
n, re e ee 
bs g. 3 og — — 3 — | 47 8 y — 
12 | h 24 8 a A* nt. * 
A be aaaaaaaaaaa Lair Wr 
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a 
one Quantity can be found that has 42 Aliquot Parts, viz, ſome L (as a) 
beingawritten 42 times one after another, or a ſingle a with its Index 42, a$44*, does 
expreſs a Quantity ( to wit, the forty ſecond Power of a) which has 42 unte Parts, 
and 4. Diriſers. The. Hike ftood of orficr Quarifiries; when the multi- 
dude of Aliquot Parts deſired being ne with Unity makes a prime Number. 


et-it be uired to find. out a. Quantity which. has 42 \* i | 
87 as bebe] add 1 to 42 and it makes 43, which being a prime Numher (that 
is, 
is 
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For further Illuſtration of the Premiſes, the Learner m 
which ſhews all the various — — by Le . 


reers, 


y view the following Table, 
that have a given multi- 


tude of Aliquot Parts not exceeding 50; and upon the grounds before explained the 


Table may be continued as far as you pleaſe. 


| Aliquot Parts. 


Quantities. 2 
:-- 1 
* - Was 2 
[49,93 have each 3 | 
1 5 Cc. al 
Jaab,as 
| — 1 6 1 
a3þ,abc,a7 ol 
aabb, as a” 
[440,49 9 
1479 Io 
a*bc,a3þ*,a5b,a"t g ; 11 
412 
465, at; * 
abb, ara 1 4 
abc, abed, a 353, 7b, a5 15 
Fs ot 16 
CEP aber? 17 
Jars. X ; 
a*+bc,a+h3.a9b,q"9 =_ 
„ _ 
a, 211 . e 21 
222 EE, By | 
-* -+ ati ee — 
- 14304,474 6 a 
e 1 
a"*h22,a*2 ans 8 8 w_ — a 75 
4c, abs, a5, 27 27 
az3 | 8 28 
ſa abc, aba, ash, a14ß, ars 29 
= #474 | | 
a*bcd,a*Y*,a"be,abcde,a"b*,a"5þ 25. MR — 
ſlaro hg? 5 45 31 
ah, as | 32 
Jab4,a'% EI 5 330 
ſasbacdia hac, ac asc, aß he, 50s, 2115, 417), ya 
— — 7 
4185437 3 
_—_—_— 7: -- = 
atbcd,ath:c,a%t,a"b+,99,a19þ a9 ; | 
44 1 ; ALS, = ö 
55, sbs, 2 555%, 541 — * 
5 pe: 4 4 
arc, arohs, a1 a4? ey 
a+b**,a*04,a"4þ* a4 +3 
a. > 445 . 44 
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CH AP. 8. Concerning Aliquot Parts. 


X. How to find out the ſmalleſt Number that ſhall have a given multitude of 
Es ot A Aligquot Parts. | | , 
- Firſt, by the foregoing Seck. 9. ſearch out all the Quantities expreſſible by Letters, 
every ph of which may have the Number of Aliquot Parts defired ; then to the dit- 
ferent Letters by which every one of thoſe Quantiries is expreſs'd, aſſign the ſmalleſt 
prime Numbers, and find out by continual Multiplication the ProduQts of thoſe prime 
| Nan correſpondent to the ſaid Quantities. Again, let the values of thoſe Letters 
be expreſs d by the ſame prime Numbers varied as many ways as is poſſible, and find 
out their reſpective Products, as before. Laſtly, all thoſe Products being compared 
to one another, the leaſt of them ſhall be the ſmalleſt Number that has the preſcribed 
multitude of Aliquot Parts. N | 
OE. 8 =—Fao 3 
Let it be required to find the ſmalleſt Number that has 15-Aliquot Parts. 
Firſt, all the different Quantities that can be found to have ſeverally 15 Aliquot 
Parts (as appears by the precedent Sec. 9) are theſe, to wit, abcd, abc, abs, a'b, 
a1; then by aſſigning to a,b,c,d the ſmalleſt prime Numbers 2,3,5,7, for abcd there 
will be found 210, (by multiplying 2,3,5,7 one into the other continually ;) for a35c 
120, for a3þ3 216, for a”b 384, and for a'5 32768; the leaſt of which Products is 120. 
But before we can determine whether 120 be the leaſt Number or not that has 15 Ali- 
uot Parts, enquiry muſt be made by exchanging the values of thoſe Letters with the 
id prime Numbers all manner of ways, viz. we may ſuppoſe a=3, b=2, c=5, and 
d=); or a=5, b=2, c=3,and d=): or again, a=7, b=2,c=3, d=5. And many 
otherways the values of a,b,c,d may be expreſs d by the ſaid prime Numbers 2, 3, 5,7; 
and conſequently from thoſe Variations the Quantities abed, a3bc, b3b3, ab, als will 
be expounded by various Numbers, which mult be compared together, and then the 
leaſt among them all is the Number ſought. So after all Variations are made, it will 
appear that abe is that Quantity by which 120, the ſmalleſt Number having 15 
Aliquot Parts and 16 Diviſors, will be found out. | 


| Example 2. WES; 

Again, if the leaſt Number that has 23 Aliquot Parts, or 24 Diviſors, be deſired. 

Firſt, by Se. 9. all the Quantities which have ſeverally 23 Parts will be found theſe, 
to wit, a?bcd,a3bbc,a5bc,a5b3,a7h*,a""b, and a3. Then by aſſuming for the values of 
a,b,c.d the leaſt prime Numbers 2,3,5,7 : for a*bcd there will be found 420, for a3b*c 
360, for abc 480, for as 864, for 7b 1152, for a 6144, and for a*3 8388608. 
And after all other poſſible Variations made with the ſaid Letters and prime Numbers, 
by taking ſometimes one, ſometimes anothet of the ſaid Numbers for the value of a, 
b, Cc. it will at length appear that a3b*c finds out 360, the leaſt Number that has - 
the defired multitude of 23 Aliquot Parts and 24 Diviſors. VVV 
If there be not occaſion to find the leaſt, but any Number that has a given multi- 
tude of Aliquor Parts, ſuppoſe 15, then you may indifferently uſe any one of theſe five 
Quantities abc4d,a3bc,a5b3,a7%,a"5, by aſſigning to a,b,c.d prime Numbers at pleaſure, and 
taking ſomerimes one, ſometimes another of thoſe Numbers, or always new prime 
Numbers for the values of a,b.c.d; whence innumerable Numbers may be found our, 
every one of which ſhall have Aliquot Parts. As if we ſuppoſe a=2,b=3,and c=5, 
there will be found for abe 120 ; but by putting a=3,b=2, and c=5, there will be 
found for asc 270. Or alſo by aſſuming a=7,b=r1, and c=13, there will be pro- 
duced for a3bc 49049. Or if we put a=17,b=19, and c=23, then a3bc=2146981. 
And in like manner you may uſe every ==. the other four Quantities abcd,a3b3,a7%, 
and a?5, The like allo is to be underſtood of every one of theſe a*bcd.a3b*c,a5bc,a5bs, 
470, 115, and a*3, for the finding out innumerable Numbers, which have ſeverally 23 
Aliquot Parts and 24 Diviſors. . FO 

Laſtly, to find the leaſt Number that has 42 Parts and 43 Diviſors; foraſmuch as a 
Quantity having this multitude of Parts and Diviſots can be deſigned only in one 
manner, viz. by writing 44; let the leaſt prime Number 2 be taken for the value of a, 
and then ſeek the forty ſecond Power of the Root 2, by writing down 2 forty two times 
©pararely, and multiplying thoſe Numbers one into another, according to the Rule 
ot continual Multiplication, ſo the laſt Product will be 4398046511104, which is the 
leaſt Number that has the deſired OO 42 Aliquor Parts. And ſo of _—_— 
E | i f yy 
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"Pot further llaſtration the Learner may view the following Table, which ſhews he 
leaſt Number that has any given multitude of Aliquot Parts under 51: Note, That the 
number of Diviſors to any number is always more by one than its number of Aliquor 
Parts; for albeit a number cannot , ou; be called a Part of itſelf, yet tis contain- 
ed in it ſelf once, and therefore may be ſaid to be a Diviſor to itſelf. 

Each number in the firſt of theſe Columels is the ſmalleſt that can be found to have 
ſuch a mulritude of Aliquot Parts a as is SR. in * * Columel. 


0 e 2 I e Part. 
4 EE has 2. a 
6 : ; 6 ; 5 3 
0 4 
12 = * 
64 | * 
55 7 
36 ES 
4.8 5 
1024 3 . 
R N 
4096 | I2 
192 13 
144 14 
120 | 1 
65536 2 16 
180 17 
262144 18 
240 19 
25 83 n pO 1 20 
Tz EET . £1031 708 
«6h 22 
360 2 
1296 24 
12288 3 
900. --.. 3 26 
58 27 
268435456 25 
720 | 29 
F 5 
: oo 1 1 „ 
5 9216 „ A en 9 | 
196608 | 1 . 34 
5184 „ 
C HOES. > 
68719476736 o 
7864322 e 3 
36864. | I g9-: £309; - 
- 69D; +; | „ 
22221821122 e 
2880 „ a” op rp oe 
4398046511104 | doe , 3 
. Boas: We]: 
3600 EY, ee PF 
12582912 £7 42 # 5 | ” 175 4 e 
F 75 
2520 — | ad 1! 
FN ke | 46656 . 53 : 127281 
. + 6480 725 1 10 gte e eee 
FS 3 — n ien eee 1 1 


A 1 ates 4 
& 3 22 * * 3 A _ 
* 8 a 3.5 4 * 1 N 
X Reb A 4 
© Y I | 7 | 
>» 9 N 4 
F . 
"4 


W ,. 


| Sect. i BY Definitions concerning ; 


tional Numbers; fo alſo arab, e Se. repreſent Rational Quantities. 


Book 1. concerning the deſigning of Surd Numbers 
The Arithmetic of Surd Numbers, and Surd Quantities deſign d by Letters, de- 
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The Arithmetic both of Surd Numbers and Surd Quantities expreſs'd 
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bers, agreeable 70 thoſe expounded in Prop. 49,50 5 1,5 2,5 3,54. 
Elem; 10. Euclid. with Rules to extract the Square Root out of 
every one of them ; as. alſo. what Root you pleaſe out of any Bi- 


Vetters. TheConftitutivh and Invention of fix Binomials in nun- 


| nomial in Numbers, having fuch a Binomial Root as is deſired. 
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g Strd Roots, aud their Fundamental Operaticns. 


L. on, or a whole Number with a Fraction annex d to it, is called Rational : As 1. 
$ alſo 1.3.5. 13. d 5 #5; | A 
2,3,4, Cc. allo 533, 3+, Cc. and 27 (or 4 5+ (or 23) 2042, Cc, are called Ra- 


But when the Square Root, Cubic Root, or any other Root, cannot be perfectly hs 


tracted our of a Rational Number, that Root is called Irrational or Surd; and becauſe 


it cannot be exactly expreſs d by any Rational Number, it is uſual to ſer ſome Character 


(which is called the Radical Sign) before the Rational Nuinber out of which the Root 


ought to be extracted, to deſign os fignifie the ſame Root : As V or V2) prefix d be- 
fore any Rational Number, fignifies the en of that Number; 3) the Cubic 
Root, V(4) the Biquadratic Noot, 5) the Roof of the fifth Power, c. 2 5 
Hence /(12) or V(2)1 2 denotes or repreſents the Squate Root of 12, which Root 18 
called Irrational or Surd, hecauſe it cannot be perfectly expreſs d by any Rational Num- 
ber; for 3 multiplied by itſelf produces 9, which is leſs than 12; and 4 wultiplied 


by itſelf produces T6, which is gteatet than 12: and altho there be innumerable 
| ſting of 25 and fome Fractions which fall between 3 and 4, yet 
none of them multiplied into itſelf quadratic 


mixt Numbers conſi | 
| | | _ can produce the whole Number 12. 
In like manner y(3)s, which repreſents the Cubic Root of 5, is called an Irrational 


or Surd Number, betauſe no Number can be found, which being multiplied into itſelf 
cubically will produce 5 exactly: ſo alſo Va;vbc,y(3)bb, Cc. tepreſent Surd Quantities; 


There are two ſorts of Irrational or Surd Numbers, Simple and compound: a Sim- 
ple Surd Number is expreſs d by one ſingle Term; ſuch are v5y10.y(3)16,(4)8, 
dec. but a Compound Surd Number confilts of many ſimple or fingle Terms, and is 
formed by the Addition or Subtraction of Simple Terms, ſuch are YS N, =, 
vV84V6=vV2vy(2):3-+v2: which laſt is called an Unive 


Roar; and fignifies the 
veg. 28. Chap. I. 


Cubic Root of the Sum of 7, and the ſquare Roo 


pends.chiefly upon theſe fix primary or fundamental Operations in Simple Surds, v:z. 
1. The Reduction of Rathota? Numbers and Rational Quantities 3 by Let- 


ters, to the form of Surd Rocts, which ſhall have a given Radical Sign. 


2. The Reduction of Simple Surd Roots having different Radical Signs, to otherSurds 
which ſhall have one common Radical Sign, and be equal in value to the given Surds. 
3. Multiplication in Simple Surlss PE ES 
4 Divifion.in Simple Sf eie. 
J. The Reduktion of a given Surd Number or Quantity to another more fimple, 
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6. No to diſcover whether two Simple Surd Numbers or Quantities be Commen- 
able. or not, via. Mhether their Naaſan or Proportion can be exprefs'd by Rational 
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nhers or Quamities, or not. Theſe fin Operations I ſhall handle in order. 
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II. 
Seck. II. How to reduce Rational Numbers and Quantities defigned by Letters to 
the form of Surd Roots, which ſhall haue the ſame Radical Sign with any Surd 
Root preſcribed. _ | : 20 „% ĩͤ ro Ol 
- Multiply the given Rational Number or Quantity into itſelf, ſo ofteri-as' is requis 
ſite ro produce a Power of the ſame degree with that Power which is denoted: by the 
Radical Sign of the preſcribed Surd, and then fer the ſaid Radical Sign before the 
Power produced by the ſaid Multiplication, 1 
As to reduce 6 to the form of a Surd Root which ſhall have the ſame Radical 8ign 
with V12 (or V(2)12,) I multiply 6 into it ſelf quadraticaly, and it makes 36; then 
536 (that is, 6) and 12 have the ſame Radical Sign, to wit, / or Ye ). 
Again, to reduce 5 to the ſame Radical Sign with Y(3)12, 1 multiply 5 into itſelf 
cubically, (viz. 5 into 5, and the Product into 5) and it produces 125; then „ 1 
125 (that is, 5) and V(3)12 have the ſame Radical Sign, to wit (3). | 
Likewiſe to reduce 3 to the ſame Radical Sign with V(4)1 2, I ſeek the fourth Power 
of 3, which (by multiply ing the Square of 3 into it ſelf) will be found 81; then 
v[4)81 and V(4)12 are of the ſame kind. And fo of others. 
By the help of this Rule, when the Radical Sign of a Simple Surd Fraction has refer. 
ence only to one of its Terms, we may reduce the Fraction to another, whoſe Radical 


Sign ſhall refer both to the Numerator and Denominator: As if She propoſed, which 
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ſignifies that V2 is divided or to be divided by 5, we may take v/25 inſtead of 5, and 


then that Fraction will be reduced to this Y, whoſe Radical Sign refers as well to i 
the Denominator as the Numerator, viz. V= ſignifies that 2 is divided by J 25. th 
| Likewiſe 7 on may be reduced to (3) L, by ſetting 125 the Cube of 5- for a 
Numerator inſtead of 5, and the Radical Sign y 3) againſt the middle of the Fracti- 
on; ſo that V(3)-;= (which fignthies that / (3) 125 is divided by (3) 4) imports as 
much as en that is, 5 divided by V(3)4. „„ 1 
Nor will the Operation be otherwiſe. in reducing Rational Quantities defigned by cal 
Letters to the form of Surd Quantities z (reſpect being had to the Rules of Algebrai- 
cal Multiplication before delivered.) As to reduce the Quantity a, ſo as it may have 
the fame Radical Sign with /, I multiply à into itſelf quadraticaly, and it makes E 
aa; then Vaa (that is, a) and vb have the ſame Radical Sign. S 3 
Again, to reduce a-+b to the ſame Radical Sign with Ve, I ſquare a+b, and it viſ 
makes aa 2ab+bh ; then v:aa+ 2ab+bb: (that is, a bY and he have the ſame der 
Radical Sign. | 17 55 V᷑t„é! 8 the 
Like wiſe to reduce 6 to the ſame Radical Sign with Y(3) ab, I multiply 6 into itſelf der 
: cubically, and it makes bb; then v (3006 (that is, b) and y(3)ab have the ſame Ra» lat. 
dical Sign, to wit, /(3). )))) = 
Hence alſo , may be reduced to ==, and (2 to V(3) * : alte 
| 5 vb | bY 4 Ft e 27 ccc | 5 but 
1 2 my 
Sect. III. Hom to reduce two fimple Surd Numbers or Quantities having different. pre! 
Radical Signs, to two others that may have a common Radical Sign. V(4 
This Reduction is like that of reducing Vulgar Fractions to a common Denomina- Tho 
tor; but how tis wrought I ſhall ſhew by Examples, firſt in Surd Numbers, and $4 
then in Surd Quantities expreſs d by Letters. e v7 BE I 
15 my : FP il 5 
Let it be required to reduce /(40 10 and (607 into two other Roots that maß H 
have a common Radical Sign, and be equal in value to thoſe giv»en. and 


_ Firſt divide the given Indices (4) and (6) by their greateſt common Diviſor ( 2), and 
„ © ferttheQuotients (2) and (3) under their reſpęctivę 
(2)) vV(4)1o X V(6)7 * Dividends as here you ſee; then multiply croſs-wile 
(2) N (3) viz. the firſt Dividend or Index (4 )by the ſecond 
V(12)Ioo0 Y(12)49 Quotient (3), (or the ſecond Dividend (6) by 
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mel. 
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the firſt Quotient (2), and the Product is (12), before which ſetting v it gives (12), 
which is to be reſerved for the common radical Sign ſought. Then multiply the Powers 
of the given Roots according to the altern Quotients, viz. multiply the firſt Power 10 
cubicaſly, becauſe the ſecond Quotient is (3); and the latter Power 7 quadraticaly, 
becauſe the firſt Quotient is (2): ſo the Products will be 1060 and 49, before each of 
which prefixing (12) the common Radical Sign before found, there ariſe /(1 2)1000 
and Y(12)49, the two Surd Roots ſought, which are equal in value to the given Surds 
reſpectively, viz. V(12)1000 is equal to /(4)10, and Y(12)49 is equal to Y(6)7 3 
and the Surds found out have a common Radical Sign, as was required. 


In like manner V(2)s and V(3)6 will be reduced to V(6)125 and Y(6)36; and the 
Work will ſtand as here you ſee underneath, | | 


h vs NA vw 
| £54 * "C32 
V(6)125 V(6)36 
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wy Again, 1 — and * be propoſed to be reduced to a common Radical Sign, . 
firſt by the Rule in the preceding Se. 2. I reduce them to 2. (or V2) 2) and (30 , 


which according to the Rule in the firſt Example of this Section will be reduced to 
theſe, to wit, /(6)344 and V(6)-735, and the Work will ſtand as here you ſee. 
(.) VG Yo V +: 1 _ 
Hee os! 4 
le vue 


The like Work is to be done in reducing two Surd Quantities expreſ{#'d by Letters, 


which have different Radical Signs, to two others which ſhall have a common Radi- 
cal Sign, as will appear in the following Examples. | e 
5 7 it be deſired to reduce /(2)a and VS) aa toa common Radical Sign. 
Firſt, Idivide the given Indices (2) and (6) ſeverally by their greateſt common Di- 
viſor (2) and ſer the Quotient (1) and (3) un- 1 5 5 


8 


der their reſpective Dividends, as here you ſee, (2) ) Va) WV vas © 
then I multiply croſs-wiſe, vix. the firſt Divi () /N G) _ 
dend (2) by the ſecond, Quotient, (3), or the V(6)Jazs VSG) 


latter Dividend (6) by the firſt Quotient (1), 


and the Product is (6); hefore which ſetting it gives V(6) for the common Radi- | 


cal Sign ſought. Then J multiply the Powers of the given Roots according to the 
alternate Quotients, viz,. the firft Power à cubically, becauſe the latter Quotient is (3), 


but the ſecond Power aa, becauſe the firſt Quotient (1) is a lateral Index, is not to be 


multiplied into itſelf at all. So the Products are aaa and aa, before each of which 
prefixing (6), (the common Radical Sign before found) there ariſe /(6)aaz and 
V(6 aa the two Surd Roots ſought; which are equal in value to the given Surds re- 
geting, viz. Y(6)aaa is equal to.v/(2)a, and V is equal to /(6)azz, and the 


Roots found out have a common Radical Sign,-to wit, /(6). Therefore that 


is done which was required. _ 
. Beam . 15 r 
After the ſame manner /(4)3b and '/(10)5ac will be reduced to VC20) 243 bl 
and (20)25aacc, and the Work will ſtand as here you fee. 
. CCC 0 FTE S643 041 SL; | 1 13 He 
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Sea. IV. Multiplication in fimple Sur Quantities, i 5 A itir 


Before Addition and Subtraction can be performed in Surd Quantities, the manner 
of their Multiplication and Diviſion mult firſt be learnt; I ſhall therefbre begin with 
Multiplication, which requires that the Surd Roots propoſed to be multiplied be of 
the ſame kind; and therefore if they be of different kinds, they muſt firſt of all he 
reduced to the ſame radical Sign, (by the Rule in ces om, Se2.3,) - Then, | 
1. Multiply the Numbers or Quantities ſtanding next after their common radical 
Sign one into another, without any regard had to the ſaid Sign; and to the Produd 
of that Multiplication prefix the common radical Sign: ſo this new Root ſhall be the 
Product ſought. FFP 3 
As fer Example, to multiply 5 by 3, L multiply 5 by 3 and it 
which I prefix /, (the radical Sign of each of the Surds given to be m 
then ariſes y 15 for the Product ſought. t. 
Likewiſe if /e be multiplied by v5 it produces y 30. 
Alſo 4 multiplied by V makes V4 
And V2. (or V4) into 2+ (or V2) gives Vg. 
Again, y(3)4 multiplied by /(3)5 producesy(3 )20. 
Likewiſe /(4) T into (4 )z produces Y(4)5. Ns g 3 
And if J 2)5 be to be multiplied into 306, the Product will be V(6)4500; for, 
firſt, the given Roots being of different kinds are reduced to theſe, to wit, /(6)1 25 and 
(6)36, which multiplied one into another make 0604 oo... 
Alfter the ſame manner Multiplication in ſimple Surd Quantiries expref#d by-Letters 
is performed: as if Va be to be multiplied by /h, the Product will Yah. For (ac 
. cording to the Rule of Algebraical Multiplication) the quantity a multiplied by the 
quantity h produces ab, to which I prefix the given radical Sign y, and ir gives yah 
the Product ſought. FV | | | 
Likewiſe Vab into Vcd ee Vabcd. FE ii. 
and Ve muviphatty vg ade agen 
Again, to multiply V(2)d by V(3)ab, firft, (by the Rule in the foregoing Sed. 3. 
I reduce them to V(6)ddd and / . which multiplied one into another give 
V(6)dddaabb for the Product required.  _ 5 5 
2. When any Surd Root is to be tnultiplied into it ſelf yecording to the Index of its 
own Power, viz. if a Surd quatre Noot be to be ſquared, o à Surd cubic Root tebe cu- 
bed, caſt away the radical Sign, and take the number or quantity remaĩming for the Pro- 
duct ſought, which in this caſe is alvrays rational: as to multiply V5 into it RIFT caſ 
away the radical Sign /, and take 5 for the Product or Square of V5, (r 5 into vs 
makes. / 25, that is, 5.) Likewiſe the Square of 8 is 8, and the Sc dare of Va. is 4 


Ales 15 ; to 
Utiplied) and 


1 


o 
fs 


Bf 
2 


Fa 


In like manner to multiply y(3)5 intdſit fel eubiealhy, 1 take 5 for the Product 
to wit, the Cube of VI3)5 : for. Vg) j into V3 Js makes 3925, and this again into 
v(3)5 produces (3) 125, that is, 4. | 5105 W. e © not e 
Again, (4) 12 multiplied into itſelf biquadraticaly produces 2 2 fur V(4)12 © 
into V(4)1 2 - makes (4) 144, (which is the Square of NIAN23ů dich (4014 
again, into C4) T2 makes '(4)1528, (which is the Cube of . 120 Ut! 
v(4)1728 again into v(4)12 produces V 025765 that tis 1 which is the fourt 
Power of VA) I 2 the Root propoſe i. ren 
The like 3s ro e gone in dere Ganze erpred by Letters; $ E's af! be to be 
multiplied into itſelf, or. ſquared Lcuft away elfe radicat Sign, an wie! 25 for the 
Product or Square of Vab. Likewiſe if V(3)bd be to be niotirplict into Tefbtf cubl- 
cally, L. 2 or Cube thereof — | FP 3 
3. Mahena Surd Quantity ig n to be multiplied by a Natirmal quantity yeduce the 
Ratio dal ite che hn * Dake fame Kind —— Surd,; e 


ing Rule in Se. 2.) and then multiply according to the firſt Rule of this fourth Sect 
on; as to 2 v'8 by 2, Tfirſtaeduce 2.16 /Ag then V5 intd v4 gives v 32, the Pro- 
duct defired. Likewiſe V7 multiplied Ne is; by 925, gives the Product Y 175. 
Again, if /(3)6 be to be-multiplizd by 2,:I26ucs 2 100 )8, (by multiple 

- -= 5 1 cubically;) then V(3)s multiplied by /(3)8, gives /(3)48 for _ _ 
de 5 8 | E- 


— . 


- 


Product ſought 


aid common Surd, omitting its Radical Sign; ſo the lo 
fought, and will be intirely Rational. 


- ſhall be the Product ſought. 


— er EI * 
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Likewiſe V(4)8 multi 


plied by 5, that is, by V(4)625, gives V(4)5000. for the 


Alfter the ſame manner to multiply the Surd quantity Va by the Rational quantity b, 
I firſtreduceb to Vbb, then va into Vbb, makes Vabb the Product ſought. Like. 
wiſe /(3 0a into b makes V(3)abbb,. (b being firſt reduced toy(3)bbb,) 

Again z into 4a gives the Product 48a. * e 

4 But when a Surd quantity is given to be multiplied by a Rational quantity, it will 
oftentimes be very convenient to omit their Multiplication, and only to connect 

them ſo as that the Rational quantity may ſtand on the left hand of the given Surd, to 
ſigniſie the Product of their Multiplication; as to —_— V8 by 2, I write 2v8 for 
the Product, which ſignifies twice the ſquare Root of 8. Likewiſe 20v3 repreſents the 
Product of the Multiplication of /ʒ by 20, vix. it imports V/ to be taken 20 times, which 

amounts to as muchas v 1200, found out by the ir third Rule of this Section. 
Again, £7 _— the Product of 7 multiplied by 2, (or £ by vy ;) and 2 de- 


notes the Product of + multiplied into VÞ (or V7 into +, ) alſo 4 into 20% makes 


8ov/3, that is, 20v/3 taken four times. Likewiſe 2V(3)s6, ſignifies twice the Cubic 
Root of 6, and is of equal value with y(3)48. Likewiſe (3080 denotes the Pro- 
duct of the Cubic Root of 80 multiplied by -, or £ of /(3)80, which is equivalent to 


v(3)-222= and 3vV(3)5 multiplied by 6 makes 18Y(3)5, that is, /(3)29160. 


The like may be done in Surd quantities expreſt by Letters; as if Va be to be multi- 


plied by b, I write 7a to fignifie the Froduct; alſo 5 into Ma makes 5%; and c into 
Wa gives the Product cbva ; likewiſe qa into v 3 makes 403. 


Again, if Vab be to be multiplied by b—&d, the Froduct may be expreſt thus, 
dab, or thus, dab. | 


* 


Alfo if ( * be to be multiplied by d the product may be expreſt thus, 47/(3) 240 
and (z )a into b, makes b/(3)a, which is equivalent to /(3)abb5. hs 


5. When two Rational quantities, whether they be equal or unequal, are multiplied 


ſeverally into one common Surd Square Root, according to the method in the preceding 


fourth Rule, and it is deſired to multiply thoſe Products one into the other, (which 
ProduQts are called Commenſurable Quantities, for the reaſon hereafter given in Sec. 7.) 
multiply the Rational by the Rational, and that which e multiply by the 


As for example, to a 35 by 2/5 multiply 3 by 2, and the Product 6 by 5, 
ſo it makes 30, which is the Product of 305 multiplied by 25, (or of Y 45 into 20.) 
Likewiſe 27/3 multiplied by 2/3, (viz. the ſquare of 2/3) makes 12; and 20% 


into 87/3 makes 480, (by multiplying 20, 8, and 3, one into another continually ;) 


again, */12 into 57/12 produces 160. 


2 


ab by c; 16 there ariſes abc for the Product fought. The Reaſon of this Rule is evi- 


After the ſame manner to multiply avc by We, I multiply a by b, and the Product | 
dent, for Vaac, (that is, ac) multiplied into bbc, (that is, byc) makes v aabbce, 


4 


(thar is, abc,) as before. 


In like manner 5» into 5b produces 25b, to wit, the Square of 5b; and 2avb 


into 5/0 gives the Product 1caab. Alſo 5av12d multiplied by 4ay 12d produces 


160aad. 


* 


But here is to de noted, that this fifth Ruleof Multiplication takes place only when 


the common Surd Root into which Rational Numbers are Ae is a Surd ſquare 
Root :; ſo that if 4V(3)5 be to be multiplied by 2/(3)5, the ſaid fifth Rule will be 
ineffective, and the Product is to be found out by the following ſixth Rule. 
6. When two Rational Quantities, whether they be equal or unequal, are multiplied 
into two unequal Surd Roots of the ſame kind, or into one common Surd above the qua- 
dratic kind, according to the Method in the foregoing fourth Rule of this Set and 


it is deſir d to multiply thoſe Products one into another, multiply the Rational by 


the Rational and the Surd by the _ and joyn theſe Products together, 10 as the 
Rational Product may ſtand on the left hand ; then thoſe 2 Produtts fo. connefted 


As for Example, to multiply 57/8 by 27/3 I multiply; by 2, and the Produdt is To; 
y 2400 


alſo 78 into 3 makes 7243 then thoſe . 00 | 


7 


Produtt is that which is 
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2400) the Product ſought. In like manner 278 into 273 makes 4V 24, that is, V 384, 


Again, 20%; multiplied by 18/3 produces 3600 15; and 8/27 into 2V3 makes 
16/81, that is, 144; alſo 5Y(2)4 into 3 (3) 5 produces 15% 3) 20, that is, 


V(3)3375 5, likewiſe 4/5 imo 2V(3)5 makes 8 3025; and 3V(4)5 into 


mak 


270 4)6 makes 64)3 o. „ 8 | PRE oo EET Pl 
(4) q ultiply av bc into gV ad, firſt I multiply a by g, and it 


After the ſame manner to m 
es ag ; then be imo V ad produces bcad. Laſtly, ag into Vbcad gives ag V bcad, 


the Product ſought. Tae „ | f . Yom 1 34 
Likewiſe 2yab multiplied by 3cv/bc produces 6cyabbc; and 20a into.2vb makes 


4V ab. 7 


Alſo , multiplied by car, gives the Produt abVacddd; and*b/(3)ddinto 
3 38 reds ie ah 3 „ 
3 makes bcv(3)ddf ; again, a/ (3) c into by(3)c makes a,. 5 

7. When a ſimple Surd Quantity whoſe Radical Sign has for its Index ſome even 
Number greater than 2 is to be {quared, prefix a Radical Sign whoſe Index is half the 


given Index, before the Power of the given Surd ; fo ſhall this new Surd be the ſquare 
of that given. As it Y/( 


)5 be to be ſquared or multiplied into it ſelf, rake v(2)5 or 
v5, for the Square or Product ſought. Likewiſe the Square of /(6)10 is /(3) 10, 


and 8) 10 into V8) 10 makes V(4)10. 


After the ſame manner to multiply V4) hc into itſelf quadraticaly, I write /(2)bc 
or ybc for the Product or Square of y(4)bc. Likewiſe the Square of V8) lobe is 
VA) Tobe, and v(10)a into vV(10)a makes 5) a. Moreover, 2abv(4)d into 
3 (A) d _ Ga; for 2ab into 3 makes 6ab and y(4)d being ſquared makes 

(2) or vd. | 9 OT „ 
But when a ſimple Surd Quantity, whoſe Radical ſign has for its Index ſome Ter- 
nary Number greater than 3, as 6, 9, Ic. is to be multiplied into itfelf cubically, 
prefix a Radical Sign with an Index that may be a third part of the given Index be- 
fore the Power of the given Surd Root, ſo ſhall this new Surd be the Cube of that g- 
ven; as if /(6)64 be to be multiplied into itſelf cubically, then Y/(2)64 or 7/64 ſhall 


be the Cube ſought. Likewiſe the Cube of y (9)512 is V(3)512. 


4 More Examples to excerciſe the precedent Rules of . Multiplication 5 
„ Simple Surd Numbers. . 


Multiply vs _ DE -* | | 1008 
Produt 40 3028 V4) 16 that is, 2. 


Multiply 732 | f 


Io 


” Multiply theſe three continually, &/(3)50 


1 CY(3)50 
Product 32 A 
Multiply /27 ET "es: 
Product 6v27 or Vv972 |, I2V(3)5 or V(3)8640. 

—_— cc ͤ 
1 . 5 
TProduct 360 4 78 30/1 ; . 
Multiplyß v8 I.. (6512 „ * 
r Os . 
n 51nd vr AR 
Produ 20%8 1: 30% 30% 8 55 7 


„ GW. VE. Jy--::. 


* 


= , 
—— STR 
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More Examples to Exerciſe' the precedent Rules of Multiplication in 
S Simple Surd Quantities erpreſ by Letters, 
e chunt, 7122 e nila 444.5 
Product wv 36aa or 6a 


e 


Vaaahßc of 2e 
 V(6)aaa "oY 


TEES. that is, 3 | 


I 0 


— 


Multiply YzJaa ; Multiply theſe three continually, 2 N 3 aa 
e ee . . ((s 
r OO ry 


— Multiply Ya 


ee 


E . Produẽt 2 506 Or 7 12e 3 | 
| Multiply 3avs | N | nate”. 


—ͤ— — 


. _4Vbe__ be. 
iy W „ e, e. 
. JJ a7. bo 


Product Titçf  Galvio | Cabd © 
The certainty of the fitſt Rule of this fourth Section, (upon which all tlie reſt des 


pend) for the Multiplication of two fimple Surd Numbers of the ſame kind, may be de- 


monſtrated in manner following: Firſt, ler there be two ſquare Roots given to be mul- 
riplied, ſuppoſe y5 and /, then (by the ſaid Rule) the Product of their Multiplicati- 


on is 15; now we mult prove that V151s the true Product of 5 multiplied by y 3: 


| Diemonſfration. 


By the Definition of Multiplication 25 „„ ͤ é 

theſe are none, _ a. F 1 64 * IP Product. 5 

Therefore theit Squares ſhall be alſo7 | VV 
Proporrionals, (per 22 Prop. 6 1. 5 ñ —U3 dn 

| dan e VIZ, b the 3 e rede, 

But tHele are FPröportionals, (% 10 , . — Cf; 

Prop. 7 Elem. Euclid) „ 15 


0 $ ; 4 


v > 


Therefore from the two laſt Analogies 15 is equal to the Square of the Product, | 


and conſequently /i; is the Product of y'5 into Y3; which was to be proved. 
Likewiſe in Cubic Roots, if V(3)5 be to be multiplied by /(3)4, the Product 


(by the ſame Rule)is /(3)20. For, | e Birr 
Þ eſeare Proporcinals, a. f %) (4. Flons. 


, theſe are Proportionals, viz; . { 
Therefore their Cubes are alſo Pro- _ 5 nts 2 
portionals, (per Prop. 37. Elen I. 5 :: 4 3 Product. 
TCC Product. 
But 48 | „ . "6.2 © Ll . „ 1 * ky 5 838 © 4 4 - - 20 
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2 


was to be proved. 


Therefore 20 is equal to the Cube of the Product, and conſe uently the Cubic 
Root of 20, to wit, (3) 20, is the Product of /(3)5 multiplied by /(3)4 5 which 

Moreover, (becauſe (by Set. 11, Chap. 5.) if four Numbers be Proportionals, theit 
fourth Powers, fifth Powers, &c. are alſo Proportionals,* this Demonſtration may be 


extended to prove the certainty of the {aid Rule for multiplying any two ſimple Surg 


Numbersof the ſame kind. 


— * 


A——— *. 0 


at. 


Sed. V. Diviſion in ſimple Surd Quantities. © 
As before in Multiplication, ſo here in Diviſion, if the given Surd Roots, to wit, 
the Dividend and Diviſor be not of the ſame kind, they muſt be reduced to a com- 
mon Radical Sign by the preceding Se&. 3. Then, Bn 
1. Divide the Number or Quantity following the Radical Sign of the Dividend, 
by the Number or Quantity following the ſame-Radical Sign of the Divifor, with- 
out any regard to the Sign, and to the Quotient prefix the ſaid common Radical 
Sign; ſo this new Root ſhall be the Quotient ſought, 1 | 
As for Example, todivide 15 by 3, I divide 15 by 3, and there ariſes 5, before 
er I prefix y, (the Radical Sign common to the given Surds) ſoy is the Quo- 
tient ſought. | „ | 5 e e 
Likewile if V30 by divided by V5, the Quotient 6. 

Alſo V divided by V/ gives the Quotient V. — Fe 

And 5, or V, divided by 25, or 2, gives the Quotient 22. . 

Again, (3) 20 divided by V(3)5, gives the Quotient /(3)4; for 20 divided by 5 
gives 4, before which ſetting /(3) the Radical Sign belonging to each of the given 
Surds, there ariſes /(3)4 for the Quotient ſought. | 

Likewiſe /(4)5 divided by V4), gives the Quotient Y (a2. 15 

Moreover, if /(6)45 0 be given to be divided by Y/(2)5, the Quotient will be 
0306; for firlt, the given Roots being of different kinds are reduced t6 theſe, to wit, 
y(6)450e and V(6)125 ; then by dividing Y(6)4500 by Y(6)125 there ariſes 
{6)36, whoſe ſquare Root being extracted, (becauſe 36 is a ſquare Number, and the 
Index (6) an even Number) it gives (3 Fug for the Quotient ſought, _. 

After the ſame manner Diviſion is performed in ſimple Surd Quantities expreſt by 
Letters. As to divide Vab by Va, I divide ab by a and there ariſes b, then ' or * 
before þ it gives vb for the Quotient ſought, to wit, the Quotient that ariſes by divi- 


nm.... 


1 


ding Vab Va. 


Alſo yb divided by Va gives the Quotient / LY 
| - 
Likewiſe Vabcd divided by yab gives the Quotient Vc4d. 
Alto v 3-4 divided by give the Quotient vis > 


Again, to divide V(6)dddaabb by V3) ab, I firſt reduce them to V(6)dddaabb, and 
V(6)aabb, then I divide Y(6)dddaabb by Y(6)aabb, and there ariſes /(6)ddd, that 


is, Y(2)d for the Quotient ſought. 


2. When a Rational Number or Quantity is to be divided by its ſquare Root, that 
Root is the Quotient; as if 5 be divided by its ſquare Root, to mit by 5, the Quo- 
tient will be v5. Alſo 8 divided by 8 gives / for the Quotient. e 

In like manner if the Quantity bc be divided by its ſquare Root, to wit, by Vbc, the 
Quotient will be Vc. And 5a divided by y52 gives the Quotient y/ 59. EE. 

3. When a Surd number or quantity is to be divided by a Rational number or quanti- 
ty, or a rational number or quantity by a Surd, reduce the rational into the form ofa 
Surd, (by Se. 2. of this Chap.) and then divide according to the firſt rule of this Se. 5. 

As to divide 32 by 2, I firſt reduce 2 to V4; then by dividing 732 by V4. there 
ariſes y8 for the Quotient. „ 28 „„ BF 

Likewiſe 175 divided by 5, that is V25, gives rhe Quotient 7. - 

Alfo 12, that is / 144, divided by V3, gives the Quotient y48. 

Again, if /(3)48 be to be divided by 2, I firſt reduce 2 toy(3)8, then by dividing 
vV(3)48 by Y(3)8 there ariſes /(3)s for the Quotient ſought. Alſo Y(4)5 ooo divi- 
ded by 5, (that is, by Y(4)625) gives the Quotient V(4.)8. : — -- or 


vo ce EE = os 
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| e the Quotient ſought; as IIS TICS. 


joy ned together make 2/3 (or Y12) the Quotient ſought. 


. 


213 


aaa aa 


4 i = 1 2 | * "th, 
4 When the Product of a Rational Number or Quantity multiplied into a Surd 
Nanber or Maggi N de divided b goatone fend, the ttt imo, 6 Sud 
ſaid multiplying Rational Number or Quantity. As 5% divided by y3 gives the 


Quotient 5 ; allo 20 Y(3)4 gives the Quotient 20. | 
, In like manner 5.6 dividedby v'Þ gives the Quotient 58 z and 4v(3)12 divided 
2 97 1 - l EN 


by V(3)12 gives the Quotient 4. 
5. When the Dividend and Diviſor are the Products of two Rational Numbers or 


| Quantities multiplied ſeverally into one common Surd, according to the fourth Rule 


of Multiplication in Sec. 4. (which-ProduQs are called Commenſurable Surd Roots, 

as hereafter will appear in Sed. 7. of this Chap.) divide the Rational part of the Di- 

vidend by the Rational part of the Diviſor, 'and that which ariſes ſhall be the Quo- 

tient ſought. As for Example, to divide 670 by 21/3, Idivide 6by 2, and there ari- 

ſes 3 the Quotient ſought ; (for 2/3 multiplied by 3 produces 6/3.) | 
Again, 5% divided by 2/6 gives the Quotient £ or 22 | 


Alſo 27/6 divided by 576 gives the Quotient 5, and 2y5 divided by 25 gives the 


„ 5 
So alſo 8y(3 )7 divided by 4% 307 gives the Quotient 2; and 3Y(4);5 divided by 


av(4)5 gives + for the Quotient. 2 | 
In like manner to divide a) by 2av/7,.I divide 4a by 2a, and there ariſes 2 the 


Quotient ſought ; (for 2) into 2 produces 477; alſo 30% divided by 576 gives 


the Quotient +, and 2/5 divided by 25 gives the Quotient 1. 
Again, 5av 36 divided by ay 3b gives the Quotient .. 
And Ja. z dd divided by 3by(3 )dd gives the Quotient 42. | 
6. When the Dividend and Diviſor are the Products of two Rational Numbers or 


Quantities multiplied into two unequal Surd Numbers or Quantities, according to the 
Fourth Rule of Multiplication in the preceding Sec. 4. (which Products are called In- 


* — 


commenſurable Surd Roots, as hereafter will appear; ) divide the Rational part of 


the Dividend by the Rational part of the Diviſor, and the Surd part by the Surd part, 
then connect the Quotients ſo as the Rational Quotient may ſtand on the left hand, 


and this new Quantity ſhall be the Quotient ſought. 


As for Example, if 4/15 be to be divided by 25, firſt I' divides by 2, and there 
ariſes 2 ; alſo I divide 15 by ys, and there ariſes /3 : then thoſe two Quotients 


In like manner 40/12 divided by 3/2 gives the Quotient 4/6; for 4 divided by 3 


VP then 1 divide V(3)% = by ( Z lber, and there ariſes v(3) 4e or 
| | | __ aaa 


(to wit, the Rational by the Rational) gives + ; and /12 divided by /a, (to wit, | 


the Surd by rhe Surd) gives V6 : then by Joyning together thoſe two Quotients there 


ariſes 4/6, or 1:v6, (or V) for the Quotient ſought. 5 
Again, 2/ divided by 3y 5 gives the Quotient 3+; and 2y/3 divided by 205 gives 


the Quotient 19% or 4, 


Likewiſe to divide 4V{3 )64 by (3)8, I divide 4 by 2, and it gives 2: alſo 


(3)64 divided by Y(3)8 gives (308; then thoſe two Quotients joyned together 
make 2(3)8, that is 4, the Quotient ſought. Moreover, 5Y(3)20 divided by 30034 
gives the Quotient 1935. 8 | | 

After the ſame manner gay fb divided by 2avf gives the Quotient 27/56; for 4a 
divided by 2a gives 2, and yfb divided by vf gives Vo; then connecting thoſe two 
Quotients there ariſes 27/5 for the Quotient ſought. = Bl 

So alſo 6abyc divided by 6ay df gives the Quotient by 7. : 


— 
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3 — 


And wc 3 2 divided by W c 30dd, Sives the Quoriem/(z)© a F | 
The Demonſtration of the aforeſaid firſt Rule of AY. ion ( . 18 hs riſe of all 


be laid as a ground-work this Analogy, vi. As the Diviſor is to 1 (or Unity) ſo 
is the Dividend to the Quotient. But waving the Demonſtration, I ſhall give more 


8 of ey in 22 Surds, bat in ee ad Quantities et by 
eters. 4. =_ 


More E xamples t0 . Diet in he c N ers": * 


Dividend 5117 V(3)165 or 05 
Diviſor v6. V(2) 3 orV(32)/Z 


Quotient J V3) * : h 
Dividend v(12)6125 } V(12)6125 | | CR 
: Diviſor vV(4)5 . chat is is Y(12)T25;;1 LL ants. 
f Quotient 25 V. —— OT Y(6)7 „ * ñ e 
Dividend 12 „ 1 6 
= Diviſor 12 85 5 3927 
1 ? Quotient 1 | WET, A 4 
Buden v245, Fo VGA | YO 
--- Divider 27 i ED | 3 1 
Quotient 2 we 316 fx 9603 
„Dividend 20v14 - W420. 5V(3)3 
.- [Dinifor 21. 2 = 20 2.92 
N te 10 N „ EIT 


e 
WO... 71 
4 or 1 15 | 


WE" Tas, . "Hart i 0 vs oo . t 
iviſor 2734 2 TED 
Quotient 55 * 2550 . e )25aabb or SOLE 


th a al — 


| Divided / 1 W. * gr ( or * 6H 
Diviſor 44b (or VISA * vad — 
„ ITT 
| Dividend 5 be EE 8 d Do © ; . . *2d\ '(3) 5 
Divifor e va. mo FO 5 
A 
[ | 5 a 


— 


the reſt) may be formed like that of Multiplication in the preceding Se8. 4 if there 


8 a 
. os > Aa 


— 


8 


8 


= 
_. 


Or 


CAR. 9. 


Dividend ab 


— 
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Dividend 12Vde 3 OR 2 . * a3 


F 4 


2 
o 
* 


' 


— 1 : * * & . f © ” 2 * 4 a \ > U \ 
*. 4 © IY ' 3 4 28 . , 5 7 | % 5 , $7.3...” 4 Ti % A Cx . 
7 } 5 s +. % Gd 5 Y 4 r 6 - » Na 44 4 * 4 aff | ; * 
i 3V 0c -- a 75 37 
* 3 L . "1 4 1 ; 
1 xn * 5 -P — 1 — G * ** * R WV -£ 1 * 1 > : N 
- ib 1 * So & Wo. "hs" 4 p 4 WE a * + ww 2 Fn * ” , — of 4 [ Wo bd A 4 N 4 a 
* at aA 


. f * . 
- * . E ** I + Þ ww” J * * 
: * * - S# # g 9 1 * 
UoOtlen 9985 — oh a 
$ . 4 1 1 e\.# * 1 _ 6 
b A 8 wie 25 9nd : * f * . r * 2 
» * 1 1 * k « 5 * #4 * $ 4 1 1 4 


OY 
_ — A 


Divifor cy Ei I 
Quotient avs 38 e Mn TD | 1 


. Note, By the help of Diviſors Surd Quantities may oftentimes be reduced into o- 


thers more ſimple, which being a very uſeful Work I ſhall explain it in the next Section. 


Sect. VI. How ro reduce a" Suri Quantity fo anther more ſimple, 
FX ct when it may be done. Ry 


TY 


When the Power ofa Sard Quantity, the Radical sign being omitted, can be divided 
juſt without any Remainder, by a Power which has a Rational Root of the ſame kind 


_ that which is denoted by the ſaid Radical Sign; then divide the Surd Quantity 


propoſed by that Rational Root, and prefix this Root before the Quotient; ſo you 
have a new Surd Quantity equal to that propoſed, and in more fimple Terms. 
As if 63 be propoſed, . becauſe 63 may be divided by the ſquare Number 9 with- 
out any Remainder, I divide y63, by V9, (that is, by 1 and it gives the Quotient 
v7, before which I ſt the Rational Diviſor 3, and it ma 

ſquare Root of 7, or thrice the ſquare Koot of 2) which is equal to 63 firſt ropo- 


7 * 
. . 


ſed; (for the Quotient /7 multiplied by the Diviſor 3 makes the Dividend y63 ; 


ſo that inſtead of y 63 I write 37. 


es 3V7, (that is, 3 into the 


Likewiſe inſtead of 50 we may write 552, (which ſigniſięs five times the ſquare 


Root of 2;) for in regard 50:divided by the Square 25 gives 2, I divide y 50 by 25, 
that is, by 5, and the Quotient is Y2: and becauſe every Quotient multiplied by the 
Diviſor, produces the Dividend, therefore 5/2 ſhall be equal to the Dividend 50. 


Alfter the ſame manner inſtead of 4 41 or A, we may write 2/33 for 24 divided 


by the ſquare Number 2+ gives the. Quotient 3; and conſequently 2A divided by 
.I, that is, by Z, gives the Quotienty3 : Therefore 27/3 ſhall be equal to 2 


or VIS. 


Root of 5 ; ) for 40 divided by che Cube 8 gives the Quotient 5 4 and conſequently 


(3040 divided by V(3)8, that is, by 2, gives (37; Therefore 2 /(3)5 ſhall be 


equal to %%% 


Likewiſe for V(3 s 75 (or LIEN we may write 2/302 
Cube 2 gives 2; and conſequent! (3) divided 
give VG)2: Wherefore 2 v(3)z ſhall be equal „ 

The like Operation is to be done in reducing Surd Quantities expreſt by Letters to 


; 


Again, inſtead of /( 3040 we may write 2(3)5, (which ſignifies teien that. 


; for +4 divided by the 
divided by V(3)-4, that is, by 4, will 


others more fimple : as if /75aa be propoſed, foraſmuch as ' 75az divided by the 


Square 25aa gives the Quotient 3, and conſequently /75aa divided by y232a, that 
is, by 5a, vylll givey/3 ; therefore the Diviſor 5a multiplied into the; Quotient 3, 


mn Ws... OR CEN, | | 
After the ſame manner V Toaabb may be reduced toaby Io, alſo y Jaa to a5, and 
M, cis. = 
Again, foraſmuch as aaah+ aabb may be divided by * Square aa, and there ariſes 
ab-+bb, and conſequently v: aaab - aabih: divided by yaa, tliat is, by a, gives the 
Quotient y:ab+b : therefore a into v:aF+Þþ; ſhall be equal to Y: : 
So that inſtead of /: aaab-Faabb:; we may write a into V:ab+bb: ot aA 


W425 -3 


-H 


produces 5ay 3, equal to the Dividend /75aa, and therefore inſtead of Vyxaa, we 
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Likewiſe for /iaabbe-Faafbbe+ffbbe': we may write af into bbc, or 


a+fVbbc; for aabbc-+ 2afbbc+ ffbbc divided by the Square aa 2af-+ ff gives þ be 
and conſequently V: aabbc++ 2afbbc4-ffbbe : divided by V:aa+2af+ff: that is 


by a+f, gives the Quotient 4 bbc. Therefore a-. übe imports as much 23 


Viaabbc T 2afbbc+-gfbbc : 


After the ſame manner inſtead of (3 )274aaabbb 


| 8þ—8a | 

or 35/3) . for ſince the Power of the Surd propoſed is produced by the Multi. 
2 — Et ES 2 om 

plication of — into the Cube = _ whoſe Cubic Root is * and conſequent- 


we may write Aubinto 73) 
e * 


ly V3) * bb divided by 9 3 5 b ob that is, b __ gives the Quotient 
3 : 
aaaabbb 


. e 3%63) A ſhall be equal to YC 3027 
56 „ Therefore : 7 222 - ſhall be equal to V(3) $þ—3a 


So alſo for — — : we may write * Vie E amp: for if the Pom. 


 aamm 


er of the Surd propoſed be divided by the Square R 


the Quotient will be 00-+ Ap; 


aamm 


and conſequently if the Surd propoſed be divided by : ks that is by , the 


Quotient will be : 00+ 4mp- therefore the Diviſor = multiplied into the Quotient 


ViooTamp: viz." ook amp: denotes as much as y. f Aa 
the Surd propoſed. | !:; * 
Likewiſe tor 7 we may write . v: on Fang: 


da ; | 
But when a Square or Cube, Ec. by which the Diviſion neceſſary to ſuch Contradti. 
on is to be 1 cannot be readily diſcerned, firſt, (by the Rules of the preced- 
hapter) ſearch out all the Diviſors of the Power of the Surd Quantit 
propoſed, and then ſe whether any of them be a Square or Cube, Oc. to wit, ſuch 
a Power as the Radical Sign denotes, which if you find you may ule in the aforeſaid 
manner to free the Surd Quantity in part from the Radical Sigg. 
As if /288 be propoſed, becauſe among the Diviſors of 288 there are found the 
Square Numbers 4, 9, 16, 36, and 144, which dividing 288 will give the Quotients 
72, 32, 18, 8 and 2; inſtead of y288 we may write 272, or 3032, or 4018, or 
678, or laſtly 122. 3 


— 


In like manner if y/: aaab aabb : be propoſed, becauſe among the Diviſors of tle 


Quantity aaab-+ aabb, there is found the Square aa, the ſaid /: aaab-+aabh : may be 
reduced to /: aa ,: as before. . 8 
Again, for as much as a%h—aabb+ 2aabc+ ahcc—ab3-+ bhcc—2b3c+b4 is produced 
by the Multiplication of ab+6b into the Square aa 2ac+cc—2ab—2bc+ bb, whoſe 
Root is a+c—b; we may inſtead of v: a3b—aabb+ 2aabc-+ abic—ab3+bbcc— 
2b3c+b: write a Tb into Vr ab: or a+c—bv:ab+bb : 5 
"Likewiſe, becauſe among the Diviſors of 1200aabh there are found the Squares 
gaabb, 16aabb, 25aabb, Iooaabb, and 40o0aabb ; which dividing the ſaid 1200aabb 
will give the Quotients 300, 75, 48, 12, and 3, we may for1200aaþh write 
 2aby3oo, or gaby75, or 345048, or toaby 12, or laſtly 20aby3, © 


I” — r — 


Sect. VII. Two Surd Roots being given, to find whether they be | 

5 Commenſurable or Incommenſurable. 
Commenſurable Surd Roots are ſuch whoſe Reaſon or Proportion to one another may 
be expreſt by Rational Numbers or Quantities; and thoſe Surd Roots whoſe Propor- 
tion cannot be expreſt by Rational Numbers or Quantities are called Incommenſt 1 * 


12 


EE 


2 


e 


** 
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The Rule to try whether two Surd Roots of the ſame kind, (that is, ſuch as have a 
common Radical Sign) be Commenſurable or not, is this that follows, viz. 
Divide the given Roots ſeverally by their greateſt common Diviſor, then if the 
Quotients be Rational Numbers or Quantities, the Roots propoſed are Commenſura- 
ble; but if the Quotient be Irrational or Surd, the given Roots areIncommenſurable. 
As for Example, to try whether 12 and z; be Commenſurable or not, I divide 
them ſeverally by their greateſt common Diviſor 3, and find the Quotient 4 and 
y1, that is, 2 and I to be Rational Numbers z whence I conclude that 12, that is 
27/3, has ſuch proportion to v3, that is 1/3, as 2 to 1, viz. as a Rational Number 
to a Rational Number; and conſequently y12 and / (according to the Definition 
above given) are Commenſurable. But that y12 is to V3 as 2 to 1, may be demon- 
ſtrated thus, viz. It is evident Ne Gooch of the common Factor V3) that 273 13 
:: 2 . 1, and (by Diviſion as above) /12=2y3, and V3=1v3 ; therefore y12 . 
F :: 2. I. Otherwiſe thus: 3 
Foraſmuch as 12 and 3 divided ſeverally by their common 


Diviſor 3 give the Quotients 4 and 1; therefore as . , 5 32's 3 2 45 1 
Wherefore the ſquare Roots of thoſe Proportionals ſhall 5 1 
be Proportionals alſo, (per 22 Prop. 6. Elem. Euclid.) viz. ; F 12 V3 % 


Which was to be demonſtrated. 5 

After the ſame manner 18 and 8 will be found Commenſurable; for the former 
is to the latter as 3 to 2, to wit, as a Rational Number to a Rational Number: for if 
718 and y8 be ſeverally divided by their greateſt common Diviſor 72, the Quotients 
will be v9 and V4, that is 3 and 2. Therefore y18 is to /s as 3 to 2, and inftead 
of ya8 and V8 we may write 302 and 2/2, to wit, the Produdts of the Rational 
Quantities 3 and 2, multiplied into the common Diviſor y 3, 3 

Again, /48 andV75 (that is, 4/3 and 5v3) are Commenſurable; for the former 
is to the latter as 4 to 5, to wit, as a Rational Number to a Rational Number: for 
748 and 75 being ſeverally divided by their greateſt common Diviſor 3, give the 
QUO 516 78 25, to wit, 4 Ad 5. There Ä 4 5 
$2 13. . | | 5" Ts; | 

W V(3)3 20 and (3) 135 (that is, 4V(3)5) and 300305) having ſuch pro- 

ortion one to the other as 4 to 3 are Commenſurable; for /(3)320 and Y(3)135 

being ſeverally divided by their greateſt common Diviſor /( 305, will give the Quo- 
tient V(3)64 and V( 7255 to wit, 4 and 3. Therefore Y(3)320 . V(3)135 :: 

3 55 00(3)5 . 
a 80 allo 0 4)z 888 and (40243 (that is, 27 (4) 243 and 19/4) 243) are Commen- 
ſurable, the former having ſuch proportion to the latter as 2 to 1; for if they be ſeve- 
rally divided by their greateſt Common Diviſor (40243, the Quotients will be 
V(4j16 and V(4)1, to wit, 2 and 1. Therefore /(4)3 888. Y(4)243 :: 2 {1 :: 
2/4) 243. 1V(4)243. Et | 

If two Surd Fractions, or mix'd Numbers ſtanding FraQtion-wiſe, be propoſed, and 
have nota common Denominator, reduce them to their ſmalleſt common Denomina- 
tor, and then try (in like manner as before) whether the new Surd Numerators be 
Commenſurable or not; for if theſe be Commenſurable, the Surd Fractions firſt pro- 
poſed ſhall be alſo Commenſurable. As if /4 and 2+ be propoſed, I reduce them 
to Y and 24 ;; then I divide the new Numerators only, to wit, /50 and 72, by 
their greateſt Common Diviſor /, and the Quotients /25 and y 26, that is, 5 and 6 
are Rational Numbers. Therefore /＋ and / firſt propoſed are Commenſurable, 
and the former has ſuch proportion to the latter as 5 to 6. Fort | 


- 15 A 4+ g 10-4 25 36 

 Therefofe Vie V % 5 

And becauſe . =vV 52 and , = 
Therefore V+ '' .v3$ :3.: 5 6 V 


But if either the Numerators or Denominators of twoSurd Fractions or mix'd Num- 
bers ſtanding Fran Wits (the Radical Sign being neglected) be . or Cubes, 
Tc, viz, Powers of that kind which is denoted by the Radical Sign, then you need not 
reduce the Surd Fractions to a common Denominator, but try whether their Numera- 


tors or Denominators be Commenſurable 1 not; for if theſe be C mn — 


SIS - 4+ AW Shag. hh - * - 
5 — — — — 
1 63 - -- - 
— — as a — . ˙¹ x —— EE IT 2 
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ſed, becauſe the Denominators (the Radical Sign being neglected) are Squares, (to wit, 


Powers of that kind which the Radical Sign denotes) and the Numerators 50 and 2 


are Commenſurable; (for if theſe be divided by their common Diviſor V2, the Quoti. 
ents are rational, to wit 5 and 6.) Therefore the Surd Fractions propoſed are alſo Com: 
menſurable, and have ſuch proportion as + to 4, (Whoſe Denominators 4 and 5, to wit, 


16 and v 25, are the given Denominators) or as 25 to 24; and (according to the 
preceding Se. 6.) the Surd Fractions propoſed may be expreſs d thus, 2/2 and 502. 
When two Surd Roots propoſed be of different kinds, they muſt firſt of all be reu- 
ced to a common Radical Sign, (by the preceding Sect. 3, of this Chap.) before the 
Rules aforefaid be uſed, to try whether they be Commenſurable of not. As if y(6 )64 
and V(3)27 be given, they may be reduced to Y/(6)64. and V(6)7 29, which divided 
by their greateſt common Diviſor V(6)T, the Quotient will be the ſame with the Dj. 
vidends. Now if /(6)64 and V(6)729 be Rational, then the Surds firſt given are 
Commenſurable ; but (664. is 2, and Y(6)729 is 3. Therefore the Surd Roots 
propoſed are Commenſurable, and have ſuch proportion as 2 to 3. 

But if the Quotients ariſing by the Diviſion of to Surd Roots by their greateſt com- 


mon Diviſor as aforeſaid, happen to be Irrational or Surd, then the Roots propoſed - 


are Incommenſurable ; ſuch are 48 and v8, for if they be divided ſeverally by their 
greateſt common Diviſor V8, the Quotients are 6 and 1: but y6 is Irrational, there. 
fore the proportion whichv/48 has to V is not as a Rational Number to a Rational Num. 
ber, and conſequently 48 and v8 are Incommenſurable, and ſo are all other Surd 
Roots whoſe proportion cannot be expreſs d by Rational Numbers. 


I ſhall now ſhew how by the help of the preceding Rules we may diſcover whether | 


two Surd Quantities expreſs'd by Letters be Commenſurable or not. As if / 27aa and 
v12aa be propoſed, they will be found Commenſurable; for if they be ſeverally divi- 
ded by their greateſt common Diviſor y 3aa, the Quotients V9 and V4, that is 3 and 


2, areRational Numbers, and ſhew that Y 27aa is to VI2aa as 3 to 2, to wit, as 2 


Rational Number to a Rational Number; wheretore V 27a and y 12aa are Commen- 
ſurable, and may be expreſs'd thus, 30 3aa and 2 3aa. 1 


Note, If two Surd Quantities be divided by ſome common Diviſor. though it be not 


the greateſt, yet if there come forth Rational Quorients, we may thence conclude thoſ 


Surd Quantities to beCommenſurable, and oftentimes expreſs them various ways. As if 


v 27aa and y12aa be again propoſed, by dividing them ſeverally by their common Divi- 
for 2, there will come forth the Quotients / gaaand V/ aa, that is, 3a and 2a; whence 
it is evident, that y 2yaa is toy 12aa as 3a to 2a, to wit, as a Rational Quantity to a Ra. 
tional Quantity, and conſequently y 27a and v 12aa are Commenſurable. Moreove;, 
according to this latter Diviſion we may write 3a 3 for V 27aa, and 24/3 for V1 244. 

Again, V:aaaaaabb: and Y:aabb+bbbb: are Commenſurable; for each of 
them being divided by Y: a, : there ariſe Vaa and Y, that is a and b, which 
are Rational Quantities, each of which being multiplied into the common Diviſor 
v:aa+Þb: will give, inſtead of the Surds propoſed, aaa HY and Va ZU, which 
have the ſame proportion to one another as there is between a and b, 


Likewiſe V — — and / mT CNY Commenſurable, for each of 


PTT 


them being divided by their common Diviſor y 7 00+ amp: there will ariſe V and 
= & 7/2 os e 


* 


Vaamm that is, and 2 (to wit, Rational Quantities) each of which multiplied 


into the common Diviſor y : 00+ 4mp: will produce * :00+ amp: and N 00 ＋ Amp: 


which are equal to, but more ſimply expreſs d than the Surd Quantites propoſed, 


and have that proportion one to another as is between. and 
| 5 


So alſo — 882 N 21aa-+-72a-+ 108: and Vaaaa—1 Oaaa＋ 3 740—1 204 T 300! | 
are Commenſurable, for if they be ſeverally divided by their comfhon Diviſor y:aa-+ 12: 


there will ariſe y:aa+6a-+ 5; and VA? 10a-+25: that is, 4 3 and an 5, wh 
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Surd Fractions propoſed ſhall be alſo Commenſurable. As if Y and V7 be propo- 


hk ky <4 ts. oi. - 


which multiplied into the common Diviſor yaa 12 will produce a+3v:aa+12: 


of 50 and VS, the Roots firſt propoſed, 


Here follow Coutractions of the Work in the two laſt preceding Exqup 


he Arithmetic of Sard Onantities. 


Pry 


and a.5V:aa+12: which have the fame proportion between themſelves, as that of 
2＋3 to 4 5, and are of the ſame value with the Surd Quantities firſt ropoſed. 
Again, V( 2)81abbb and V(2)24abbb are Commenſurable, for if each of them be di- 
vided by their common Diviſor V(3)3a, there will ariſe V(3)276bb and Y(3)8bbb, 
that is, 36 and 2b, therefore the Surds propoſed may be reduced to 2bv(3)3a and 
25% 3) 3a, the former of which is to be the latter as 3b to 26-: and ſo of others. 


6 


Sect. VIII. Addition and Subtrattion in (imple Surd Quantities. | 
When two or more equal Surd Roots are to be added together, multiply one of them 
by the Number which expreſſes the Multitude of the Roots propoſed, and the Pro- 
123 — 7 
that is by V4, produces Y24. Alſo V(3)s6, V(3 Js, and Y (3)6, added into one make 
301623 for V(3)6 multiplied by 3, that is, by /(3)27, makes (3)162--- - - 
But when two unequal Surd Roots of the ſame kind, that is, ſuch as have the ſame Ra- 
dical Sign prefix d before each of them, be to be added together; alſo when the leſſer is 
to be ſubtracted from the greater, obſerve this Rule, viz. Firſt, (by the preceding Sec 7. 
of this Chap.) you muſt try whether they be Commenſurable or not; then if hay ho 
Commenſurable, that is, if after they have been ſeverally divided by their greateſt com- 


duct ſhall be their ſum: as the ſum of /6 and /6 is 24; for ys multiplied by 2, 


mon Diviſor, the Quotients be Rational 3 multiply the ſum of thoſe Rational 


uantities by the ſaid common Diviſor, and the Product ſhall be the ſum of the Surd 
Roste propoſed; but if the Difference of thoſe Rational Quotients be multiplied by the 
ſaid common Diviſor, the Product ſhall be the Difference of the Roots propoſed. 

As tor Example, if the Sum and Difference of „50, and v8 be defired, firſt, I di- 
vide each of them by their greateſt common Diviſor y2, and the Quotients are y 25 _ 
and Va, that is 5 and 2, (which are Rational Numbers expreſſing the proportion of 
the given Roots one to the other; whoſe ſum 7 multiplied by the common Diviſor 
72 produces 7/2, or if you pleaſe „98, (for 7, to wit, 49 into 72, makes 798 3 
which is the deſired ſum of the given Roots 50 and V8; And if 5— 2, that is 3, (the 
Difference of the Rational Quotients before found) be multiplied by the ſaid common 
Diviſor /2, the Product will be 3/2, that is 18; which is the defired Difference 

Likewiſe the ſum of /(3)500 and V(3)108 will be found 8/3) 4, that is. 
903) 2048; and their Difference 2 3)4, that is V(3)32, as will nated the fol: 
lowing Work, viz firſt, I divide each of the given Roots /(3)500 and V(3 )108 by 
their greateſt common Diviſor V(3)4, and the Quorients are /(3)125 and vV(3 )27, 
that is 5 and 3; then by multiplying 8 (to wit 5 +3, the ſum of the Rational Quo- 
tients) by the common Diviſor * (304, the Produ 87% (304. that is, /(3) 2048; 
(for 8, to wit, V(3)512 into y( 3 )4 makes /(3) 2048) which is the ſum of /(3)500 
and (3) 108, the Roots propoled. 1 1 

And by multiplying 2, (that is, 5—3 the Difference of the Rational Quotients) by 
the faid common Diviſor (3) 4, the Product is 2y(3 5 that is, /( 3032; (for 2, 
to wit, „(3)8 into V(3)4 makes (3)3 2) which is the Difference of N; )500 and 
v(3)108, the Roots propoſed. bs ey 


* with 
others of like nature, to illuſtrate the Rule before given for the Ad e axed 
Subtrattion of ſuch fimple Surd Roots as are Commenſurable. i 


| Example 1. 8 
What is the Sum and Difference of . Vo and 8 
½) V5o (25, that is, 5. Therefore 5/2 o. 
V2) / 8 ( 4, that is, 2. Therefore 22 8. _. 
8 4 The Sum, 7v2=v50+v8. 
Or, vg8=v50+vs8. 


„ Iujꝗſ5 Difference, 3V2=v50—v8. 
* | Or, w18=vy50=vs. | 
2s Example 


„5 


* — - _— _— OW” 


— 
| | 1 bh Example 2. | M Ig. 
What is the Sum and Difference of 3 «© Y3)500 and Y(3)108 ? 
| 1 The Operation. ] vom 0. 


1I..Y(3)4) VG)5o0 (3) 125, that is, 5. 

II. / 304) „(30108 VG) 27, that is, 3. 
From Diviſion I. 5$vY(3)4=v(3)500, . 
From Diviſion II. 30(3)4]π . 3) os. 


The Sum, BY(3)4=V(3)500+V(3)108. 3 : 
Or, vV(3)2048=y(3)5004v(3)108. 
The Difference, 2v(3)4=Y(3)500—v(3)108. , 
Or,  vY(3)32=vV3)500—y(3)108: 
Example 3. 


What is the Sum and Difference of . . . . 147 and V12 ? 
| ; | The Operation. 
2) V1i47 (49, that is, 7. Therefore 7/3=v 147. 
25 115 vil that is, 2. Therefore 273 12. 

I The Sum, gVv3=vV147+v12. 

Or A V243=v147+vV12. 

Aa __.. The Difference, 5v3=v147-v12. 

TT a. 4 V75=V147—v12. 


6 * z 


= r 
Wat is the Sum and Difference of . . + . vV(3)1715 andy(3)40? | 
The Operation. | 


I. Y(3)5) VEGM71s (3343, that is, 7. 

II. /(3)5) V3) 40 (VG) 8, that is, 2 

| From Divifion IJ. 7V(3)5=v(3)1715. _ 
From Diviſion II. 2v(35=v(3) 40. 


The Sum N N 
Or, _v(3)z3645=v(3)1715+vG)40. 
The Difference, 5v(3)5=v(3)1715-V(3)40. 
Or, _. vV(3)625=v(3)1715=v(3)40. 


Note, When two Commenſurable Surd Roots propoſed to be added or ſubtracted 
are Fractions, or mix'd Numbers reduced into the form of Fractions, if they have not 
a common Denominator, reduce theminto others which may have a common Denomi- 
nator in the leaſt Terms, then to find out the Rational Quotients divide only the two 

new Numerators ſeverally by their greateſt Common Diviſor, and continue the Proceſs 
as before. The Practice of this Note will be evident in the two following Examples. 


| Example 5. 1 E r 
I 0 : 9 VI and . 
What is the Sum and Difference of 1 Lor, Vizand Views": 
| » | The Operation. x13 os Y N 
V4) 5s, that is, 6. Therefore I . . 2 
VF) V (V25, that is, 5. Therefore 5 -+=v5+. 
| The Sum, - IVi=/73+v/35, 
D 


The Difference D 
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Example 


N 


What is the Sum and kf 2 
f : } a : A yy + + 
3) f, (16, that is, 4. Therefore qv3=y43.. 
v2) Ve 9, that is, 3. Ferre - .- 
1 | The Sum, WA=/3+y2,. 
| + apy * 4 
Re go Or Pait=y 4214/27 
The Difference, D 


neither their Sum nor their Difference can be expreſsd by any ſimple Root, but they 

are to be added by +, and to be ſubtracted by —. As to add v5 and v3, I write 

\ v5+y3 for the Sum; but to ſubtract 73 from v5, I write /5—y/3 for the Re- 

mainder. So alſo the Sum of Y(3)40 and V(3)12 is V(3)40+v(3)r2; and their 

Difference is V(3)40—v(3)I2 Fr ; | 

But Incommenſurable ſquare Roots may be added or ſubtracted by this following 
Rule, (which is deduced from Prop. 4. & 7, lib, 2. Euclid.) a Det 


of the Multiplication of thoſe Roots ne into another; ſoſhall the ſquare Root of the 
Sum be the Sum of the Roots propoſed; to be added. But if the ſaid double Product 
be ſubtracted from the ſaid ſum of the Squares; the ſquare Root of the Remainder ſhall 
be the Difference of the given Surd ſquare Roots. As if the Sum and Difference of 96 
and v3 be deſired, their Sums ſhall be J 9 V2: and their Difference /: 72: 
for the Sum of the Squares of the given ſquare Roots /6 and /; is 9, and the double 
Product of their Multiplication is 22, which I add to and ſubtract from 9; fo the 


of the Remainder, to wit, Y: 9 72: is the Difference. 

After the ſame manner the Addition and Subtraction of ſimple Surd Quantities ex- 
preſs d by Letters may be performed; as to add y75aa and y 27aa, firſt, (by the pre- 
ceding Sect. 7.) I find them to be Commenſurable; for if V75aa and V 27aa be ſeveral- 
ly divided by their greateſt common Diviſor / 3aa, the Quotients are V25 and vg, 
that is, 5 and 3, whoſe ſum 8 multiplied into the comrnon Diviſor y 3244 makes 
8Y 3a, (that is, V192aa) for the ſum of V75aa and Y 27. But if the Difference 
of the ſame Rational Quotients 5 and 3, to wit 2, be multiplied into the ſaid common 
Diviſor /3aa, it makes 2v/ 3aa,- (that is, /12aa) for the Difference of y/75aa and 
V2 * the Roots firſt propoſed. Fs | 


2 zaa) for the Difference of V75aa and V27aa before propoſed ; for theſe divided 
ſeverally by their common Diviſor /g, give Rational Quotients, to wit V25aa and 


gives 8a 3 for the Sum of 75aa and y27aa z but if the Difference of the ſaid Ra- 
not tional Quotients 5a and 3a, to wit, 2a, be multiplied into the faid common Diviſor 
mi. v3, the Product 243 is the Difference of the ſaid V75aa and V 27 aa. 
Wo Again, to add /(3) 25 Ga and vV(3)3 2aaa, firſt,” (by Se8. 7.) I find them to be 
cels Commenſurable, for if each of them be divided by their common Diviſor V 304, the 
es, Quotients are Rational, to wit, V(3)64aaa and Y(3)8aas, that is, 4a and 24; theſe 


added together make 6a, which multiplied into the common Diviſor '(3)4, makes 
.6ay(3)4. (that is, V(3)864aaa) for the deſired Sum of y (3)256aaa and V(3)3 ꝛaaa; 
but if 2a, the Difference of the ſame Rational Quotients 44 and 2a, be multiplied into 
the ſaid common Diviſor /(3)4, the Product 2av(3)4, (that is, /(3)32aaa) ſhall 
be the Difference of /(3)256aaa and y(3)32aaa firſt propoſed. | 


1 


More 


When two fimple Surd Roots given to be added or ſubtracted be Incommenſurable; 


Voaa, that is, 5a and 3a; whoſe Sum 82 multiplied into the common Diviſor y 3, + 


To the Sum of the Squares of the given Surd fquare Roots, add the double Product 


- fquare Root of the ſum, to wit,  : 944/52: is the Sum defired ; and the ſquare Root 


rwe may write 8av3 (inſtead of 80 3aa) for the Sum, and 2av 2 inſtead of 
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The Arithmetic of Surd Quantities. 


More Examples of the Addition and Subtraction of Commenſurable fimple Surd 


Quantities expreſs d by Letters. 
Hg a „ Bxomple uy; - & 
What is the Sum and Difference of . . .. . ! :. 28a and Via 
| | The Operation. g 
I. v7) va8az (y4aa, that is, 2a. | 
II: V7) V 7aa (V aa, that is, a. =P 
From Diviſion I, 2av7=v a. 
From Divifion II, = Jaa. 
The Sum, gav7=vy28aa+v7aa. 
The Difference, av7 * 2 8 jaa. | 


„** 
* 


32 . Example 242! 1 . 
What is the Sum and Difference of . . . . . V45aabe and Vaoaabe? 
| | "2 > Tho Operatuon, - _- {© Ed NL 
I. V5bc) V45aabc (vgaa, that is, 34. . 
II. be) V20aabc ( VAaa, that is, 242. | * 
From Divifion I. gav5bc=v45aabc. 
From Diviſion II. 2av5bc=v/20aabc. 3 
The Sum, | $aV5bc=Vv 45aabc+y 20aabc. © 
The Difference, av5bc =V 45aabc—y 20aabc. 


— 


— 4 


Example 3. „ | 
What is the Sum and Difference of . . . . vV(3)81abbb and (3 )24abbb? 
| | VVV 74 | ivy 
I. V(3)3a) V(3)81abbb (y(3)27bbb, that is, 36. 
IL Y(3) 24) V(3)24abbb (V(3) 8bbö, that is, 2b. 


From Diviſion I. 3bv(3)za=vV(3 )81abbb. pt + . 

From Diviſion II. 2b/(3 )za=v(3 )24abbb, 
The Sum, 5bv(3)za=v(; )81abbb+vV(3 ZAB. 
The Difference, 5/( 3030 V 35S bbb VZ 244005 


— 


„ Example 4. © ben . 

What is the Sum and Difference of . . + . 3 07 3 and V=43aad, 
| | | 3 5 1 O d a d yz 

The Operation. Loe NT eee 


I. Vid) v-2aad (V3 aa, that is, 64, 
II. Vid) V-Laad (Va ;qaa, that is, 1. | 
"4 From Diviſion I. 6av4id=v-itaad. 
From Divifion II. $avfd=v-2Saad, 
The Sum, II ad-. 
The Difference, Ad and fand 


If two Surd Quantities.expreſs'd by Letters be Incommenſurable, their ſam is given 
by +, and their Difference by —; as to add / 5a and 3a, I write 7 Ar = fr 
_ 2 ; and to ſubtract / 34a from y5a, I write / 54a—y 3a. for the Remainder or 

itterence. jb .. 5 | 


Set, IX. Adaition and Subtraftion in Compound Surd Roots. 
The Arithmetic of Compound Surds depends upon the Rules of the Simple, and 


the Rules of + and — in Algebraical Addition, Subtract ion, Multiplication, and 


Diviſion ; but how thoſe Rules are applied to the Arithmetic of Compound Surds, I 


ſhall ſhew in this and the following tenth and eleventh Sections, by Examples both in 


Surd Numbers and Surd Quantities expreſs'd by Letters. 


Examples 


CHAP. 9. The Arithmetic of Sud Quantities. 


r 


Examples of Addition and Subtraftion in commenſurable fimple Surd Numbers con- 


neted to Rational Numbers by + or —, as alſo in Compound Surd Numbers 
compoſed of Commenſurable ſimple Surds. 3 | 


2 6+v18(3v2) | 


3V(4)3+7v(3)z 


Jo and from v192(8/ 3+ 3 
Add and Subtr. 4+v_8(2v2) V_756vV3)=3 
The Sum 10+v5o(5v2). V597(13V3)+0 
Difference 2—V 2 | »Y 27( 3V3)+6 
To and from — +v/242(11V2)=12 15=2/208) 
Add and Subtr. _—vV_5o(=5V2)+8 Seq. 
Sum - | | + 720 672 —4 | 22— 2 — 
Differenſee 51201602) —20 18837 20/18) 
Io and m 242 T /% 1 124 „„ 
Add and Subtr. 5 = 1 7 I chat 15, 4 2H 3 a. 
ou. $12 TV 507 5 ; _I6Y 2-r13vV3 _ 
Difference * 72 T 7 | 5 that i, 2 6&V2+ 33 
Jo and from 73205 108 %, 6 
Add and Subtr. — 27 5 * 4 © av5— 33 
Sum  VT2oV243 that i 5 1277 ova © 
Difference - v.80 27: 5 F that is, 4 45 37 | 
; To and from :  /220+v108 1 EY : 8/5+ 6V23 . 
Add and Subtr. _ 7 0 bs... * that is, 1 22 — V3 = 
- Suid, © Y720IV 007. ns £95 Þ 3v2 
F 5 * = 4 45+ 9v3 
To and from V(3)2058+v(3) * 1V(3)6+3v(3)2. 
Add and Subtr. YG) 162+Vv(3) 16 that 18, 1  3V(3)6+2v(3)2 | 
Sum V(3)6000+vV(3)250 N that! 10 (3)6+5v(3)2 
. Difference 3) 384v(3) 2 F 05 {  4V(3)6— V(2)2 
To and from = v(4)1875+v(3)250 „ % OI V) 
Add and Subtr. V(4) 48— 3) 16 þ that is, 4 2V(4)3z—2V(3)2 _ 
Sum 47203 T3) 54 . SF TV(43+39(3)2 
- Difference *) 243+ (3)686 that IS, 1 


„„ 5 EF 3 | 
In the firſt Example the Rational Numbers 6 and 4 added together make 10, and 
their difference is 2; then foraſmuch as y18 and y8 (that is, 3/2 and 2/2) are 
Commenſurable, (tor the former is to the latter as 3 to 2) their Sum is 50 (that is, 


57/2) and their Difference /2 (by Seck. 8.) Wherefore. 10+v5o(5v2) is the Sum, 


and 2—v2 the Difference of the two Binomials 6+v18 and 4+y8, propoſed in the 
firſt Example. - y * E 
Likewiſe in the ſecond Example the two Commenſurable Surd Roots / 192 and 


V75, (that 1 3 and 593). added into one fimpleSurd make 507, (that is, 133) 


but their Difference is /27, (that is, 3/3 ;) alſo +3 and —3 added together make 


o, but —3 ſubtracted from + 3 makes +6. - Wherefore 507 (that is, 13/3) is the 
Sum, and 27 (that is, 303) +6 is the Difference of the Binomial Y192 73, and 
the Reſidual 75 —3 propoſed in the ſecond Example „ 10 e 
Again, in the third Example, where —/50+8. is propoſed to be added to 242 
, —12, and alſo to be ſubtracted from the ſame; firſt, - V5 o added to +v 242 (that 

is, 5/2 to +11iV2) makes +y72 (that is, 6/2 3) but i unn 
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from +v 242 (that is, —5V2 from 11/2) leaves the Remainder or Difference 
+4572, (that is, 16/2; alſo +8 added to —12 makes —4, but +8. ſubtracted 


from —12 leaves the Remainder or Difference —20. Wherefore 72 (that =: 


6/2)—4 is the Sum, and 7/512 (that is, 16/2) —20 is the Difference of the two 
Reſiduals propoſed in the third Example. The Operation in the reſt of the preceding 
Examples is after the ſame manner. nd - 


Examples of A ddition and Subtraftion in Compound and Surd Numbers, partly 
Commenſurable and partly Incommenſurable. + 


To and from wV27(3v3)+v8 I | wv1o+v8(ay2) 

Add and Saber) i 3—vV 2 | 

The Sum, © V75(5YV3)+v8+v5 vViIo+v3+v2 
> On, vV75(5Y2)+v :12+v160: | V:13+vI20: +Vv2 

The Differend, 7 : | vioutrvidgve) 
On 3 V3 +v:13—v 160: : V:13—v120:+vI8(3V2) 

To and from vV(3)56+v(3)16 | 449405 —(3)2 

Add and Subtr. V(3) 3) 2 (a) 80+v(2)5 

Sum 33) 7+4Y/G)6—vV(3)12 | 54) S+v6G)5-v()2 © 


Difference VG) 7+Y/6)16+Y/3)122 1 Va) SvVG)5—G)2 


EXPLICATION _ 1 


I!n the firſt of the four laſt preceding Examples the Sum of the two Commenſurable 

Surd Roots /27 and 12 (that is; 30/3 and 2V3) is V75, (that is, 5% ;) but their 
Difference is v3 : and the Sum of the two Incommenſurable Roots /8 and v5, is 
VS VJ, or V:13+v160: but their Difference is /8—y5, or V713-v160: 
(according to the Rule before given in Sec. 8. for adding and ſubtracting twoIncom- 
menſurable ſquare Roots. Therefore 5Y34+v/8+v5 , or 5YV3+v:13-v160: 
is the Sum, and y3+v/8—v5, or V3+v :13—v 160: is the Difference of the two 
Binomials /27+v/8 and V12+v5, propoſed in the ſaid firſt Example.” 

Again, in the third of the faid four Examples, where /(3)5 5 C V3) 16 and 
v(3)7—V(3)12 are propoſed to be added and ſubtracted; the Sum of the two Com- 
menſurable Surd Cubic Roots /(3)56 and V(3)7 is 3Y(3)7, and their Difference is 
v(3)7; alſo the Sum of the two Incommenſurable Cubic Roots v(z)16 and 
: is Y(3)i6—v(3)12 ; but —V(3)12 ſubtracted from y(2)16 leaves 
v(3)15+v(3)12. Wherefore 3Y/(3)7 +v(3)16-—(3)12 is the Sum, and 
v(3)7+Y/(3)16+v(3)12 is the Difference of the ſaid Binomial and Refidual propo- 
ſed in the third Example. | 


Examples of Addition and Subtraction in Compound Surd Quantities expreſs'd by 
| : Bs Letters. ; 


Example 1. 


To and From y75aa+v 8bb } _ 1 gavV3+2bv2. 

Add and Subtr.  vV12aa+v 2b: 2aV3z+ , 
rr +. JOINT 
The Difference is 3% bv2 . 


| EXPLICATION. 

Firſt, (by Sec. 7.) J find that V/ Sau and v12aa are Commenſurable, and may be 
reduced to 5av3 and 240 3; likewiſe /8bb and y2bb are Commenſurable, and may 
be reduced to 2by2 and by 2: then the ſum of 5av3 and 2av3 is 7a 3; alſo the 
Sum of 2by 2 and by2 is 3by/2: therefore the Sum of the two Binomials propoſed in 
the Example is 70 3. 3%. But by ſubtracting 2ay3 from 5av3, the Remainder | 
is 3av3; and by ſubtracting 57/2 from 26/2 the Remainder is 72. Therefore the 
Difference of the two Binomials propoſed is 3ay 3 +by 2. 7 : 


| Exanyls 
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: What is the Sum and Diba 1 * Binomial enn 3d, 


and Reſidual, . © v3) 40. bed? 


| - Thoſe reduced give . to * 3 i EGS 


* aby (3)5—v ed. 
The Sum, 77. 6. 43+ 2» - TT (305 
The ng po) ; C .. Fahy c 


1 
*. 
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Eranple of Addition * Subtrattion in Compound Surd Numbers | 


altogether Incommenſurable. 
To bed from Vio+ VÞ 
Add and Subtr. V 3 + V2. 5 
- Sum, Vio+v7 + v3Þ v2 | 
Or, _ V:17 +v280:+v:5+va4: 
Difference, /I T Y- I 
0, 3 v1 7 7 20G —V:5+v24: 


——_— I. - 2. Jy Is © 


p ſd. 


da. —_— 
— 


To and from v(3)to + V(3/7 
Add and Subtr. V(3) 3 — 352 


* 


Sm, e f 7 + 7055 4 FD 
| Difference, VIE) VBJ7 —VGJ)3 + NR | 
Sect. *. of Multiplication in Compound Surds., „ PR 
Example 1. + 3 
- Maldipticand,  v180 +v48 6V5 + av ge IS 
Multiplicator, . v125 18 715 that is, 454 + 225 ; 2 
150 + 20VI5 3 . 
SE + 18717 2 24 8 
Produtt, 177 ＋ 32715 ＋ 24 
| | That i * — 174 2 Al | 
_ he "3 a6 1 " 
Multiplicand, 6 — 20 6 — 275 
Multiplicator, 8 — 45 that! ls {3 — =_ A 
50 | Gs 48 — 1675 
5 —18V5 + 30 _ 5 
8 odudl, - am 5 * 4 | * 
"Exanple 3. 1 
Multiplicand s — 3 3V2 —3 
Multiplicator, v8 * 33 2 4 2.44 1 
| I2— Ns 15 
© | 2 — 3 
a | ProduRt, WF 
vs. 115 that is 7 
| e Produd, ET 1 
L 2 5 „ Ff 


ee 


* 


5 « > ta A . q . 5 : 
— t 2 ” A \ — — N 1 1 . & — e — 8 2 6 LET. 0 048 be : 5 hs 8 4 
5 = - 4. A X a | i — — P 5 > r N ar 0 « * a * > 
® . 4 7 2 bd 3 "a ES ST. + : 
: * 0 
E e Art 1 TIC OF ar nil ES 5 ä 
x 8 ? x . — 3 * ” -. 
1 | N i ; 
, X . * « « . { * *. f , 
. 2 c 5 2 8 2 — 5 . «6 " . ä >. * 2 2» = ho 1 2 Y W ne 4 "TIS 
"I * „ _ dls. i. i.e tad ad 92 80 * — , 
—— uu = — . — — IE Inranng — ——_ * * 9 — 


| ag Tag TE, EG 
In thefirſt Example, the two Compound Surd Numbers propog'd to be multiplied are 
/180+v48 and V125+v12, which are reduced to 675 4. 4% ũand Wes 3; 
(by $e8. 6. of this Chap.) then 6y 5 multiplied by 505 (according to Rule 5; in Sec. g. 
of this Chap.) produces 150; allo 4v3 multiplied by 5y5 (according to Rule 6. in 
Seck. 4.) produces 20V 15; again, 6V5 into 2/3 makes 120/15, and 4V into 273 
produces 24; laſtly, thoſe Products added together make 174 32/15, the Product 
ſought. The reſt of the Examples are wrought in like manner. 

When the Multiplicand has not the ſame Radical Sign with the Multiplier, they 
muſt firſt be reduced to the ſame Radical Sign, (by Se#. 3. of this Chap) and then 
the Multiplication is to be made by ſome of the Rules in Sec. 4. as will be mani 
feſt in the following Example. _ EE LIN; 

Mäultiplicand, v(5)6+vV(3) + 5 
— w „ ĩ⅛ 444. ˙ 
Product, 1008748 + (601323 + 5V3. 
| ——SSPLICSTIQON,. * 5 | 

1. Y(5)6 and 3 are reduced to theſe having a common Radical Sign, to wit, 

vV(10)36 and V(10)243, which multiplied one into the other produce V(16)8748. 
2. V(3)7 and z are reduced to Y(6)49 and V(6)27, which multiplied one by the 
other produce ny IE Ee” | 2 + 
The Rational Number 5 multiplied into Y3 makes 5% or ß. 
aſtly, thoſe three ſimple Products added together give the Product ſought, to wit, 
V(10)8748+V(6)1323+5V3075.) i oo - 
Three Compendious Rules, very uſeful in the Multiplication of - 
Binomials aud Reſiduals. ä 

1. Becauſe a+e multiplied by a+e produces aa zae-f ee, it is evident that th 
ſum of the Squares of the Parts (or Names) or any Binomial, together with twice the 
product of the Parts multiplied one into theother is equal to the Square of the Sum of 
the Parts. Therefore to multiply any Binomial by itſelf (or to ſquare it) take the 
Squares of the Parts, and twice the Product of the Parts for the Square ſought. 

2. Beeauſe ae multip Far a—e props e it is manifeſt that the 
ſum of the ſquares of the Pafts of any Ken ual, leſs by the double Product of the 
Parts, is equal to the ſquare of the differèfſcè of the Parts. Therefore to {quare any 

 Refidual from the Sum of N ot the Parts fubtract twice the Product of the 
Parts, and take the remainder for the Square ſought. 4 #2 | 
3. Becauſe a+e multiplied by a—e, produces aa—ee, it is evident that the differ- 
ence of the Square of the Parts of any Binomial, is equal to the Product made hy the 
Multiplication of the Sum of the Parts into their difference. Therefore if a Binomial 
be to be e by Its correſpondent Reſidual, that is, by the difference of the Parts 
of the Binomial, take the difference of the Squares of the Parts for the Product ſou ght. 
Theſe three Rules will be exerciſed by tlie fix Examples next following, and by divers 
other Examples in this and the following Sections of this Chapter. 
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Multiplicand, 3 +25. : : ” 55 | E 8 3 — 5 ara: 721 57 N 
C ( * 
: * * 4.2 ö b 7 — * 
That is, _ Ju N 650 5 | 14 — 6y5 


"Y a "Ry 3 — h — 
rer neren 
Maultiplicator, 3 „%%% ęœꝑñ a. 
ö TT TT. TG EVO — CEE 
That is, 5 „ Area. ; N 
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** y £3 mam r 12 488 1 * * 7 * ? — TA 
Multiplicand, v/(6)7 — N;, | 1007 ot N MR. . 
3 


? 


2 
tht. A 


Mulriplicator, _ VET +: S Ni — v(t0) | 
| Product, vV(37 =v/G)5 I YV 69=vV 63 _ _ 2 * 


20 * 2 1 


And in the fifth Exat 607 [ripl 
dent Binomial /(6)7+v(6)5, produces id GYY—(3)5; which is equal to the differ. 
ence of the Squares of the parts of the given Reſidual or Binomial. For (by the ſe- 
quare SF Ve Vn, and theSquare of 


— ECT — —  OEIOIOE 
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In the firſt of the fix Taſt Examples the Binomial 3+v5 thultiplied into it ſelf or 
ſquared, produces 14-+6v/5 ; for the Squares of the Parts 3 and v5 ateg and 5, and 
twice the Product of 3 intov5 makes 6V5, to wit V180';' therefore {by the firſt of 


the three preceding Rules) 9+ 5-+6v 5, that is, 14+6V/5 is the Square of the given 


| Binomial 32 Fr 


In the ſecond Example the Reſidual 3—vV 5 ſquared or multi lied by itfc if cou 
ces 14—6v5,, (by the ſecond of the ſaid three Bales.) 7 N P rodu 


Ihn the third Example i ee 5. multiplied by its correſpondent Reſidual 
3—vV5 produces 4, which (by the 


laſt of the ſaid three Rules) is equal to the dif. 
ference of the Squares of the Parts 2 and V5. © * 95 a * * 
Likewiſe in the fourth Example the Binomial V(3)27+v(3 )8 multiplied by its 
correſpondent Reſidual vV(3)27—v(3)8 produces V(3)729—v(3 )64, to wit, the 
difference of the Squares of the Parts of the given Binomial or Refidual. © . 

9 the Reſidual /(6)J—(6)5, multiplied by its correſpon- 


venth Rule in Sec. 4. of this Chap.) the 
ONO). oO ; 
Examples of Multiplication in C ompound Surd Quantities expreſt by Letters, 


Multiplicand vabb4+vff N x... CEN 
Maltiplicaror, Vaddvcaa | on IS, 4 a +a vc | 


5 i daf e 
> \ Es bc ＋f fac | 
” | Product, b da- fd ba ca I fac. I 
Multiplicand, 2a+3avd | |. (beta © 
Multiplicator, 3s —2c/d -a 
* 6ac-+ gacy d 1 bcravbic 
1 —4acy -a DL —avbcmaa 
Product, 6ac+ vacyd—bacd be. —_ 8 
Multiplicand, a+vb Vab Ke 
Multiplicator, a+vb vVackyd Ws 
Product, aa+2avb+b aVkc+VaivabdÞvd © 


| Multiplicand, z MN that is, J LCN 
Multiplicator, 3 ⁰/ M _ * C3bb+dw/d 


2 25 Product, gbbbbd+ 6bbd4+dad or ö daxd.. 


— 


The Operation in theſe ſix laſt Examples will be familiar to him that underſtands 
the Rules and Examples before delivered concerning the Multiplication of Surd 


Numbers and Quantities expreſt by Letters. 


Sect. XI. Diviſion in Compound Surds. | 


Examples of Diviſion where the Dividend is a Compound Quantity, aud the 


Diviſor a Simple Quantity. 


Dividend, V2I+y15 | V()14—v(3)28 

r E52 g „ e 
Quotient, / 7 5 YG) av(3) 4 © 
T Ff 2 „5 _ 


Quotient, V/(4)2+v(10).7 * D es 92 
"prpricafiom.. . 


The firſt Example is wrought according to Rule 1. in Sect. 5. of this Chap. Fox 
firſt, V21 divided by v3 gives the Quotient V), then v 15 divided by 3 gives the 
Quotient V5. Therefore /21-+v15 divided by 3 gives /7+v5, the Quotient 
—. œ—A»mãe:̃ t ͤ—T˙ᷣ i ee 

The ſecond Example is wrought like. the firſt; for YC; 14 divided by (3 )7 gives 
V(3)2, and —V(3)28 divided by V(3)7 gives —V(3)4. Therefore %G {- Ry 
705 Jas divided by V(3)7, gives V(3)2—V(3)4, the Quotient ſought in the ſecond 
Example. WV . 

The rhird Example is wrought according to the fifth and ſixth Rules of Seck. 5. of 
this Chap. For firſt, 1276 divided by 36 give the Quotient 4, (by the ſaid fifth 
Rule; ) then 6/18 divided by 37/6 gives 2/3; (by the ſaid fixth Rule; ) likewiſe 
—2y 12 divided by 30ë gives — 0 2; (for 2 divided by 3 gives 2, and y12 divided 
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Dividend, 1296+6v18—=2V12 | vaio ee 
. "Quotient, 4 F# H2 [348 © 
Dividend, Y/(4)8+v(5)3 1 vV(4)23328—v(4)10368 
Diviſor, v2 | 1 95 8 


1 s Kew 4 8 


by 6 gives V2.) Therefore 12/6 6V18—2y12 divided by 37/6 gives 
4+ 2/3—3V 2, the Quotient ſought in the third Example. | F 
In the fourth Example y 29 divided by v3, (that is, by yg) gives Y, of V:; | 
and —v(3)10 divided by 3, (that is, by V( 3) 27) gives —/(3)-s. | ns 2 
In the fifth Example V(4.)8 and V2 are firſt reduced to /(4.)8 and (404; then 

v(4)8 divided by V(4)4 gives Y(4)z z likewiſe V(5 )3 and V are reduced to /. 10)9 ; 
and v(10)323 then y(10)9 divided by V(T@);2 gives the Quotient YC 100. F 
Therefore V(4.)8+v(5)2 divided by V2, gives /(4)2+#(To);, the Quotient 4 
ſought in the fifth Example. The fixth Example is wrought in like manner, and the F 
Proof in theſe or the like Examples of Diviſion may be made by Multiplication. E 
Propoſitions concerning, Divifion in Surd Quantities, when the Diviſor is a 4 

f ZBinomial or Trinomial, &. ! * 
When the Diviſor is a Binomial or Reſidual conſiſting of two Square Roots or Bi- 5 
quadratic Roots, or of one Square Root or Biquadratic Root, and ofa Rational Num- x 
ber; as alſo when the Diviſor isa Trinomial or Quadrinomial, and none of its Radical tt 
Signs exceeds that of the Square Root, the work of Diviſion in thoſe caſes is grounded 2 
upon theſe five following Propoſitions, vin. FE > ; ar 
1. If a Binomial conſiſting of two fimple ſquare Roots connected by +, be multi- "i 


plied by its correſpondent Reſidual, that is, by the difference of thoſe Roots; or if 
2 Reſidual conſiſting of two ſimple ſquare Roots connected by —, be multiplied by its 
correſpondent Binomial, that is, by the Sumof the ſame Roots, the Product will be 
entirely Rational. So the Binomial 5+v 3 multiplied by v 5—v/3, (or the Reſidual 
5 by Y5+v3) gives the Rational Product 2, (by the laſt of the three Rules 
before delivered in Sec. 10. of this Chap. | 

Likewiſe /a+vb multiplied by Va gives the Rational Product a- . 

2. If a Binomial conſiſting of two Biquadratic ſimple Roots connected by -+, be 
multiplied by its correſpondent Reſidual, to wit, by the difference of thoſe Roots the 
Product will be alſd a Reſidual confiſting of two ſquare Roots connected by —, and 
if this Refidual be multiplied by the ſum of its Names (or Parts,) it will give a Pro- 
duct entirely Rational. 5 „ ER 

As for Example, the.Binomial V(4:)5 +v(4)3 multiplied by v 5403 makes 
v5—v3, which multiplied by VY T Vz gives the Rational Produtt . 
Likewiſe V/(4)81==2 or. 4) 814016 multiplied” by /(4.)81+Y/ (416 makes 
/$1—y 16, which multiplied by y 81 +y 16 gives the Rational Product 65. 


— f 0 1 „„ „„ a) * ht, Af, nw ne E 8 
: 2 4 2 Po: ns PT. FLY 8 * i * 4 —— FN FA mY * P * = 5 — * 5 = ” . a ©. 6 * — FB . 
PRE a £0; va — — re * 8 = * Iva g LY —_ 2 mY ag ” 2 
x * 8 " . 2 2 
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3. Ifa Trinomial conſiſting of three fimpleſ uare h oots connected by + 05 by + 


or any one Sign — into -+ the Product will confiſt of two Names (or Parts z) and then 
if this Product | | 


2v15+6, and this multiplied by 2/15—6 gives the Rational Product 4. 
Likewiſe V30—vV5-v3 multiplied by V0 Y- produces 28—/90, 
and this multiplied by 28+ 2v90 gives the Rational Product 4249. 
After the ſame manner Va- V- multiplied by Va- CV Vc gives the Product 
2Vah+a+b—e, whoſe Rational Part a-+b—c we may ſuppoſe to be equal to ſome 
ſingle Quantity d, and then thefaid Product will be a Binomial 2yab+4, which multi- 
plied by its correſpondent Reſidual 2 aß c d gives a Product entirely Rational, to 
wit, ab dd. And ſo of other Trinomials that are qualified as before is ſuppoſed. 
4. Ifa Quadrinomial confiſtin g of four ſimple ſc tro Rook connected by +,or by + 
and —, be multiplied by the ſame Quadi inomi I after two Signs ＋ are changed into 
, or two Signs — into, the Product will conſiſt of three Names (or Parts; (then if 
this Product be multiplied by its correſpondent Trinomial(according to Prop. 3.) there 
will come forth a Binomial or Reſidual. And e this Binomial or Refdual mul. 
tiplied by its correſpondent Refidual or Binomial will give a Rational Product. 
As for Example, the Quadrinomial /6+4/5+4v34+y2 multiplied by Y6+Y/5— 
43—v/2, produces the Trinomial 6+2v30=2y6 ; which multiplied by its corre- 
fpondent Trinomial 6 2V 30+ 2V 6, (according to the precedent Prop. 3.) gives the 
Binomial 132+24v30 ; and this multiplied by its correſpondent Refidual r 32— 
2470, gives the Rational Product 1a... 5 
After the ſame manner the Quadrinomial /a+yb+y/c—y7 multi died by Ya— 
vVb—yc—v4d gives the Product a+d—b—c—2vYad—2ybc, whoſe Rational Part 
a+d—h—e& we may ſuppoſe to be equal to ſome ſingle Quantity 7, and then the faid 
Product will be a Trimonial, to wit, f—2Vad—zv:, this multiplied by it ſelf 
after one of its Signs is changed into + (according to Prop. 3.) will produce 4 
Reſidual of two Names (or Parts,) and this Reſidual multiplied by its correſpondent 
Binomial will give a Rational Produc. © © EI. 
5 If rwo Numbers be given for a Dividend and Diviſor, and each be multiplied by / 
fome Number, the firſt Product divided by the later will give the fame Quotient that 
ariſes by dividing the given Dividend by the given Diviſor As if 6 be to be divided 


= 2, if you multiply each by 4, and divide the firſt Product 24 by the later 8, the Quo- 
= tient 3 is the ſame that ariſes by dividing 6 by 2: For (by 17 Prop. 7. Elem. Euclid.) 
„ if a Number à multiplying two numbers 6, c, produce two other Numbers ab and ac, 
7 the Numbers produced fhall be in the fame proportion that the numbers multiplied 
are, viz. as h. c:: ab , ac, and therefore r = 25 alſo = Fo From the fote- 
7 + . S ; be a, : | . 
f Boing five Propoſitions the following Rule is deduced, viz. 
1 6. 4 Rule for Diviſion in Surd Quantities when the Diviſor is a Binomial, 
i Trinomial or Quadrinomial of ſuch kind as before is declared, 
* Reduce the given Diviſor to a ne- Diviſor that may be a fimple Rational Quan- 
tity; reduce alſo the given Dividend to a new Dividend, by multiplying the for- 
bs mer by the ſame Quantity of Quantities that were Multiplicators in reducing rhe 
bs es iviſor toa Rational Quantity; then dividethe new Dividend by the new Divi- 
4 or, (according to the Method in the Examples at the beginning of this Sed. 11.) ſo 
* the Quotient ſhall be the ſame with that which would ariſe by dividing the given 


,,, . 
As for Example, to divide /8+v6. by V4-+v2z, I firft multiply the Diviſor 
VAN by irs correſpondent Reſidual y 4—v 2, and it produces 2 for a new Diviſor; 
alſo I muttiply the Dividend /8+v6, by the ſaid V4—v2, and it gives the Product 

V 32+ 24—v 16—vy 13 for a new Dividend, this divided by 2 (the Divifor before 
found) gives YB TV- TJ the Quotient ſought, being ir 01 to that which 
would ariſe by dividing 78 Ts by YA T V, as will be evi _— OOTY ; | 
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for if the ſaid Quoti 


v2, it produce the given Dividend YS . 
tiply each by a—vbc: (the Reſidu. 


Likewiſe to divide ab+by bc, by a+v bc, I mul 


al Correſpondent. to the Diviſor) and it produces aa—bc ford new Diviſor, and aab— 


bbc for a new Dividend, this divided by that gives ö for the Quotient ſought; for 4 
multiplied into the given Diviſer a+v bc makes the givem Dividend ab+by bc. Ano- 
out the Quotient in this laſt Example, is ſhewn in the firſt of 


ther way of finding 55 
the ſix Examples at: the latter end of this Sed. 11, . 
Again, to divide 10 by Y/(4)5+v(4)3, I multiply each by V(4)5=w(4)3, and 
there comes forth a new Dividend Y(4)50000—v(4)30000, and a; new Diviſor 
/5—y 3; but this Diviſor not being a Rational Number, I multiply again both the 
faid new Dividend and Diviſor by / 5 +43, and it produces another new Dividend 
V(4)1250000—v(4)750000-7 V(4)450000—v (4)270060,:and another new Divi- 
ſor 2; by this I divide the laſt Dividend, and there ariſes V{4)78125——x(4)46875 
+y(4)28125—v(4)16875 the Quotient ſought ; for if it be multiplied by the pro- 
poſed Diviſor V(4.)5+v(4.)3 it will produce the given Dividend 10. +, . 


EE, Again, to divide y/8 by Yz VZ I, I firſt multiply the Diviſor by V3+vV2=1, 


and it makes v 2474, this multiplied by its corteſpondent Reſidual  24—4 gives 


the Product 8 for a ne Diviſor. Now becauſe the given Diviſor was firſt multiplied 


by v3+v/2—1, and the Product by / 24—4, the given Dividend muſt likewiſe be 


multiplied firſt by /3+v2—1, and the Product yds A 8 by /24—4, and 


there will be produced 8+v 128—v 192. for a new Dividen 


3 To inſtead of the given 
Dividend and Diviſor we have other Numbers in the ſame 3 vix. 8＋ 128 
192 and 8. Therefore (by Prop. 5.) the former divided by the latter will give the 
Quotient ſought, to wit, 1+ 2—»3 ; but that this is the true Quotient will appear 
by Multiplicstion, for if 14 2—v 3 be multiplied by the propoſed Diviſor V3 ＋ 
+1, it will produce the given Dividend V8. ' - oof net 3s x 
Note, Although the new Diviſor and Dividend found out as aforeſaid, may ſometimes 
happen to be Negative Quantities, (that is, ſuch whoſe values are leſs than nothing) yer 
Diviſion being made by them with reſpect to the Rules of + and —, they will give the 
true Quotient ſought. As for Example, ſuppoſe 30 be to be divided by 2 V9, (that 


. 


. by 5 ; ) firſt the Diviſor 24. j being multiplied by 2—y'9 gives 4—, that is, 


—5 for a new Diviſor, and the Dividend 30 multiplied by the ſaid 2—v 9 gives 60— 


' $100 for a new Dividend, which divided by —5 gives +6, which is the ſame 
with the Quotient that ariſes by (dividing 30 by 2+v'9, that is, by 5. 


Again, let 4+y 25 be divided by 1+v7, (that is, 9 by 4, where the Quotient is 


manifeſtly 207 z) firſt, the Diviſor 1-+v9 multiplied by 1—v produces 1—9, that 
is, —8 for a new Diviſor; and the Dividend 4+ 2v5 multiplied by the ſaid 1—y9 


makes 4-+v 25——4y 9—v 225 for a new Dividend, which divided by —8, (accord- 
ing to the Examples at the beginning of this Sec. 11.) gives —j—v 3+: 9g +22 
the Quotient ſought, which after due contraction makes 2. For i 9, that 1 
225 js £5, which added to the ſaid 24 makes ?; alſo - 


is equal to , and V= 


is — , which added to —2, (or —+) makes —2, this added to gives A (or 22 


the Quotient before found. 


7. When the Diviſor is a Binomial or a Reſidual, confiſting of | two ſimple Cubic 


or Biquadratic, c. Roots, it may be reduced to a Rational Diviſor by this following 
f A 88 

If in the Proportion of the Names (or Parts) of a Binomial or Reſidual, there be 
found ſo many continual Proportionals in multitude as there be Units in the Index 
of the Radical Sign, and that the Radical Signs of the Parts of the Binomial or 
Reſidual, and alſo of the Proportionals be the ſame, but connected in the Binomial 


by ＋, and in the Proportionals by ＋ and — alternately ; or contrarily, in the Pro- 


portionals by +, and in the Refidual by + and —; the Product made by the Mul- 


7 tiplication of the Proportionals by. the Binomial or Reſidual ſhall be Rational. 


As for example, if there be propoſed the Binomial /(3)7+v(3)s ; find three con - 
tinual Proportionals, that the firft may be to the ſecond, and the ſecond to the third, 


© þ asV(3 )7 to / 305, which may be done by the help of Sec. 8. Chap. 5. of this Book; 


where it has been ſhewn, that aa, ae, and ee, are continual Proportionals in the Reaſon 
of a to e. Therefore if we ſuppoſe Y(3)7 to be a, andV(3)5 to be e, e 
F | 7 4 5 : ; : ” 7 A . ö 7 n N 1118 7 0 | 


2 


Fe 
— » 


OK II. 
ent / 8+ 6—=2—v 3. be: multiplied by the given Diviſor Va 2 5 


, We 
i 
* 


| = mt DOES! 8 
6 F. 55 _ Y he ane of 2 e ( 4 231- 


of ) , to wit, Ca 5 "tall he the fick P rtiogal (ad); the Produce of V( 
into 27,0 10 1a Y(3)35, ſhall be 2 2 (ac)z and ae cf ö 
v(3)s; to wit, V(3)25, ſhall be the third Proportional (ec) : ſo that theſe three Cu- | 
bic Roots to wit, Y 3449, Ds, and'V(3)25, are continual. Froportionals in the 
Reaſon of y (337 and V(3)5: Now fay, (according to ch Propꝗſition) it / 3)49 
—(35+#(3)25. be Waltl plied by n the Produtt hall be Ratio- 
nal; alſo if /( Ne3-HV(D35+V(3)35 he gue G5, * 


- nl ſhall be Rational, as will appear by the fo 5 ng Open 5 
kater, 49 v0 3) 35 * V( 30 25 e 
ulriplicator, 222 7T+9vVG) 53 __ L 

N 1 . — OT MDC: . Tron ery 
The — 12 18 © Rarional. FW >? To. 
© Moltiplicand, "(3/49 + 7) 3s + 705 27 its 
hs th VG) 7—=YE) 5 = 4) ct; 
| my 7.0 10 + YOM © Ix ik tn; 
e eee 57 +: 4 
| The kroduct N 18 Rational. 57 r=? 


as for the greater Evidence of the certainty of this "C3 "ORF jos Bind 2 
Reſidual conſiſting of any two ſimple oy Roots- br. we let there be propoſed 
this Binomial (3)b+v(3)d, and ſuppoſe þ greater than d; then three continual Pro- 


ortionals in the Proportion of V (3), 0 * will be found YG 5 N gen 
Yb, then multip ly as before, viz. _ 8 N on 


Multiplicand, v(3)bb DYC + TOY 5 0 £41) ds on 
: | Mulriplicator, vV()b ＋＋ N — 5 wn 
8 2 eee 77 bad © % K 1 181 
. . | +: V(3)bbd —wv(3 2 +1 if! 46:11 2:tip 8 
| - The je Produt, | "b+T 18 en N en 
Es; 75” + 7055 * 6/1 be ai vir bs 
. MAY, fee C4 — N ; L241 el | x 
59 | FEI dd Nr 7 
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Whence you may obſerve, that the firſt Rational Product is the ſum of the Names 
(or Parts,) Po the Radical en e the Cubic Binomial propoſed; and the 
rodu E 0 


R HR RR. ES. dd 


latter Ration & is the differenc e Parts, omitting the Radical Signs, of 

the Cubic Reſidual propoſed: Io that the Rational Product made by the Multiplica- 

logs of the: ſaid rroportionals and Binomial orRefidual ms diſcoremdvithout any 
: ultiplication. 

8. Now that rhe uſe of the laſt rreceding Propoſition: may appear, ix jebe required 

e. to divide 10 by (3705; firſt, becauſe the Index of thè Radical Sign is 3, I 

X ſeek three continual Propoxtionals in the Proportion of YC 7 \t9:/(3)s5 ; which to- 

T portionals.as (before has been ſhewn (are V(3Y49, N J35, 1 — 4 3)z5 ; theſe 1 


connect by +, becauſe the Parts of the thr connected by —, and there 
ariſes V( 3 28 50 3035 (3025: then b A this common Muhiplicator I multiply -- 
a8 well the Dividend 1e, as 5 6, and it 49008 
+1(3)35000+y/(3)25e00 for a new Dividend, and 2 tor» a new Diviſor. Lattly, 

R. by dividing the faid new Dividend by the new Diviſor, there ariſes /(3)6125+ 

1. V(3)4375—(3)3125 the Quotiem ſougim: for H it be multiplied by the great Di- 

3, mr (3 - a it will e 3 =. 


re * — hang tas: 3 — 4 
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B | 
V3)5+v( 3)3, and there ariſes a new Dividend 025000 3) 1500. 
(3090, and a new Diviſor 8, by which I divide the ſaid new Dividend, and there 
comes forth Y(3)2f—a(3)=3£+v(3)--2-, the Quotient ſought. _ 

The ſame Method is to beobſerved when the Diviſor is a Binomial or a Reſidual 
conſiſting of two ſimple Biquadratic Roots. 88 „ | 

As for Example, to divide 10 by Y(4)5+v(4)3, (which has already been done af. 
ter another manner in the third Example of the Rule in the ſixth ſtep of this Section; 
firſt, becauſe the Index of the Radical Sign is 4, I ſearch out four continual Proportio- 
nals in the Reaſon of /(4.)5 to V(4.)3 in this manner, viz. Foraſmuch as (by Sed. 8. 
Chap. 5. of this Book) theſe are continual Proportionals, to wit, aaa, aae, ace, and eee, 
1 ſuppoſe V(4)s5 to be a, and (4) 3 to be e, then multiply (4 )5 into it ſelf cubi. 
cally, and it gives the firſt Proportional Y(4)125, to wit, aaa; ) alſo I multiply the 
Square of /(4)5 into V(4 3, and it gives the ſecond Proportional YC 4075, (to wit, 
aae ; ) again, I multiply V(4.)5 into the Square of /(4 )3, and it gives the third Propor. 
tional Y(4.)45, (to wit, aee; ) laſtly, I multiply Y (4)3 into itſelf cubicaliy, and it 
gives the fourth Proportional /(4)27, (to wit, eee : ) Then becauſe the two Parts of 
the given Diviſor are connected by +, I connect thoſe four Proportionals by + and - 
alrernately , fo there ariſes this Compound Number y(4)125=v(4)75+v(4)45= 
V(4)27, by which as a common Multiplicator I multiply as well the given Dividend 
To, as the given Diviſor V(4)5+v(4)3, and there ariſes a new Dividend 
v(4)1250000—v(4 )750000+v(4.)450000—v(4 )270006, and a New Diviſor 2; 
which are the ſame in every reſpect with thoſe found in the place before cited. 

After the ſame manner, when the Diviſor is a Binomial or a Refidual having 3 ors, 
Ec. for the Index of the common Radical Sign of the Roots, it may be reduced tod 
new Diviſor that ſhall be Rational. But it muſt be remembred, that when the Koots 
are of different kinds they muſt firſt be reduced to a common Radical Sign. 

But when the Diviſor cannot be reduced to a ſimple Rational Number by any of the 
foregoing Rules, (which are all that I have met with in Algebraical Authors) the Divi- 
dend may be ſet as a Numerator over the Diviſor as a Denominator, and the Fra&tion 
ſo conſtituted ſhall be equal to the Quotient. As for Example, if /48+y(3)3 be to be 
divided by V15+v(3/6—v3, the Quotient may be repreſented by this P ractiot, 
to wit, x = IL 


V8 +vV(3)3__ 
OE ST nd 2 


Examples of Diviſion in Compound Sur Quantities expreſt by Letters. 
| Diviſion in Compound Surd Quantities expreſt by Letters depends upon the Rules 


of ſimple Surds before delivered; as alſo upon the general Method of Diviſion in 
Seck. 9. Chap. 5. Book I. as will appear by the following Examples, ſome of which! 
ſhall afterwards enplauss . 1. 151 
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. EXPLICATION. 


In the firſt Example, firſt, ab divided by a gives the Quotient 5, by which I multi- 
ply the whole Diviſor a+ bc, and it makes ab-+by be, this ſubtracted from the gi- 


ven Dividend abe, there remains o; ſo the Quotient ſought is 5. 


In the third Example, firſt, ab divided by yab gives the Quotient Yab, by which I 


multiply the whole Diviſor Vah—v cd, and the Product is ab—vVabcd, this ſubtracted 


from the given Dividend ab—cd, there remains to be yet divided — cd Vabed; then 
I divide —cd' by cd, and it gives the Quotient +ycd, by which I multiply the 
whole Diviſor /vab—vd, and it makes —cd+v abcd, this ſubtratted from the remain- 
ing Dividend —cd-+v abcd leaves o; fo the Diviſion is finiſh'd, and the Quotient 
ſought is Vab+vcd. on et EE W 
In the ſixth and lat Example, firſt, aab divided by a gives the Quotient ab, this mul- 


tiply ing the whole Diviſor a—vV be produces aab—aby bc, which ſubtracted from the 
given Dividend leaves to be yet divided —bhe+ ty bc; then I divide += be by 


be, and it gives the Quotient —*®, by which I multiply the whole Diviſor 


a—y bc, and it produces —bbc+ bbc, bc, which ſubtracted from the remaining Di- 
vidend dhe Fe bc leaves nothing; ſo the Quotient ſought is ab —= 7 
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Seft. XII. ' Maltiplication in Univerſal Surds. 
Univerſal Roots are the Roots of Compound Numbers or Quantities: How to ey. | 
preſs Univerſal Roots, and to find out their values, has already. been ſhewn in Sec. 28. 
Chap. 1. Book 1. I ſhall therefore proceed to their Multiplication. N 8 
I. If the ſquare Root of any compound Number to be ſquared, or multiplied into 8 
itſelf, caſt away the univerſal Radical Sign V or V2), as alſo the Line that is drawn y 
over the compound Number, and the compound Number itſelf ſhall be the Square 0 
of the univerſal Root propofed.' Alſo the Cube of the Cubic Root of any compound 
Number is the compound Number itſelf, the Line drawn over it, and the univerſal 5 
Radical Sign /(3) being caſt away; and ſo of others. - U 
As for Example, the ſquare of this univerſal ſquare Roet VIZ T VAN A8 I 2+ v3; — 
2 PV „ "FRY | , | — P 
likewiſe the ſquate of V::12—v3: is 12—v3;, alſo the ſquare of V:15+v3+y2: 
is 15+/3+v2, and the ſquare of /: 15—v3—y:: is 15—7—72. _ 
After the ſame manner the Cube. of this univerſal Cubic Root V(3):vV25+v9g: is 5 
T. |. | - 
Likewiſe the Square of Vraa TV: is aa+bb, and the Cube of y/ (3) : ccc: 1 
is bbb Y ccc; alſo the ſquare of V : c f A= : is c Vc -; and ſo of others. : 
2. When an univerſal Root is to be multiplied by a Rational Quantity, or by a 6˙ 
ſimple or compound Surd, or by any univerſal Root; multiply the ſquare of the c 
Multiplicand by the ſquare of the Multiplier, when the univerſal Radical Sign is Qua- | 
dratic ; or the Cube of the one by the Cube of the other, when the univerſal Radical 1 
Sign is Cubic, &c. then before that Cubic prefix the given univerſal Radical Sign; at 
ſo ſhall this new univerſal Root be the Product ſought, „ P. 
As for Example, if it be deſired to double or multiply by 2 this univerſal ſquare Root by 
4 :10+v 40: I take the ſquare of 2 which is 4, and the ſquare of V/:10+v40: which * 
(by the foregoing firſt Rule of this Secf.) is 10+Y40; then I multiply I0+V 40 by 4, ur 
and it makes 40+4vV4o, or *_40o+v640, whoſe univerſal ſquare Root, to wit, to 
V. 40+4v40: or V:40+v640: is the Product of Y 10+v/40: multiplied by 2, V. 
or the ſaid Product may be expreſs thus 27 :10+vV4o: | in 
Likewiſe if /(3): V(3)64+v(3)27: be to be doubled or multiplied by 2, I firſt th 
multiply each of thoſe Numbers cubically, becauſe the Radical Sign of rhe given univer- Fl 
ſal Root is Y(3), and their Cubes will be /(3)64+v (3)27 and 8; which multiplied 24 
one into the other make 8Y/(3)64+8v(3)27, to which Product I prefix the univerſal ſq 
Radical Sign (3) and it gives V(3): 8Y(3)64+8y(327 : that is, V 3):32+24: or F 
V(3)56, which is the Product ſought, to wit, the double of / (3):Y(3)64+v(3)27: ed 
After the ſame manner if V(3):v (3)64+v(2)35+3: be to be multiplied by 5, ; 
or 517895. the Product will be V(3):125y(3)64+ I25Y(2)36+375: that is, 1 
(301625. = | E N | N ne AT 
Again, to multiply y :v 10+v3: by v5, their Squares are V1o+v3 and 5, which Fe 
multiplied one into another make 5V 10-+ 5y 3, (that is, /250+1/75) whoſe univer- th 
ſal ſquare Root, to wit, V-:5y10-+5V3: (or V:v250+v75:) is the Product of 
V: VIV: multiplied by v5. 5 | | Thi | WI 
_ Likewiſe, to multiply /:13+v9g: by V:5+v16: (that is, 4 by 3, where the w. 
Product is manifeſtly 12 ;) the Squares of the univerſal Roots propoſed are 1377 WI 
and 5716, which multiplied one into another make 65+5v/9+12y16+v144; | 
whoſe univerſal ſquare Root, to wit, V:65+5v9+13vV16+v 144: that is, Y 144, P 7 


or 12, is the Product ſought. | 

Again, to multiply Y:: into Y:: I multiply their Squares 2 
and r one into another, according to the laſt of the three compendious Rules 

| W/ 10. of this Chap. and there comes forth 42 — 22, that is 5, (to wit, the 


difference 


— —ů — —— — ———) —V . — > 
: 


e Arithmetic of Suh Qubtitivs. 
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* * 2 —ͤů * 


Product 15 makes 150% 1051379: (that is, 18e) the ProduQ ſought; ' 
4. Sometimes alſo the three Rules before delivered in Sed, 20. of this Chap. concern- 
ing the multiply ing of Binomials and Reſiduals will be uſeful in the Multiplieation of 
univerſal Surd Roots. As if this Binomial Root /: I2 TV: + V: I2 -s: be 
ro be ſquared or multiplied into itſelf, the Squares of the Parts are 124. 76 and 12— 
76, whoſe Sum is 24; then the Product made by the Multiplication of the Parts one 


into the other, viz. Y I2 TVS: into V:12—v6: is 138, (for the difference of 


the Squares of 12 and / is 138, whoſe ſquare Root is „13 8 ) and the double of the 
ſaid Product is 2v 138, which added to 24 (the Sum of the Squares of the Parts) makes 
24 +29 138,' Which is the Square of y :12+v6: + v :; 12—y6: Moreover, the 
ſquare Root of the ſaid 24+ 2138, to wit, Y: 2427138: is the Sum of the two 
Parts Y: I2 TV: and V ::12—v6: For when the Sum of two Numbers is multipli- 
ed into itſelf, the ſquare Root of the Product is equal to the ſame Sum. 


Likewiſe if v:10+y 36: —- : 10— 756: that is 2, be to be ſquared or multipli- 


ed into itſelf, the Product will be found 20—2v64, that is 4, and the ſquare Root of 
this 4, to wit 2, is the difference of the two Roots or Parts V. IO 36: and V:10—y 36: 
For when the difference of two Numbers is multiplied into itſelf; the ſquare Root of 
the Product is equal to the ſaid difference. 3 1 


4 * 18 Y 


Again, if 64-7 2078S: be to be multiplied into (/ 720—v/16 : the Product 


will be found 20; for (according to Rule 3. in Se&. 10. of this Chap.) if 20—y 16, 


which is the Square of /: 2z0—V 16: be ſubtracted from 36 the Square of 6, there 


will remain 16+v16, that is, 20 the Product fought. 


Likewiſe if 20+: 26—v5: be to be multiplied into y/20v 2: the 
Product will be T7. 7 | 5 


* 
* * 5 


Ss alſo if Y: 5 T: 20—v16 : be to be multiplied by z ie : (that 18 


3 by 1 5) firſt, the Squares of the univerſal Roots propoſed are 5+v 2 16: 


and 5—y 720—v16 -, theſe: multiplied one by the other, by taking the difference 
of the Squares of 5 and V. 20—y/16: give the Product 34/76, whoſe univerſal 
TR page : „ Ea . ſquare 
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al Radical Sign is Quadratic, or the Cube of the one by the Cube of the other, when the 


— OS ——-— 


| Likewiſero multiply Yr 88 F cpp. into 2, I write Ye 
for the Product. | , OS 


„ 


Again, if D be to be multiplied by a+3, the Product may be fignißeli 


by a+3 into V:aa+12: Or, after the Squares of the Quantities my nom are mul- 
tiplied one into the other, and the univerſal Radical Sign prefix d, the Product may he 
expreſs d thus, v : agaa-þ Ga- 2194+ 72a+108; 

So alſo V multiplied into Y: aa bb: produces v : aabc+ hig: and v :y be+ya: 
multiplied by vy:vba—vbc: produces Y: b—bc—yabc: that is 
v :vbbca+y aab—be—yabcs rei 53 | „ 

Again, after the manner of the preceding third Rule of this Section ay : bb—c: 
multiplied by dv : cc: 18 adbh—adcc. 85 LE, | 

And ay :b+c: into dy; b—: produces ady : Vcc: | 5 

Moreover; if this Binomial Root Y: Va VS: + v :va—ybc: be to be ſquared 
or multiplied into itſelf, firſt, the Squares of the Names or Parts of the Binomial are 
Va Ve and ya—vbc, which added together make 2a, then the double Product 
of the Parts is 27:4 bc: (for the difference of the Squares of Va and ybc is 4— be, 
whoſe univerſal ſquare Root doubled is 2y :a—bc:) which double Product added to 

2a, (to wit, the ſum of the Squares of the Parts firſt found) makes 2vVa-+2v abc: 
which is the Square or Product deſired; and if the ſquare Root of this Product be ex- 
tracted, it gives v : 20a ＋ 2v.:a—bc: which is equal to the Sum of the Parts of the 


— 


Binomial Roots firſt propoſed to be ſquaredt. 


K i — 
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Sect. XIIT. Divifion in Univerſal Surds. 
Divide the Square of the Dividend by the Square of the Diviſor, when the univer- 


univerſal Radical Sign is Cubic, &c. then prefix the given univerſal Sign to the Quo- 


tient, ſo ſhall this new Root be the Quotient ſought. 


As for Example, if it be defired to divide Y: 40+ 4/40: by 2, I divide 40+4v 40, 


which is the Square of the Dividend, by 4 the Square of the Diviſor, (according to 


Seck. II. of this Chap.) and there ariſes 10+ Vo, whoſe ſquare Root univerſal, to wit, 
Y: IO Ao: is the Quotient ſought. Bs Ot 


Again, if it be defired to divide /: 40-+4v40: by /: IOO: firſt, ; 


their Squares, to wit, 40+4v40 and Io ＋ 4s as a Dividend and Diviſor, then be- 


cauſe the Diviſor is a Compound Number, a new Dividend and Diviſor muſt be found 


out, ſuch that the new Diviſor may be a Rational Number; ſo (according to the Rule 
in the fixth branch of Sect. 11. of rhis Chap) there will be produced 240 and 60 for 


a new Dividend and Diviſor, which give the Quotient 4, whoſe ſquare Root is 2 the 


Quotient ſought, to wit, the Quotient of Y :40+4v 40: divided by y ; 10+v 40: 


Likewiſe, to divide 20 by V/: 10—vy 5: firſt, I reduce their Squares 400 and 10—v 5 | 
to a new Dividend and Diviſor, to wit, 4000+ gooyF and 95; then I divide 400 


40ov 5 by 95, and there ariſes 42:3+43y5, whoſe univerſal ſquare Root, to wit, 
V :423+=3V5: the Quotient ſought. rs roo gags oi 1 8 

Another Example (in Rational Numbers expreſsd Surd-wiſe) may be this, viz. ſuppoſe 
it be deſired to divide /: 4A 25: by Y:1+v9: (that is, by 3 and 2, which gives the 
Quotient 12 ;) firſt, I reduce 45 and 1+y9, the Squares of the given Dividend 


and 
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and Diviſor, to a new Dividend ar Diviſor tO wit, 4 23$=<4V 225 and . 
rheſe give the Quotient 2, (as has been proved ff the latter Example of the Note i 
the preceding SF. 11.) the ſquare Root whereqf, to wit Z, is the Quotient ſought; 
for if the given Diviſor Y :1+19: be multiplied by the Quotient 2, it will produce 
3, which is equal to the given Dividend 4 F777 nf (9910000 
Again, to divide Y(3): 8Y(3)64+8V(2)27: by 2, I divide the Cube of the 
one by the Cube. of the other, Cub. Je he by 8, e eee 
v/(3)64+v(2)27 , whole uniterfal Cubic Root, to wit, V(3):V64+V2)a7+ 
is the Quotient ſought, to wit, the half of the Dividend pro ite | 4 l 4 
2. If the given univerſal Roots, to wit, the Dividend and Diviſor be commenſurable, 
then (according to the fifth Rule of Sec. 5. of this Chap.) divide the Rational part of 
the Dividend by the Rational part of the Diviſor, and what ariſes is. the Quotient 
ſought. | As to divide 21v :6+v9: by 37: : I divide 21 by 3, and there ari- 
ſes 7 for the Quotient ſought. | Ps 0 1 

Likewiſe 183): ) 32: divided by 32: gives the Quotient 24. 

3. Diviſion in univerſal Surds expreſs d by Letters depends upon the Rules before 
given: as to divide V : aaaa- aabb : Ty a, 1 divide the Square of the Dividend by the 
Square of the Diviſor, viz. aaa. a bh by aa, and there afiſes aa-＋ bb, whoſe ſquare 
Root univerſal, to wit, /: aa 8 is the Quotient ſought. eee ee, 

Again 7 if it be deſired to divide * vbbca+v aab—bc—y abc : by * be+V a: 

I divide_the ſquare of the Dividend. by. the ſquare of the Diviſor, viz. Ve aab— 
bc—wabc by Vbc Va, (according to the Method in the Examples at the latter end o 
Se@. 11. of this Chap.) and there ariſes vba—vbc, whoſe univerſal ſquare Root, to wit, 

V: V- Vc: is the Quotient ſought. oo = SOM 115 1,7 el 29g 
| Moreover, to divide dy : b He: by 3av': bee: becauſe they are commenſurable, 
I divide only the Rational part by the Rational, and there ariſes - for the Quotient. 
| e 434 [1 
4. Laſtly, when the work of Diviſion in unwerſal Surds according to the foregoing 
Rules and Examples in this Section, . — to be intricate, or will not work of juf 
without a Remainder, you may ſet the Power of the Dividend (the univerſal Radical 
Sign being omitted) as a Numerator, over the Power of the Diviſor as a Denominator, 
and prefix the univerfat Radical Sign before the Line that ſeparates the Numerator from 
the Dons minator ; then ſhall the univerſal Root fo denoted fignifie the Quotient ſought. 
As if it be deſired to divide got POE by Y :/75—V2+1: the Quotient may 
— | 
Likewiſe if V: Vabh & bed: be to be divided by y: 
y L549, to fignifie the Quotient. | 
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Seck. XIV. Addition and Subtrattion in Univerſal Sad. 


I. When two univerſal Surds propoſed to he added or ſubtrafted are commenſura- 
ble, they may be added or ſubtracted like ſimple Surds, (according to the Rule in Seck. 8. 
of this Chap.) As for Example, if the Sum and Difference of y:; 8+ : and 
vV 22 +vV 3: be deſired ; becauſe each of them divided by their common Diviſor 
V:2+v3: gives V4 and v1, that is, 2 and 1, which are Rational Numbers expreſſing 
the proportion of the Surds propoſed. Therefore the Sum of 2 and 1, to wit, 3 multi- 
plied into the faid common Diviſor gives 37: 2 ̃ : for the Sum required, (which 
may alſo be expreſs'd thus, /: 18+v 243:). and the difference of the ſaid 2 and 1, to 
wit, 1 multiplied into the ſaid common Diviſor Y: 253: makes /:2+v3: for 
the difference of the two Roots firſt propoſed. „ 


Another Example in Rational Numbers expreſo d Surd-wiſe, viz, let it be required 
to find out the Sum and Difference of y :99+9V25: and /: 44+4v 25: (that is, 


12 and 8; firſt, thoſe univerſal Roots being ſeverally divided by the common * 
1 | 11 


8 Te bmeric ical Surd Quantities, BO OK II. 


—— — 7 r — —. 
N  —— * _ _ "ws: 


* D give the Quot otients V9. and 745 to Wit 3 and 2, Which are Rational 


rs expreſfing the 
e = wit 5, multiplied into_rhe common Diviſor vi: 21+v/25-: gives 


TIN Va; that is, VA. 22275 +v 15625 : (to wit 20) which is the Sum of the Roots: 
— and 3—2, that is 1, multiplied into the ſaid . 11 
that is 4, tor the Difference of the given Ro 


Here Coutractious of the work of Addition and. Subtraftion | in the Fog laſt 
awpl, „ with hs 9 like nature in Surd Eee expreſs d 9 TL ri 


; 2 . 
1 5 8771  Branple x 2. 10 0 30 475 41 * : 0 W 
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. ”- 


5 e 3 : (Se FA 
5 — *# 4.4 


174 


What is the Sum and Difference of _- * 
. "The Ola, 1 03 
I: y; 2 71 ) VIS ( v4, that is, 24... 
. II. 7: 22+v3; 2 7 2＋7 . N. VI, that i that 18, xc; Tk LY FEET 
Therefore from I. 272 737 = 7: e r Eb 0: e 
Layi2d v3; = Vin w32 oy ny nd; to 


And from II. 

The Sum, : 2vV:2+ V3 = Ve 8+ 4 v3: + . 2 75 

Tho Difference rnd hob = za — Ve 0 ; 
What is the Sum md Difference of 7 FTA and „ 5 
3 De Operation. 42081 
I. 92g . N27. ( Vo, that is, 3. . 


II. II TV25:) V: 44+4vV25: ( V4, that is, 2. | BY 
ee e 5 3: IIt+ 725: = Viggdovage I, wit | 


| And from II. — 11+V25:=vy: eee e e 
„eee Pac /25: = V:99-+9v25: + V:44+4v25: 
The Difference, 17 BIT 727 =Y; ke — . 


— — 5 l 


Som 3. 
What i is the Sum and | Difference of v/ : aaaa+aabh : and vV : a, N 557 7 


Thoſe reduced (by Sec. 6. of this Chap) give ay : aa+bb; and 25 
Therefore their Sum is - = into Y :aa+bb- 4 
And their Difference is Ob into Y: e * 


thn 


Example 4. 
What is the Sum and Difference of T y — LE and / engerer 


By dividing each of them by their 5 
common Diviſor Y 00+ 4m air + 
- there will ariſe Rational Woll 985 | ny my | 
Therese to _ Fa 135 BED 1 [1-53 0 
ereiore the Surds pro are „ 
Co 2 a.) poſ ead of 
; 1 31771688 A ö 8 


Vo. + TM - 
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| — 4 "th 4 4 
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Tha is, 1 


Proportion which the given Roots haye-one to another. There- 


* N e 2 


Nu 


Cc CH x P. Fg 8. be Arirhmecte 6 of Surd. Quantities, | 


„ “ 


Aud the Difference o of the Tg Surds ſhall be 1 OT” — V:004+4mp; | 
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2 a je? ts. 4 ns „ at 3 — a a 1 


— ä 121 1 4 4 * 1 * — — - — 
* — 4 5 © ” PORE | A * 20 * — Im mand 


Etap 5. 0 


1 5 the Sum and Difference of theſe two 6h: * Rook; * 
Via + 6aaa + 21an + 724 ＋ 1 108: | and, bs 
. aaaa + Loaaa * 37% — 120 F 300 


2 


57 e DE Tho Operation, 


The Roots are Commenſiirthle. (as has been ſhewn in the laſt Example but 
one in 425 of this Chap ) and may be expreſs'd t —__ _ NY | 


e STA EAT: and 2 710 © 12: 
Therefore their Sum, ſuppoſing 2 to be greater than 5, ſhalt be 
24 — 2 into V:aa + 12: 
And their Difference ſhall be S8&/:aa Þ 12: 


But if we ſuppoſe à to be leſs than 5, then the Sum of the ie given Surds will be 55 
8/:aa+12: and their Difference 22 © 2 f 12: that is, 200 2 into Y d, ¼f 2? 


2. When the Root of a Reſidual is to be added unto, or ſubtracted from, the Root 
of its correſpondent Binomial, thoſe Roots may be connected together by '+ or — ; 


and then the whole being mulriplied i into itſelf, the univerſal Root of the Produdt ſhall 


be the Sum or Difference of the Roots given to be added or ſubtracted, as before has 


been ſhewn in Rule 4. Sec. 12. of this Chap. 


As if theſe two Roots be propoſed to be added, to wit. 7 I2+v6: and V :12—y6: 
we may multiply this compoſed Number y : 121 75: + V 12: into itſelf, 


and there will be produced 24+2v138, whoſe univerſal ſquare Root, to wit, 
/:24+2v138: ſhall be the Sum of the two Roots propoſed to be added. 

Iskewiſe if v:124+vV6: — Is: be multiplied into itſelf, the Product 
will be 24—2v138, whoſe univerſal ſquare Root, to wit, /: 24—2) 138: is the 
Difference of the two Roots propoſed. 


After the ſame manner the Sum of theſe two Roots, 9: e ad e | 


will be found : 20-+2V64: (that is, /36, to wit 6;) but their Ditterence 

v/: 20—2vV 64: (that is V4, to wit 2.) 
Likewiſe the Sum of theſe Binomial Roots Y: VV: and MY: de: will be 

found /: 2 ＋ 27: 2— bc; and their Difference 7: 2Va— — a—bc: 

3. Bur if the univerſal Roots propoſed be not Commenſurable, nor ſuch Binomials 

and Reſiduals as are mentioned in the laſt preceding Rule, then. they are to be added 

by +, and ſubtracted by —. _ 

As if V5Fv2: and 77 be to be added, [ write VF T2 + z: 

for the Sum, and to ſubtract 7:5 7: from ** 5+vV2: I write ” 2: — 


VF. for the Remainder. __ 
Likewiſe the Sum of v:aa-+bb: and Ya cc: is Naa CUB: ** V:aa—c: and 


their Difference is Y. 4a bb. — Vaa—cc- 


— 2 1 - 


oY 


* 
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dect. XV. Concering the Conftitu tion and Invention of fix Binomials in . 
agreeable to thaſe e in Prop. 49, 30, Fr, 5, 33, 84. Elem. 10. 
Eucl. 


By wa y of preparation to the Conſtruction of the fix Binomials in |; Number I ſhall 


| premiſe this 
QUESTION. 


To find two fare N . whoſe Difference nt be _ to a given Rational 


Number? 
1, 10 4 MON 
Take 7 any two Numbers which multiplied one by the other will produce the given 


Num- 


3 


o 
* 


„„ * 
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Conſtruction of Binomials. BOOK II. 


Number; then half the Sum of thoſe two Numbers and half their difference ſhall 
be the Sides or Roots of the two Squares fought. e 9+" 2 0h 
As if 5 be given for the difference of two Squares ſought, I take 5 and 1; for 
the Product of their Multiplication is 5; then the half of their Sum is 3; and the 
half of their difference is 2; laſtly, the Squares of the ſaid 3 and 2 are 9 and 4, the 
Squares fought ; for their difference is 5, as was preſcribed. | . 
Again, the ſame Number 5 being given for the difference of two Squares, take a 
Number at pleaſure, as 2, by this divide the given Number 5, the Quotient is 2, theres 
fore the Product of the Multiplication of the Diviſor a by the Quotient ? is 5; then 
according to the Canon, half the ſum and half the difference of the ſaid 2 and 2, to 
wit, 2 and , ſhall be the Sides of the Squares ſought; and conſequently the ſquares 
themſelves are 4; and +, whoſe difference is 5, as was deſired. a | 


After the ſame manner innumerable pairs of ſquares may be found out in Rational 


Numbers, and the difference of each pair fhall be equal. to one and the ſame given Number. 


The Reaſon of the Canon may be made manifeſt by this 


* 
. 


5 


* 


Theorem. 


| dries © ET Td . 

The Product made by the Multiplication of any two unequal. Numbers is equal to 
the difference of two ſquares, to wit, of the ſquare of half the ſum; and the ſquare 
of half the difference of the ſame two unequal Numbers. 1 655 

As if c be the greater, and 5 the leſſer of two Numbers, then 

The Square of c is . c- ech Abb, 

The Square of 20 — b is. « i4cc—2cb+2bb, 

The difference of thoſe two Squares is ch 1 
Which difference is manifeſtly the Product of the Multiplication of the two propo- 
ſed Numbers c and 5; wherefore the Theorem, and conſequently the Canon firſt given, 


De Definition of Binomial I. 


is maniteſt. 

When the greater Name (or Part) of a Binomial is a Rational Number, andvthe 
leſſer part is a Surd ſquare Root of ſome Rational Number, the ſquare Root of the 
difference of the Squares of the parts is a Rational Number, the ſum of the two parts 
s called a firſt Binomial, e 11 


1 
* 


 Explication. 1 85 
Let this Binomial be propoſed, . 1 3 + 5 


The Squares of the Names or Parts are 75 
The difference of thoſe. Squares is { « , « . 4. 
The ſquare Root of that difference jj 48 #10 | 
Becauſe the greater part 3 is a Rational Number, and the leſſer part 5 is a Surd 
ſquare Root of a Rational Number 5, and the difference of the, Squares of the Parts, 
viz. 4, is a Square whoſe Root 2 is a Rational Number; theBinomial propoſed, to 
wit, 3+v5, is called a firſt Binomial. 5 5 


HBr to find out two ſuch Numbers as may conſtitute a feſt Randt. 5 
1. By the Canon of the preceding Queſtion at the beginning of "ref | 


15 Sec. find out two ſquare Numbers, whoſe difterence may be 
ſome Rational Number not a Square, ſuch are theſe Squares, 
, t 
3. Take ſome Rational Number at pleaſure for the greater part of 5 

U— ; £5. oo 3 65 + | 
4. Then ſay, By the Rule of Three if 9 the greater of the two ſquares 7 

found out in the firſt ſtep, give 5 the difference in the ſecond, what { | 

ſhall 36 the ſquare of the Number taken in the third give? whence > V20 _ 
the fourth Proportional will be found 20, the ſquare Root where \ 

/ % %%%/«Ü%¼v ; #5 ou 
5. I fay, The ſum of the two Numbers found out in the third 


and fourth ſteps, is a firſt Binomial, to wit - t... 4 $41.2 The 


- 


9 1 = 5" Fs. —— 
— 

/ | : 

W * 1 

( HA P. 9. 

4 youu 

* 1 + ?F 


Ie Difmition of Binomial Il. OY 


Wen the leſſer part of a Binomial is 4 Rational Nunther, het the ier Nl is 
2 Surd ſquare Root of a Rational Number, a eg ſquare Root of the ifference of 
the Squares of the Parts is Commenſuradle to the Seiter kurs the Surg: of the Io 


: Tarts is a wy Binomial. | wy 

; 5 Err „„ 

! Let this "Binomial be propoſed oo 58 " $4 V18+4 

E " The Diffcrence of 1 choſe 0 is „„ RL 
I The ſquare Root of the Difference is. 1 


Becauſe the leſſer Part 4 iS a Rational Number, and the greater Part 18 is ; the 
Surd ſquare Root of a Rational Number 18, and the ſquate Root of the Difference of 
the Squares of the Parts, viz. v2, is Commenſurable to the gteater Part V 18 (for ac- 
cording to the Definition i in Se 7. | of this Chap:y2 ,v18 ::1 ; 3, thatis, asa Rational 
Number to a Rational Number) the Pepe! Number V1 B+4 is a ſecond Binomial. 


0 
e 2 to find « out two: ſuch Numbers as may | conflitute a ſecond Binomial. 
1. By the foregoing Canon find out two ſquare Numbers, .whoſe 3 
Difference may be ſome Rational Number not a Square; et Got: 
are theſe Squares _ 
2. Their Difference is. 
0- 2: Take ſome Rational Number at pleaſare for the leder Part of 
n, the Binomial ſought, as A 
4- Then ſay, If 5 the Difference i in the third ſtep gives 9 the 
greater of the two Squares in the firſt; what ſhall 100 the bs $i 
— uare of the Number taken in the third: give? Whence you ( -. (SSD. 
5 will find 180, whoſe ſquare Root ſhall be the greater part, viz 


5. I ſay, The Sum of the two Numbers found out in the hr. 
and fourth ſteps is SA ſecond Binomial, O7E,,... + > +: V1 804 10 


| The Definition pr, Binomial III. 


When each of the two parts of a Binomial is a Surd Squate of a Rational Maniber, 
and the ſquare Root of the Difference of the Squares of the Parts is Commeaiutable 
to the greater Part, the Sum of the two Parts is called a third n 1 * 


| Box 5.27 Eaplication. +4 & 197% in 
Let this Binomial be propoſed oy. O98 85 £ 30 %% 


The Squares of the Parts ate 3455 


The Difference of thoſe Squares is: ß8 
The ſquare Root of that Difference is. 18 
Becauſe the two Parts 50 and /3 2 are Surd ſquare Roots of two Rational Num- 
bers 50 and 32, and the ſquare Root of the Difference of $17, 16058 of the Parts, viz. 
718, is Commenſurable to the greater Part 50; (for 18 3. 5, that is, as 
A Rarional * to a Rational Number) the propoſed Number id 50 226k 
ird Binomial. © 


| How to find out two we Naber as may confliute, a third 3 


1. Find out two ſquare Numbets whoſe Difference may be ſome 8 0 
Rational Number not a n * ate theſe Squares "3 

2. Their Difference is „ 

3. Take ſome Rational Number not a Square, which may exceed 
the faid Differences 5 by an Unit or two, viz. by 1, when the hs 
aid Difference increaſed with 1 makes not 4 84 1 but by 2,% 1 
when the Difference increaſed with 1 makes a Square: So in FM 
this 1 take 6, becauſe 5+1 1 not 9258 „F f 

1b. Again, e fore Rational Number 10 —_ i 13 15 15 


rd 


e An 


/ ¾ . A m 
6. Then fay, If 6 the Number taken in the third ſtep gives the) 
greater of the two ſquares in the firſt, what ſhall 144 the ſquare (/ p 
| ra in the fifth give? whence the fourth Proportional is 721 
216, whoſe ſquare Root, to wit Y2 16, ſhall be the greater part) 
7. Say again, If the ſaid Square 9 gives 5 the Difference in the Y 
ſecond ſtep, what ſhall 216 the fourth Proportional found Rey 
out in the fixth give? Whence you will find 120, whoſe ſquare ( £22 
Root, to wit 120, ſhall be the leſſer patt , ., . . 
8. I ſay, the ſum of the two Numbers found out in the ſixth. 7 
and ſeventh ſteps is a third Binomial , to wit, , . . 'Þ 216TvV 120 


The. Definition of Binomial IV. 


When the greater part of a Binomial is a Rational Number, and the leſſer part is 


2 Surd ſquare Root of a Rational Number, and the ſquare Root of the Difference 
of the ſquares of the parts 1s Incommenſurable to the greater part, the Sum of the 
two parts is called a fourth Binomial. Eg = 


1 0% | 
Let this Binomial be propoſed l . 5+v12 
ben re 475 OE, 


The Difference of thoſe Squares is. 13 

The ſquare Root of that Difference is . . . 3 

. Becauſe the greater part 5 is a Rational Number, and the leſſer part V 12 is a Surd 

ſquare Root of a Rational Number 12, and the ſquare Root of the Difference of the 

ſquares of the Parts, viz. /13, is Incommenſurable to the greater part 5 ; (for v1; 

has not ſuch proportion to 5 as a Rational Number to a Rational Number) the 
Number 5+v 12 above propoſed is a fourth Binomial. © | | 


How to find out two ſuch Numbers as may conflituts a fourth Binomial. 
r PNuakr, V/ % » 
2. Divide that ſquare Number 9 into two Numbers not ſquares, 

[ | 6 and 3 
3. Take a Rational Number at pleaſure for the greater part of 6 

RS ⁰⁰ . q £5545 © 
4. Then fay, If 9 the ſquare Number in the firſt ſtep give 6 

the greater of the two Numbers in the ſecond, what ſhall 36 / 

the ſquare of the Number taken in the third give? So the > 24 

fourth Proportional will be found 24, whoſe ſquare Root, 

to wit 24, ſhall be the leſſer part. 
5. I ſay, The Sum of the two Numbers found out in the third 5 64v 

and fourth ſteps is a fourth Binomial, vi. 5 TV 24 

L The Definition of Binomial V. 1 

When the leſſer part of a Binomial is a Rational Number, and the greater part is 
a Surd ſquare Root of ſome Rational Number, and the ſquare Root of the Difference 


of the ſquares of the Parts is Incommenſurable to the greater part, the Sum of the 
two Parts is called a fifth Binomial. | | 


| r Explication. 5 8 
Let this Binomial be propoſed . , . 9% ＋2 
e of the Parts ae | 

The Difference of thoſe ſquares ii . . 2 

I The ſquare Root of the Difference is . v2. 

Becauſe the leſſer part 2 is a Rational Number, and the greater part 7/6 is a Surd 
ſquare Root of a Rational Number 6, and the ſquare Root of the Difference of the 
ſquares of the parts, viz. Y2, is Incommenſurable to the greater part 6 ; (fot V2- 
6 :: 1 . V3, not as a Rational Number to a Rational Number) the propoſed Num- 
der 6 2 is a fifth Binomial, EE | e 


Coꝛnſtruction of Binomials, BOOK ll. 


ce 


ce 


— — 


CHA P. E The Arithmetic of. Surd Quantities. 


How to find out two ſuch Numbers as ma 9 conflitute a fifth Binomiol. 


1. Take any ſquare Number, ass FT 

2. Divide that ſquare Number 9 into two "Numbers not ſquares, 48 into 6 and 3 
Take a Rational Number at n for the leſſer patt of the Bi-) 
nomial ſought, as 

4. Then ſay, If 6 the ter of the two Numbers i in the ſecond fiep 
gives 9 the ſquare Number in the firſt ; what ſhall 4 the ſquare . | 
the Rational Number taken in the third give? Whence you will find % / 
the fourth Proportional 6, whoſe ſquare Root, to wit V6, ſhall be 


the greater part ſought, . . | 
5. I fay, The ſum of the two Numbers found out in a the third nd and 13 


fourth ſteps i is 2 fifth Binomial, viz. 


The Defmition of Bin 2 VI. 


When each of the two pany of a Binomial is a Surd 355 Root of ſome Latent 
Number, and the ſquare Root of the Difference of the Squares of the Parts is Incom- 


— 


1 to the greater part, the Sum of the two parts is called a _ Binomial. 


Eoplication. . 
Let this Binomial be propoſed . — "OY * 
| : | 


The Squares of rhe ss ER 4 


The difference of the Squares of the Fares 22 
|. The ſquare Root of that difference is v2 \ 
Becauſe the two Parts 5 and V3 are Surd ſquare Roots of two Rationa Numbers 
and 3, and the ſquare Root of the Difference of the Squares of the Parts, viz. v2, 
is Incommenſurable to the greater 5 v5; (for /a has not ſuch a proportion toy; 
as 4 Rational Number t to a ation 


is a fixth Binomial. 


+ n Aa ee | 
1 Take two 118 5 Numbers that their Sum 1 0 not 1 * 7 and 5 


8 uare a8 er „ wo 6626 6 64 01 3 uy 4 
2. Their Sum is bo” be r 5! . 23235 0 
3. Take al niere Number, as ALES 17 gf 
4, Take again ſomè Rational Number at pleaſure a. bom 4's 3166 8 
6 The ſquare thereof is FFF. 


6. Then lay, If 9 the are Nanuber taken in the third ft „ gives 5 << 
12 the ſum of che tyro prime Numbers in the firft, what thall 36 va 8 
the ſquare in the ffth ſtep give? Whence you will find 48; whoſe 
ſquare Root, to wit, 748, hall be the greater part. 1 0: 82 
7. Say again, If 12 the ſum of the two prime Numbets in the "firſt 
| ſtep, gives 7 the greater of thoſe prime Numbers, what ſhall 48 the 28. | 
fourth Proportional found out in the fixth ſtep give? Whence you | 
will find 28, whoſe ſquare Root, vix. v 28, ſhall be the leſſer part, 


I fay, the ſum of the two Numbers found out in the fixth and ſe- 4. 5 oY 2 


venth ſteps is a ſixth Binomial, ... 
If of every one of thoſe ſix Binomials the lelter rt be ſubtracted from the greater 


by interpoſing the Sign —, the fix Remainders anſwer to the fix Lines which Tacke 


in Prop. 86 87,86,69,90,97- of his Elem. 10 n . or Radu Liuet; as, 


El 24 8 1 v5] 
ue ff , POO . 
| 33 50 B + into — 50 — 32: 
Ont of Binomial 4 I Fs rn made. del TV. 5—vI2z N | 
9953 VI 57 wa 7 5 3 


The 8 Conſtue bs of the ſaid fin Binomial are demonſtrated i in Prep. 49, 
eri. of 10 Elem. Euclid. | 


Hk 5 „ Now 


243 


Es the Ne 75 * 3 above * | 


— 


PIE * FOI nnn ee. 


Now if any Binomial or Reſidual be given, we may eaſily find out another of the 
ſame kind in this manner, viz. For the firſt and fourth Binomials, if'it be made as the 
reater Name or Part to the leſſer, ſo any Rational Number aſſumed for the greater 
art of a new firſt or fourth Binomial, to a fourth Proportional Number, this Num. 
ber ſhall be the leſſer Part of the new firſt or fourth Binomial. But for the ſecond and 
fifth, if it be made as the leſſer part to the greater, ſo any Rational Number taken for 
the leſſer part of a new ſecond or fifth Binomial to a fourth Proportional, the Numher 


ſo produced ſhall be the greater part of the new ſecond or fifth Binomial, And laſtly, 


for the third and fixth Binomials, if it be made as the greater Part to the leſſer, (each 


of which is a Surd ſquare Root) ſo any Surd ſquare Root aſſumed for the greater Part 
of a new third or fixth Binomial, to a fourth Proportional, there will come forth the 


leſſer part of a new third or fixth Binomial. (The reaſon of this Operation is mani. 


feſt per Prop. 15. Elem. 10. Eucl.) And after a new Binomial is found out, its corre. 


ſpondent Refidual isalſo made by changing the Sign + into —, as before has been ſaid, 
As for Example, if a firſt Binomial 3-+y5 be propoſed, to find another like to 
it ; I take a Rational Number at pleaſure, as 8, for the greater Part of the Binomial 
ſought, then by the Rule of Three as 3 is to V5, ſo 810 a fourth Proportional, to wit 
l, for the leſſer Part ſought, therefore 841/25 ſhall be a new firſt Binomial 
and 8—422 a new firſt Reſidual; and fo of the reſt. f 


_—_— 


— * 


Sect. XVI. Concerning the Extraftion of the ſquare Root out of Binomials nnd Re. 
fiduals conſtituted in ſuch manner as has been ſhewn in the preceding Sect. 15. 


Every one of the Binomials and Reſiduals, whoſe Conſtruction has been ſhewn in 


the preceding Sect. 15. has a ſquare Root, that is, ſuch a Binomial or Reſidual that 


if it be multiplied into itſelf will produce the given Binomial or Reſidual, as may be 
evidently collected out of Prop. 55, 56, 55 58, 59, and 60, alſo out of Prop. 92, 
93, 94, 95, $6, and 97. of the tenth Book of Euclid's Elements e. 
As for Example, a Binomial of the firſt kind, ſuppoſe 7+v 48, has a ſquare Root, 
to wit 2/3, for this being ſquared (or multiplied into itſelf) We that Bino- 
mial 5 +48, whoſe greater _ is compoſed of 4 and 3, the Squares of the Parts 
of the Root 24 V.; and the leſſer part 48 is the double of the Product made by 
the Multiplication of 2.into 3, the Parts of the Root 2+4/3 : all which is evident 
by the Multiplication of 24 Yz into itſelf. The like effect will be found in every one 


of the reſt of the Binomials conſtituted. in the preceding Seck. 15. Therefore if à Bl. 


nomial be propoſed, and its ſquare Root deſired, there is given the Sum of the Squares 
of the Parts of the Root, (which Sum is the greater Part of the Binomial propoſe) 
and the double of che Product of the Parts of the Root (which double Produc is the 
leſſer Part of the Binomial propoſed) to find out the two Parts of the Root ſeverally. 
And therefore in order to the Extraction of the ſquare Root of a Binomial, it will be 


requiſite to ſearch out a Canon for the ſolving of this following 


oh 333 Pa 

The Sum (b) of the Squares of two Numbers being given, as alſo (c) the double 

Product of the Multiplication of the ſame two Numbers, to find the Numbers ſeverally. 
1. For one of the two Numbers ſought put LES 


93 


| * 8 VVV 
2. Then foraſtnuch as the double of the Product of their Mul- CD ec 7 
tiplication is given c, therefore the Product itſelf is 5 2 
3. Which. Product divided by the firſt Number à gives the e 
other Number ol „ . 8 . s 1 15 = a 8 2 | 
4. Therefore the Square of the firſt-Number is beichgalt as 0 
5. And the Square of the other Number is + RON = 


Q 


2 Therefore the Sum of the ſquares of the two Numbers is + a- <= 2064 


F 


TY 
F 
. 


"= " Conftrution of Binomials. BOO K II. g 
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UU þD We 
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"CY EP. a of r 


ich 


That is in words, 


* * 


— 


CHAP. 9. : Extraction of 0 out of Binomials. 2245 


a Which ſum muſt be equal to ô the given ſum of 3 
7· unge hence this Equation K „„ 2 * a＋ — =b 

5 , | F 4.aa 
8. From this Equation aſter due Reduction, there will ariſe . baa —aaaa cc 


And from the laſt Equation (per Canon in Sec. 10. Chap. 15. Book 1. © 
" ariſe this following Canon, to find out the two Numb ers bug bt 1 Bev there will . 


| CANOMN rx, 
Vi bAV cc:: = the greater Number. 
DV- 3bb—c.: = the leſſer Number. 


That is in words, 


From a quarter of the ſquare of the given ſam of the ſquares, ſubtract a quarter of 
the ſquare of the double Produtt given, then add and n. ſquare og of hat 


' Remainder to and from half the given ſum of the Squares, ſo ſhall the ſquare Roots of 


the Sum and Remainder of that Addition and Subtraction be the two Numbers ſought. 


| D- | | | ” 
10. Moreover, becauſe — - II; 
. Therefore 5 SIDES, VI — — 5 
12. Likewiſe, becauſe 2 * be: 
13. He. : „ e = 


14. Therefore from the eleventh and thirteenth ſteps another Canon ariſes to ſolve 
the Queſtion, viz | 
| 4 CANOM 2. 


| | . the greater Number. 2 7 


5 
— — 
3 


==" the leſſer Number. 


From the Square of the given Sum of the Squares ſubtradt the 8 are of the dou- 


ble Product given, then add and ſubtract the {quare Root of the Remainder to and 
from the given Sum of the Squares; ſo ſhall the ſquare Root of half the Sum and 


Remainder of that Addition and Subtraction be the two Numbers ſought, ; 
By the help of either of thoſe Canons we may extract the ſquare Root of a Bino- 
mial or Refidual, but I ſhall uſe the latter only, whence ariſes —& | 
A general Rule for the E traction of the Square Root ont of Binomials and Refiduals. 


From the Square of a'greater part of a given Binomial or Refidual ſubtract the Square 
of the leſſer, then add the ſquare Root of the Remainder to the greater part, and ſub- 


tract ir alſo from the ſame ; laſtly, connect the ſquare Roots of the half of that Sum 


and Remainder by the Sign + if a Binomial be 1 but by — if a Reſidual - 
ſo you have the deſired ſquare Root of the given Binomlal or Reſidual. 
The PraQtice of this Rule will be ſhewn at large in the following Examples. 


7 es —- 
Let it be required to extract the ſquare Root out of this firſt Binomial 27 9. 
: 8 125 . The Operation. . | $7 T5465 


1. From the Square of the greater part 27, biz. from 729 
2. Subtract the Square of the leſſer part 704, to wit. 704 


- + 3+, The Remainderis +, ft I SO 
4. The ſquare Root of that Remainder is. 2 
FEET 


— —_ — 


n . 


7. To which ſquare Root add the greater „ 5 1 1 


Root found out is. 


. The kalf of thar fa FT 5 
half of that ſum is 
8. 7 The ſquare Root of the ſaid half sam is the greater pare of WF | 
Root ſought, to wit, b Fa 
Then from the greater part of the given Binomial, viz. from . ©. 
10. Subtract the ſquare Root before tound in the fourth 2 to wit, gf 
11. The Remainder is TS. oe ta SOT 
4 The half of which Remainder is at 
The ſquare Root of the ſaid half Remainder is * Eier bert of x vii 
9 Root ſought, to wit, 
14 I fay, the two Names or Parts in the eighth and thirteenth fps}, "OE | 
being connected by + ſhall be the ſquare Root ſought. to wit 4 


Bur if — inſtead 4 I be prefix d to the leſſer part of the ſaid Root, it will give 


4—vV 11, which is the Kee Root of the firſt Reſidual or A otome 2 — 704. 

The former of thoſe two Roots anſivers to the Irrational Line called (in Prop. 37. 
& 55. lib. 10. Elem. Eucl.) a Binomial Line, and the latter anſivers to the Irrational 
Line called (in Prop. 74. C92.) an Apotome Or Refidual Line. 


The Proof of the Root above extrafed ont of the firſt Binomial is (made h bee the 


Root into itſelf thus : 


The Sum of the Squares of of the Parts of e 11, the _ 6 +1 1, that in 27 
n of the ſame parts s mulciplied one in into 5 417, ths : A 76 
The double of the fiid Frodua * N Fe " 
The Sum of rhe {aid Sum of the _ Q Parts 
and the double Product is s -. eee, 
Whence it is manifeſt that 27+v/ 704 is the Square of 4+v 11,therefore this is the 
true ſquare Root of that firſt Binomial ; which was to be proved. Moreover, if the 
faid double Product be ſubtracted from the ſaid Sum of the Squares of the Parts, the 


| Remainder 279—v 704 is the __ of 4—v 113 En: this! iS ROT Root of 


that firſt Reſidual. : : al 
Example 2 "FL 


Let it be required to extract the . 0 Root of this ſecond Binomial | . V232-+ be 


eration. | 
1. From the Square of the greater part b: 137, viz. from . 


- 
a 
WV 


* 


2. Subtract the Square of the leſſer part 6, ro wit. 36 
3. The Remainder is VVV ST wos. oe. 
4. The ſquare Root of that Remainder i EE x». Vo. 

4 To which ſquare Root add the n part, (by the 1 
Rule in Seck. 8. of this Chap.) e 1 „ 
6. The Sum is . „ 9 
2 2 of hich Sum zan dan k „ 

e {quare Root of that half Sum che eater art SR | 
$ of the Root ſought, to wit, . . g p 55 eee 
9. Again, from the 4 part of the given Binomial, viz, e 
om - j 3 | 
Io. Subtrac the i Vare Root before found in the born . 

ſtep, (by the ſaid Rule in Secf. 8 ) —  « Sond. ae 
T1. The Remainder is „ „ 7 
12. The half of which Remainder i 8 2 


13. The ſquare Root of the: ſaid half Remainder is * Vat 49 of 


leſſer part of the Root ſought. to wit, . 
14. I ſay, the two parts in the eighth and thirteenth ſte PS; 
. connected by the Sign + ſhall be the Root 6 van 2-+v (% 
ought, to wit, . 
And if — inſtead of 8 be prefix d to the eller part of * ſaid Root, it will give 
* * 2 7, which is che quare Root of the ſecond Refidual L226, * 


Exrrattion of Va) out of Binomials BO 0 K I. 


8/1, that is, 7176. 


Ok} ma A ins avs. 


2 


T . A P. . . radar ＋ VG) 0 out of Binomial. "TJ 247 
| The former mar; of thoſe two Roots avſivers 10 0 the Irrational Line called (in Prop. 38. 
e 56. lib. 10. Elem. Eucl.) a firſt Bimedial, and the latter anſivers to the Irrational, - 
Line led (in Prop. 75. & 93.) a firſt Medial RO, 5.1 et 5 


The Proof of the Root above extraied out of the ſecond Binomial. 


| The Squares of the parts of Var 2+v 95 the Root 57 1 
found ch Saus 1 ; - * ; 4 12 and 27 
Which Squares a together as in xamf e 6. e 8. 
of this Os. — 1 makes mw Sum Tall „ 7, that is, 2. 
The Product of the parts, vix. ¹⅝ into Ja; is V(4)8r, that iS. 2. 
The double of the ſaid: ProduQ-is- .- . 6 A 9 3. 
Therefore the Sum of the Sum of the Squares of the * 7 
parts and the ſaid double Product is 4 | 
Whence it is manifeſt that /s is the Square of V(4)1 2+v (4)22, therefore | 
this is the true ſquare Root of that ſecond Binomial, which was to he proved. More- 
over, if the ſaid double Product be ſubtracted from the ſaid Sum of the Squares of tze 
Parts, the Remainder /=+i.—6 is the ow of * (12 05 - therefore this is ; 
the ſquare Root of that ſecond Reſidual. en | 


| | Example 3. i | | ; 
Let it be required : to extract the ſquare Root of this third Binomial. vat 245 * 80 
The Operation. * 40 4 
1. From Pl Square of the greater part Y, viz. ih 3 Ig 245 
2. Subtract the ſquare of the leſſer part, to wit, do 
3 The Remainder is 8 th oi l 
The ſquare Root of that Remainlef is „ EQ RE 21 75 10 £55; 
5. To which ſquareRoot add mM A __ enen 
. The Sum is 88 e eee 
a 4 The half of which Sum is. r LY 
8. The ſquare Root of that half Sum is ; the greater part fees" 
of the Root ſought, to wit, SOLES en ( | 
9. 3 from the greater part of the given Binomial, vix. 5; Le 2 
5 . 
Io. Subtract the ſquare Root before found in the Sund Ts 
MEM. EEE * 
11. The Remainder sz 60 
12. The half of which Remainder i 1 „ 


13. The ſquare Root of the ſaid half Remainder is the 3 ve )x 
leſſer part of the Root ſought, to wit, ; y 9. 
14. Iſay, the two parts in the eighth and "thirteenth ſteps 
being connected by -+ ſhall be the ne Root ſought, ES. 074 (4)1 5 
ro wit, . 2 | 
And if — inftead of + be prefix d to the leſſer part of the ſaid Root, it gives V(4) 
22 —y(4)15, which is the ſquare Root of the third Refidual V+ . 
The former of thoſe two Roots anſtwers to the Irrational Line called (in Prop. 39. 
& 57. bb. 10. Elem. Eucl,) a ſecond Bimedial, and the latter anſwers to the Irrational 


Line called (in Prop. 76. & 94.) a ſecond Medial Refidual. 


The Proof of the Root above extracted out of the third Binomial. 


The Squares of the Parts of e 9 5, hs 5 
Roots Ko Out; are Mrs and VI5 
Which Squares added together make V, that is, Y 
The Product of the parts, viz. V(4)*+ into / (. 4) 5 is v (40400, tar is, 720 
28 _ 8 ws Produtt is * San of ts v80 
herefore the Sum of the Sum of the uares o t YO 
parts and the ſaid double Product is G ett ** 


Whence it is manifeſt, that Y A 80 is the Sie of „ ()22+v/(4)15 3 


therefore this is the ſquare Root of that third Binomial: which was to be * 


— 6. FA * Ig POT 
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233 „ — — — —— r 3 — —— —_———i — — 


Moreover; if the ſaid double Product be ſubtracted from the Maid Gum of heSquare, 


of the Parts, the Remainder 0 is the e of WE ee 1 ; therek 
this is the ſquare R Root of that third Reſidual. > 55 ore 


| 2 8 Example *. DOA ee eee 1 
"Lai it be quired to extract 25 ſquare Root of this fourth Binomial | 74 720. 
5 © The Operation. 29255 XP 15 555 5 | ix | 
1. From the Square of the . 7, vir. from * N 
2. Subtract the Square of the eſter, par a 20, to wit, 9050 
3. The Remainder is i 1 8 8 . 


4. The ſquare Root of that Remainder i s i e : Yagi 25 
5. To which ſquare Root add the greater part oi 0008] 0h 
6. The Sum is DO $76 is „ d is 747527 


| 7. The half of which is ip, of FF 1+/22 
P & The ſquare Root of that half N is the greater part 77 
13 oot ſought, to wit, N * Fe D 
9. 3 from the greater part of the given Binomial, vid 
8 1 
10. 1 the ſquare Root before found i in the fourch my 3 
its to wit, j) rpg id os, af 16 co ie „ 
11. The Remainder 6 27700 
12. The half of which Remainder is — *.. 
13. The ſquare Root of the ſaid half Remainder is ie —— 
part of the Root ſought, to wit, N „ 
N 14. I Bay, the e in — cjghth and thircoench 10 ee + 
| (the former of which 15.4 wy and the latter a Reſi- 2 
+ 8 dual) being connected by + ſhall be the ſquare Root VEE 1 + 2 8 
ſought, to. wit, „ „ 1 11 
Which Root anſivers to the raional Line called Gn Boop 70 25 58. 15. 20. Elem 
Eucl.) a Major. Line. 100% 917 


And if the leſſer Name of the aid Root be bande from the. greater, by inter- 
poſing the Sign —, it gives Y Vr: — *. . which is the Root of the 
fourth Reſidual Ty 2d, and anſwers to che Irrational Line 7 Lap Be T7: & 95. 
lib. 10. Elem. Eucl.) a Minor Line. 73 bir bin 


The Proof of the Root above extracted out . the Part Zin nil. 1 


| The Squares 'of the Parts of the Root found out are 
5 Therefore the Sum of the Squares of the Parts is 
: The Product of the Parts will be found - (ty mw 2. 952 po 7 
12. of this Chap.) 4 5 
The double of the ſaid Product 9 - - t 
Therefore the Sum of the ſaid Sum of the Squares of 55 +V20 
the Parts and the ſaid double Product is > 7 


4 
hol. a n 


nt 7 


Whence it is manifeſt that 7+v 20 is hs © Squar of TD E + v7 - 5 
therefore this is the ſquare Root of that fourth Binomial; which was to be proved. 2 
Moreover, if the ſaid double Product he ſubtracted from the ſaid Sum of the Squares g 
of the Parts, the Remainder s is the Square of / FFT FLY: l 
therefore this ig the mae Root of that fourth Reſidual oy” 20, 5. „„ 8 

Etample 7. 7 
Let it be ede, extract the ſquare Root out of cs ft Binomial 2 1 
. Operation. e ie 3 1 TEL 1 
1. From 1 3 of the greater part Y 20, viz. from . 200 * 1 
2. Subtract the Square of the leſſer part + to "__ Ge 2 0. - 
3. The Remainder is . . RT En aaa” wakes | | 1 


2 ed uare Root of that Remainder i 3 VVV 2 
which ſquare Root add the greater part i f ig 


3 


. 


7 10. Subtract the ſquare Root before found in the 


14. I fay, The two Parts in the eighth and tl thirteenth 


WI +; 7 PE. 
3 


0 H A 2 9. : Extraftion of 10 2) out of Binomials. 


5 The Sum is 3 oe: ne Vieta 
: The half of that Sum is 33 5+1 
8. The ſquare Root of the ſaid half Sam is thay area. i [ok 7 752 
ter part of the Root ſought, to wit, 5Þ+1: 
9. Again, from the greater part of the given Binomial, 7 
viz, from 20 


ep, to Witt,... . 
11. The Remainder is * 202 
12. The half of which Remainder is 5—1 
13. The ſquare Root of the ſaid half Remainder i is the v 8 


leſſer part of the Root ſought, to wit, 


ſteps, (the former of which Parts is a Binomial, and (.. . 
ns. latter a Keſidual) being connected by + ſhall V5 TI: + VV I: 
be the ſquare Root ſought, to wit, 


Which Root anſwers to the Irrational Line called (in Prop. 4 41. & 59. bb, 10. Elem: 


Eucl.) a Line containing in Power a Rational and a Medial Rectangle. And if the leſſer 
Name of the ſaid Root be ſubtracted from the greater, by the interpoſition of the Sign 
—, it gives V:V5+1:— vV:vV5—1: which is the ſquare Root of the fifth Reſi- 


dual 204, and anſwers to the Irrational Line which (in Prop. 78. & 96. bb. 70.) 


is called a Line making with a Rational Space the whole Space Medial. 


The Proof of the Root above Extracted out of the Hftb Binomial. 


The ſquares of the Parts of TV TI +v 24 5—1- 
(the Root found out) are 13 V5+1 and 2 Ws | 
Therefore the Sum of the ſaid Squares of the Parts is . 5+vs, that is, V20 

The Product of the Parts multiplied one into vg 5 that is, 2 


other (according to Rule 2. Sec 12. of this We is 


20 8 Re the — e d 80 3 FS i 8 . . 17 885 
here fore t um of the um of the uares 
of the Parts and double Product is 34 22 


4 


Whence it is manifeſt that . 20＋4 iS the Square of /:v5+1: + Ni: 


therefore this is the ſquare Root of that fifth Binomial ;- which was to be proved. 


Moreover, if the ſaid double Product be ſubtracted from the ſaid Sum of the Squares 


of the Parts, the Remainder V 20—4. is the ſquare of /:/5+1: — - V:5—1: there- 


fore this! is the ſquare Root of the {aid fifth Reſidual y 204. 


| | Example 6. 
Let it be required to extract the {quare Root of this fixth Binomial V2oby 8. 
The Operation. 
1 Nom the ſquare of the Sraatar Part 20, viz.) 
. 3 
Subtract the ſquare of the leſſer part / J to wit, A 
The Remainder is 182 8 
The ſquare Root of that Remainder is 12 
To which ſquare Root add the 80 An.. 170 
The Sum is „„ 4 © V20+4v12 
The half of which Sum is V 5+v 3 
The ſquare Root of the aid half Sum is the 


greater part of the Root ſought, to wit, . . = Fn +Y3: 


9. Again, from the greater part of the given Bino- 1 


mial, viz. from . . , | ben, 
10. Subtra& the ſquare Root before found in the 1 
fourth ſtep, vis. . . KL ro 1. N 
11. The Remainder is 5 5 . 7 . V20w/12 
12, The half of which Remainder „„ P Pow; 141 


EDT. „ „ Ii | is 


TY 
* 


* 


250 


2 


* ; 


the Root ſought are 


13. The ſquare Root of the faid half Remainder is J . 

"he leffer part of the Root ſought, to wit, . | V3: 

14. I fay, the two _ in ork _ and — . „ 
ſteps (the former of which Parts is a Binomial, (/ FI —— 
— 2h latter a Reſidual) being connected by & V5 TY + V5 —V3: 
ſhall be the ſquare Root ſought, to wit, , . 

Which Root anſwers to the Irrational Line which (in Prop. 42. & 60. lib. 10. Elem. 

Eucl.) is called a Line containing in Power two Medial ReFangles. And if the leſſer 


part of the ſaid Root be ſubtracted from the greater, by the interpoſing of the Sign 


—, it gives V:V5+v3: - Y: V z: which is the Root of the fixth Reſidual 
720-8, and anſwers to the Irrational Line which (in Prop. 79. & 97. lib. 10. Eucl) 
is called a Line making with a Medial Rectangle a whole Space Medial. + 


The Proof of the Root above extraBed out of the fxth Binomial. 
The Squares of the Parts of /;5+v3: Yi: 


SIS TO SUIS IT L534 v3 ad 5/3 
Therefore the Sum of the ſaid Squares of the Parts is Y5+v5, that is, Y 20 
The Product of the Parts — eR one into the other is /: 5—3: that is, /2. 
8 —— 2 is s 5 80 BEAT, J og. 
Therefore the Sum of the ſaid Sum of the Squares of the | | 
Parts and double Product is | by 20-HvV8. 


Whence it is manifeſt that 20+v/8 is che S uare of V VI: T VVV: 


therefore this is that ſquate Root of the ſixth Binomial; which was to be proved. 
Moreover, if the ſaid double Product be ſubtracted from the ſaid ſum of the . — 


of the Parts, the Remainder Y20—78 is the Square of Y/;y5 +4 3: ==: 


therefore this is the ſquare Root of that ſixth Reſidual. 4 Dh 
Note. In every Binomial and Refidual conſtituted according to the preceding Sec,. 


15. the ſquare Root of the Difference of —_— of the Names or Parts is equal 


to the Difference of the Squares of the Parts of the Root of the Binomial or Reſidual. 
As in the firſt Binomial 274/704, whoſe ſquare Root has before been found 
4+v11, the Square of 27, to wit 729, exceeds 704, the Square of 704 by 25, 
whoſe ſquare Root 5 is equal to the Difference of the Squates of the Parts of the Root 
of the Binomial propoſed, to wit, the Difference between: 16 and 11. | 
This Property may be demonſt 
whoſe greater Part is þ; then the _ of that Root is bb+2b/d-+4, this divided 
into its Names or Parts makes the Binomial 50 d more 2byd; then the Squares of 
the Parts of this Binomial are þbbb+ 2bbd+dd and 46bbd, and the Difference of thoſe 
Squares is bbbh—2bbd+ dd, whoſe ſquare Root bb—d is manifeſtly the Difference of 


the Squares of the Parts of the Root 54-v/d firſt propoſed ;-which was to be ſheirn. 


The like Property may be demonſtrated in a Reſidual. 


How to extract the Square Root ont of a Binomial deſgn d by Letters, if it bas @ 


Binomial Root. 


By the ſame general Rule which has before been exercis'd in extrating the ſquare 


Root out of Binomials expreſs d by Numbers, we may extract the ſquare Root out of a 
Binomial deſign'd by Letters, when it has a Binomial Root, as will be evident by the 


following Examples ; where for the more a Emo diſtinction of the Parts of the gi- 


ven Binomial, inſtead of ＋ I ſet the Word | more] between the Parts, and inſtead of 


— I ſet the Word Les] between the Parts 0 a given Reſidual. „ 


„„ % ( 
Let it be required to extract the ſquare Root aut of) „ , „ %% 
— % . j „ bb+d more 2bvd 
1. From the Square ot the greater part, (which ſuppoſe to ,;;; 1 Iii 

2: Finb+ 20b4-044 = 
4. Subtract the Square of the leſſer part 2d, to wit, abi 


Extraction of V2) out of Binomials. - B OO K II 


rated thus; let 5-＋ Vd repreſent a Binomial Root. 


n. 


ON NA 181 


a. «ta a n 


4 H A P. 9: Exact of O ont 0 
— — 


3. The Remainder is « Wd 5 3 2560— 444 - 
'" The ſquare Root of that Remainder i 3 þ x * | 
5. To which ſquare Root 260 the "_— yo to "wit," bb+4 
6. The Sum is p F 0 — 0 


7. The * of which Sum „ P 
8. The ſquare Root of the ſaid half Sum is the greater part 


of the Root ſought, to wit, 
Then from. the greater part of the given Vinomial viz, from 1 


7. Subtract the ſquare Root before TRE in the fourth ſtep, to wit, 55—4 


11. The Remainder is «. 10/76. LES ! . Awad 
12. The half of which Remainder is. oo See. 
13. The ſquare Root of the {aid half Remainder i is ; thelefſer part wa 


1 the = ſought to mY 50 ER 
14. I ſay, The two Parts in the eight t irteent eps 
onnetted by theSign -+ ſhall be the ſquare Root ſought,to wi 4 4 4 


Which Root being ſquared, or multiplied into it ſe will evidentl ute — 
given Binomial bh d more 2byd. 1 1 1 pro 


| Beample 2. 


Let it ber aired to extract the ſquare _ our xXx 
of this Binomial, „ a ar n ir niore f 


q os” The On 
I. From the Square on. the gone part * = I mmm $4 we — 


viz. from 8 
2. rat gar ella pr diem, Tab 


3 The Remainder is CV e 
4 The Square of that Rernainder is 2 . = mm 


ae 


5. To which ſquare Root add the greater pure; to _ — 


6. The Sum is % „„ —— 

7, The half of which Sum is um 

8. The ſquare Root of the ſaid half Sum is a6 | 
greater —4 of the Root ſought, to wit, . . 2a 

9. Again, from the n of che yon . ebe 

Al, , om .. 

10. Subtraft the ſquare Root before! found in "_ xx * 
fourth ſtep, to TX © e, — 


1, The Remainder is „ 5 8 dh . „ 428 
- 12; The half of which Remainder i . | 1 


13. The ſquare Root of the ſaid half DOME, is _ vis 4 x S © 
the leſſer part of the Root ſought, to wit. . „ 

14. I fay, the two Parts in the eighth and thirteenth F | 
ſteps being connected by + ſhall be = __— a. 2 
Root ſought, to wit. 


Which Binomial Root being ſquared, or multiplied into it fe, will ptoduce the 
given Binomial. 


Pp 


1 4 2 8 

et it be x vired to exit the crak oot IM 11 | 

of this 2 | 3 . 5 Yah more 26h | 1 3 
12 5 | ; 


* 


— We — — n — — : 8 
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De Operation, 5 
1. From the ſquare of the greater part, viz. from . aaab+ 2aabb ahl 
2. Subtra& the Square of the leſſer part, to = „ <+4aadb:: 
3. The Remainder is ' 5 3 abbb 
4. The ſquare Root of that Remainder iss A F 
5. To which {quare Root add the gene par, to wit, . . a+bvab 
6. The Sum 1 18 RX . . C 1. a” 2av ab 
7. = * 8 of which San is . 3 5 Vana 
8. The ſquare Root of the ſaid half Sum ist ogreater FIT: 
pane: of of Root ſought, to wu, RT L 5 [ _ ay or V(4)aaab 
9. Again, from the greater part of the given inomia 
VIZ. from 1 9 75 5 of I a4 
Io. SubtraCt the ſ uare Root before found i in 1 the fourth r A, 
ſtep, vie. ! ; bs N "> arab 
11. The Remainder is . - +. 20vVab 
_ The. half of which Remainder 83533 . a 


The ſquare Root of the ſaid half Remainder i is the 
jeſſer part of the Root ſought, to wit 
14. I fay, the two Parts in the eighth and thirteenth 
ſteps, being connected by T. all be the _ v :avab: + *. : by ab 
Root, ſought, to wit, 
15. Which Binomial Root may bealſo expreſod thus (4)agab+ * (4)abbb | 
The Proof may be made wo multiplying the Root found out into it ſelf. 


Veh. Wehr or Ya 


Example 4. 


Again if the ſquare Kooref chi — be nee 5 Is leſs 27 abed 
he Root being extra the precedent Me 
reren i —FW= 
Which Root may be alſo expreſs'd dus „ (4)aabe—v (a)ddbe 

But if it happen that when the Square of the leſſer part of the given Binomial orRe- 
fidual is ſubtracted from the ſquare of the greater part, the ſquare Root of the Remain- 
der and the greatet part are not commenſurable, (according to the Definition before 
given in Secf 75, of this Chap.) there is no more to be done in ſuch a caſe, but to 
refix before the given Binomial or Reſidual the Sign V, with a Line drawn over both 


1ts Parts, to denote the univerſal ſquare Root of the given Binomial or Reſidual, 


I * 


As to extract the ſquare Root out of this Reſidual /. aa bb. — za, I write 
VN 1 (ara which kind of Roots are commonly called Univerſal, 


Sed. 1 7. Queſtions to exerciſe the foregoing Rudes of this Chapter . 
2 QUESTION. x. 


To divide 100 into two ſuch parts, that if each pu be divided by the other part, 
the Sum of the Quotient may make 3. 


| 5 RESOLUTION. 
1. For one of the parts ſought put e e's, n 


2. Then conſequently the other part is . . 100-2 
3. Therefore according to 3 of th ea, a + 100— — 23 
this Equation ariſes, viz. . SS 
4. Which Equation duly. reduced wives 3 dec nec 
* Wherefore by reſolving the ſaid Equation by the y 
Canon in Sec 10. Chap. 15. Book 1. the two values 50 ＋- 10 
of a, which are the gefired. pain gf 100, will be (= A e 5 


Lhe d theſe 10 K, ns BE 
Oun 1 wit = A "3 " % 5 ; T. [2-1 44; 6. The 


/ 


The 


of the 
the double of the latter Term. Let it therefore be deſired that the Sum of the r . 


1. For the mean Proportional put 


J. But (according to the Queſtion) the ſum of the "Guares 


6. 7. Therefore Equation after due Reduction : 


| the: mean Propottional fought will be 


— 4 = 
n : — 
. * 


CH A . TY | Queſtions proun Surd Quantities, 


6. 5. The Sum of the ſaid Parts or Numbers found out is manifeſtly 100, 81 it remains 
only. to prove that, | 
| 50+ 107 5 + oN Pk 


ö 50+ 1077 


be Proof. 


7. To add thoſe two Surd Fractions in the fixth ſtep into one DE 

7 Gam. reduce them to a common Denominator, viz. multiply (© 
50+ 10 5 by 50+ 10% 5,a0d the Product (h the firſt of the 8 r 
three compendious Rules in Sec. 10. of this Ch.) will be found 


3 


8. Likewiſe multiply 50—1ov5 by 50—Iov'5 and the Pro- 


duct (by the ſecond of the ſaid three Rules (will be * F-30001 0ooYy'5 
9. Then take the Sum of thoſe two Products for the Nume- 5 

rator of a Fraction or a Dividend, to wit, war 
10. Alſo multiply the two Denominators of the Surd Fraft. 

ons in the ſixth ſtep one by the other, (according to the 

laſt of the three Rules above cited) and take che Product nets 

for a Denominator or Diviſor, vix. 


11. Laſtly, the Numerator in the ninth ſtep being ſet 50 POTN 


2000 


the Denominator in the tenth gives the Sum of the two 
Surd Fractions or Quotients in the fixth ſtep, viz. 
Which Sum! is en 3, as was to be proved. 


Another Proof. 


= 3 


The 8 that ariſes by dividing 50 10v.5 by 3 


(according to the Rule of Divifion in the fixth branch of 247 42 
Seck. 11. of this Chap.) is | 
Likewiſe the Quotient "that ariſes by dividing 6 —1 0 5 by go 7 
50+10v5 is 
Tee Sum of the two noQuorients is manifeſtly 3, 0 as before.) 


| QUESTION. 2. 


10 divide a Sven Number (ſuppoſe 6) into three ſuch unequals Numbers in con- 
tinual proportion, that the Sum of the Squares of the Extremes may be to the Square 
—— in a given proportion; but the firſt Term of this proportion muſt exceed 
of the Extremes may: be to the ſquare of the Mean as 3 to 1, 


RESOLUTION. 


2. Then becauſe the fum of all the three Proportionals IPG 3 
make 6, and the Mean is a, the ſum of the Extremes ſhall be * 
3. Therefore the ſquare of the ſum of the Extremes is 36—1 24. Laa | 


4 But {by Theor. 3. Chap. 6. of this Book) the ſquare of the? 


Sum - "the Extremes of three Numbers continually pro- 
portional is equal to the uares of the Extremes, together | 
with the double ſquare o Mean; therefore from the > 36—1 24—aa 
| Spare, in the third ſtep I In ract 2aa (the double ſquare = 
of the Mean) and there remains the ſum of the ſquares. of | 
the Extremes, to wit, . 2 * 
of the Extremes muſt be equal to the triple ſquare of the ( _ 
Mean; therefore from the > foreſt and faſt ließ this ___ 36— 12 205 
tion ariſes, vix. 


7. Therefore by feſolving the laſt Equation (according to 
"= Canon in Se@.'6. 0 the value of a, that 15, 


diſcovered, vr. 


9242 = ihe Mea 


his ariſes,. viz, . 
8. And 


fene about Surd Quantities 5 5 60 K ll 1 


3 from the ſeyenth and ſecond ſteps the Sum 72 
_ the Extremes will be alſo made known, viz. —5s =Sum of Waere 


9. Then (as is manifeſt by Queſf. 4. Chap. 16. Book 110 the Sum of the Extremes of 
three Numbers continually proportional being given, as alſo "ho Mean, the Ex- ' 


tremes ſhall be given ſeverally by this following 
CANO N. 


From the Square of half theSum of the' Extremes ſubtract the gr of the Mean, . 


and extract the ſquare Root of the Remaindet; then this ſquare Root being added to, 
and ſubtracted from the ſaid half Sum, will give the Extremes ſeverally. Therefore, 


10. From the ſquare of the half of 44, that is, mg o 4757 
11. Subtract the ſquare of 27 —2, vix. 1 4 342 
5 The Remainder is | 2m 2 
. The ſquare Root of that Remainder being extracted by 5 rl e 
24—4 


24/4 
23/45 


"anal ule before delivered in Se&. 16. of this Chap. for ex- 
tracting the ſquare Root dut of Binomials) will be found . 
14. Which ſquare Root added to the half of -.-. v +;,gives the 
greater Extreme ſought, to wit, . e 
15. But the ſaid ſquare Root ſubtracted Gl the half of 25 „ 
, leaves the leſſer Extreme, to wit : * 


16. Wherefore (in the ſeventh, fourteenth and fifteenth 3 _ Numbers conti- 


nually proportional ate found out, viz. 3, 2 — 3, and 2— , whoſe Sum is 
6; and the Sum of the Squares of the Extremes is equal to the gk of the Square 


of the Mean, as will appear by _ 
vs The Proof. 


Firſt, The Product TY by the Multiplication of the firſt and third 8 one 
into the other, that is, of 3, into + —v <5, is 2 — V] which is alſo the ſquare of 
a Mull tiplication; 3) therefore the 


the ſecond Number V45 TIO 3, (as will ea ly appear by 
Aid three Numbers are re Proportionals. . : 


Secondly, The Sum of the ſaid three proportional Numbers is 6; for the Mean 2 


1 2 added to z — * the leffer Extreme, makes 3, to which adding the greater 


Extreme 3, the Sum is 6. 


Thirdly, The Sum of the Squares of the Extremes 3 and 2 — V is equal to the ö 


triple of the Square of the Mean y4& — 2 2 for the ſaid Sum, as alſo the ſaid triple 


Square will by Multiplication be found a 2 9/55. Therefore all the Conditions in in 


the Queſtion are ſatisfied. 

But that the neceſſity of a annexed to the Queſtion may be made ma- 
nifeſt, it remains to prove, that if three unequal Numbers be in continual proportion, 
the Sum of the Squares of the Extremes is greater than the double of the * 0 


the Mean. Therefore, 


But aa ce is the Sum of the Squares a” the Extreme 5 the three Proportionals 


to be annexed to the veſtion —_ * . ſſibility of finding out 
what is thereby defir termination may 2 es fily nfere d from the Ca- 
non in the 1 iis ninth tp. | | Sp 
| 2: e TIEN 3 ES 
"202 SEAONET ES 15; 
"VL yr 8 
I bhat is che Produkt n made by the contioual Mult ice | I 
8 . 
7 equal ixceſs,” wo wit, * i WT eee 


ſed, ſuppoſe theſe, 


Let three unequal Numbers i in continual, proportion be a A on FPS 
Then their Squares ſhall be alſo Prof nion. 23 Py 

6 Elem. 1 is pe on . a :: 40 . es 
Therefore (by 25 Prop. 5. Elem. End.) +  aaer—zae 

_ of the Man proportional; wherefore 

_ is manifeſtly neceſſary 


expoſed, and 2ae is equaFto the double Squ 
the Theorem is proved, and conſequently 


GE GH A P. D. — Lees Sd 7 Quantities. A 
. The deſned Product is exactly . 1000 
For, (by the laſt of the three com * Rules before deli. } 

vered in Seck. 10. of this Chap. for the Multiplication of Binomials > 101—1 

and Refiduals) the Product + the firſt and fourth Number is . 

Likewiſe the Product of the ſecond and third Number is vVioi+1 
Laſtly, the two laſt preceding Products * N 25 
into another (by the ſame 3 make 


100 


: a, Sr 
oy 0 * » >. - . . 
— £ bw "x ” - 
4A. L . 
— 


@UESTION 4. 


I. IF a, b, c, be ſuch Quantities, that 6 + 2: a aa ca =þ 

' Whatis the value of a ? | 
2. Anſw. By the Canon in Seck. 6. Chap. 15. Book. LL, e :b +I tm 
all which Te of a the Equation propos d may be 1 8 (as is uſual) by the 
following 


Pos 


2 If 3 350 3 8 „„ Ke r 
Then conſequen y by a ing ze to eac art eienr 
4 And by 7 i each _ of the laſt Equa- } aa-Tca-Tacr =þ | 1 
Where by faberaftr fi ch F 
6. Wherefore ubtra Io om eac part, Oo” : 
there — REN wm 3 I — | 
38 pn _ med in the way of Compoſit 
ote. This Demonſtration is for in t e gh ompoſition by the ſt 
Reſolution of the ſame Queſtion in Se#. 5. Chap. 1 Boob x. ö but in a nie whe 
backward order; for the firſt ſtep in the Cormematog (or Demonſtration) is the laſt 
in the Reſolution, the ſecond ſtep in the . mnga is the laſt but one in the Reſo- 
lution; and ſo by returning backwards by the ſteps of the Reſolurion, the Demonſtra. 
tion ends in the Equation propos d to be reſolved. But this is largely handled in n my 
fourth Book of Algebraical E ements. 


" 4 . 1 
2 83 8 1 28 7 L ; : * 3 1 3 


= 26 10 1 
1. If a, b, k, be ſuch Quantities UE i. 0 #5. e 
What is the value of a? 3 
2. 4iiſw. By the Canon in Sec. 8. Chap. 15. Book lies in a=1b-+/ EFT: 
By which value of a a the Equation propos'd may be expounded, as appears 55 


following | 

| f Denonfraton 4 
Mc : » „ len Ia: 
4. Jar beine 2 Gor 7 3 , a—b= „: 1 DE 
5. And by multiplying each part of the uati- | 
on into it ſelf, 2 5 E Eq SE ey 


6. Wherefore by ſubtracting 255 from each part, ani 221 A 
Which was to be N | _—_— . 


gv2orI0N 6. 


1 Ifc C 's ſe be put for weh known Quantities, 1 cM e = 

2, And if a be put for a Quantity unknown, and ca- é T : 
What is the value of a? | 

3. Anſw. By the Canon in Sec. 10. Chap. 15. Book 1. 5 dos; 
theſe two values of a will be found out, viz. F 22 25 — 
By each of which values of à the Equation Propoſed in the ſecond ſt up may be ex- 


pounded, viz, if either zie ee. or 7 ec. be put equal to a, then | 
ta—aa=n, = | = 


a - 0 6 

- A . 

ö ö oo 2 4 « * 
i * N | De 


5 


** 


12. Then by adding .. 7.5 5 


Queſtions about Surd Cuantities. BOOK II. 


DEMONSTRATION. 


. Firſt, if . 2 2 8 « . . ND CEE EPS 4a! "FOR 
5 Then by ſubtracting 2c from each part.. c= 9 
6. And by multiply ing 1 of 28 5 8 


tion into br 1 . 

. And by adding ca to each part „ . aa Ac ca 

4 And by ſubtracting cc from each part 3 . 

9. And by adding » to each part IR 

10. Wherefore by ſubtracting aa from each part . n=ca—ag 

II. That 18, - . a 0 * 0 o . - 4 A 5 1 ca- aa n 5 
Which was to be proved. e | | i 3 
Again, if „ | - . . 89 6 . . 53 ang | Vcc: 

to each part. ar -n. e 


Vc -n. . 


13. And by ſubtracting a from each part 


14. And by multiplying each part of the laſt d : RE 1 
1 into it felt C a „ nn 
15. And by adding ca to each part . . . . . can =2ccbaa 1 
16. And ſubtracting acc from each part. , ca—n Sa ; 
17. And by adding » to each part „ „ %%;v =aa+1 | 
18. Wherefore by ſubtracting aa from each part. . ca—aa =x 
Which was to be proved. | ne ED 1 
QUESTION 7, | 
1. If b-and c be put for ſuch known Quantities, that c is greater than leſs ; 
2b, and if a be put for a Quantity unknown a _ b, . ies n 
LA. EE? ern, 
g What is the value of a? 3 on 
orn. £ De 
3. Becauſe the Squares of equal Quantities are alſo equal, by multiplying each part of p 
the Equation in the ſecond ſtep into ir ſelf, this % — = 4 8 caa 
- aa_, ja*—9ght „ baa | | Sre 
4. Then to the end the Surd Quantity in the Equation in the third ſtep may ſolely. i © 
make one part of an Equation, let be ſubtracted from each part of that Equati- des 
| | | 1 


on, and this will remain, viz. 1 
35 — * bas aa — 2baa—caa 


5. And to the end the Radical Sign in the firſt part of the laſt Equation may vaniſh, let 
each part be multiplied by it ſelf, ſo an Equation in Rational Quantities will be pro- 
duced, vi. — 1 — erde. : ed 

: | 


5 bicc __ obicc 
"gr == 0 9 — : 


E 


LY 


4 wy gow: 


8 . e 


CH AFP. 2 Queſtions about Surd Quantities. 1 57 
10. Thereforł from the two laſt precedit , uation 3 . — i 
ties, this Equation ariſes, vix. ng Eq 55 —_— by exchanging equal Quanti- 
APF a „ : \ 
Cmm[ 2 | | 


: EE 4 f | 
11. And by extracting the ſquare Root out of each part of t 3 | Z 
| ſtep, this ariſes; 888 ach part of the Equation in the tenth 


12. Wherefore by extracting the ſquare Root out of each part of the Equation in the 


4 . 20 into SE. 
e C—b 


An Example of Queſt. 7. in Numbers. : 
M (( © L4g4 \ 
14. And 1 „ 0 . . C = 2% 18 3 
15. And „„ > ="A Number unknown 
16. Alf. , Cw 


= e 
What is the Number a? 1 bs 7 OD | 
17. Anſw. From the thirteenth, fourteenth, and twelfth ſteps, a=y/800, or 20 2; 
By which value of a the Equation propos d may be — as — : 


| 8 ; The Proof. 
18. If h = 16, c = 25, and a = oo; then it will follow that 


TEE EEE (= 88, orv512) 

Mete, The Numbers to expreſs the values of ö and c muſt not be taken at pleaſure, 
but ſuch that the Number c may exceed the Number 6, and be leſs than 26, as is pre- 
ſcribed in the Queſtion ; the former part of which Determination is diſcovered by the 
Denominator c—b of the Surd Fraction in the twelfth ſtep, and the latter part of the 
Determination is manifeſt by the latter part of the Equationin the fourth ſtep, where 
caa is to be ſubtracted from 2baa, which cannot be done ſo as to leave a Remainder 
greater than nothing, unleſs c be leſs than 2b. | | 


[ 


* — — 
wt. t—_—_ — 
—— 


i Sect. XVIII. Av Explanation of F ran. van Schooten's General Rule to extract 
' what Root you pleaſe out of any Binomial in Numbers, having ſuch a Binomial 


Noot as is deſired. F 

7 Th. | Preparation. Ss = 

ot Firſt, if the given Binomial has Fractions init, muſt be freed from them by mul- 
© tiplying the Binomial by their Denominator. As for Example, to extract /( 3) that is, 
the Cubic Root out of y242+124:, I multiply the Binomial by 2, and it makes 


968 ＋ 25; for 242 multiplied by. V4, (that is, by 2) produces v968 ; and 12+ 
into 2 makes 25. Likewiſe, if there be propoſed Y-, I firſt multiply it by 
5, and it makes /242 +25, then this Binomial, multiplied by 2 produces (as be- 


A fore) 968+ 25; and ſo of others. . LEE iS i 
Secondly, if neither of the two Parts of the given Binomial be Rational, it muſt be 


21 reduced by Multiplication or Diviſion to another Binomial that ſhall have one of its 
Parts Rational; which Reduction may, always be done by the Multiplication of either 


| Part, but oftentimes more briefly by the Multiplication or Diviſion of the leſſer Num- 
ber. As for Example, v242+v 243 may be multiplied by 24.2, and it makes 242+ 
V58806; but more compendiouſly by 2, and there comes forth 22-+/486. After the 
fame manner: /(3)3993+v(6)17578125 may be firſt multiplied by V(3)3993, and 
the Product again by Y(3) 3993, ſo there will be produced another Binomial, whoſe | 
Rational Part is the abſolute Number 3993 3 but more briefly by y (3)9, and there wm 8 


re- © £2 
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out of Binomials in Numbers, 
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* 


Ga "FP. 


. Secondly, find ont a Rational Number a little greater thanthe Root fought with this 


given Binominal be opens than the other part, add the Quotient to the ſaid Rational 


Diviſor, and the hal 


20+//392, the given D 


the Root ſought: by the help of e the other part is eafily diſcovered, 


8 
5 


» 
» «+ 
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"" For if it be multiplied into itſelf cubically, it produces 44+v/1944 the Binomial pro. 
poſed : and for he ſame Reaſon V 6—2 is the Cubic Root of V1 944—44. om | 


| Example 3, To Extra#y(5) out of 176+ 320000 . 
- Firſt, the Difference of the Squares of the Parts will be found 1024, whoſe V($) is 
4 for a Dividend: Secondly, the Sum of the Parts will be found greater than 354, but 
tes than 355; and Conſequently (5) of the ſum of the Parts is greater than 3, but 
leſs than 32. Thirdly, by the faid 37 1 divide the ſaid 4, and the Quotient is 1-which 
I ſubtract from the ſaid Diviſor 32, (becauſe the rational Part of the given Binomial 
is leſs than the other Part) and there remains 2; then the half of 2 (the 
whole Number contained in 2:4) is 1, the Rational Part of the Root ſought. Laſtly, 
the Square of the ſaid 1, to wit I, added to 4 (the y('5 ) of the Difference of the ſquares 
of the Parts of the given Binomials) makes 5 the ſquare of the other Part. So that 
I+y5 is the V5) of the given Binomial 176+v 32000, at leaſt if any V(5) can be 
extracted out of the ſame ; but 1+y5 multiplied into itſelf five times makes 176+ 
73 2000; therefore 14 V5 is manifeſtly the deſired V5) of 176+ 3a000 t, 


„ Example 4. To Extra@ V(7) out of 2704 77311488, 1 
Firſt, the (7) of the Difference of the ſquares of the Parts in 2 for a Dividend. Se. 
condly, the value of the given Binomial will be found greater than 5407, but leſs than 
5408; whence the (7) thereof will be diſcovered to be” greater than 3, bur leſs than 
3 Thirdly,by the ſaid 3+ Idivide the Dividend before found 2, and the Quotient is 3, 
which I add to the Diviſor 32, (becauſe the Rational Part oy is greater than the 
other Part) and it makes the Sum 4-5 ; and therefore 2 the hal of the greateſt whole 
Number contained in 4, is the Rational part of the Root ſought. Lafil „from 4 the 
Hue of the ſaid 21 ſubtract 2, to wit (7), of the Difference of the Squares of the 
arts of the given Binomial, and there remains 2 the ſquare of the other Part. So that 
27 v is the defired (7) of the given Binomial 2704+47311488 ; for this is the 
feventh Power of 2+y/2, as will appear by Multiplication. „„ ER Tn 
But here is to be noted, that when the given Binomial has been multiplied or divi- 
ded by ſome Number, and thereby reduced to another Binomial, and the Root of this 
latter is found out, we muſt divide or multiply the Root found out by the Root of 
the Number by which the Binomial was multiplied or divided; ſo there will come 
forth the Root of the given Binomial. 1 0 | 
As for Example, becauſe to extra the Cubic Root out of /242 122, we firſt 
multiplied this Binomial by 2, and found 25+4/ 968, whoſe Cuhic Root by the Rule 
before given will be found 14+v8; this muſt be divided by Y(3 )a, and the Quotient 
V(3)-+v(6)128 ſhall be the Cubic Root of / 242 +12- the Binomial propoſed. 
Bur that the reaſon of the ſaid Diviſion by Y(3)z may the more clearly appear, let 
there be put d=1-+v/8, then it follows that ddd=25-+y/ 968, and v 42＋127 
(the Binomial propoſed.) Therefore by extracting the Cubic Root out of each par 
of the laſt Equation there ariſes / (3) 83 that is, 12 =V(3 ):v 242+ 127 : But 
by ſuppoſition d=1+v/8 ; therefore 1/8 divided by 93) 2, that is to fiy, * 
V(3):+v(6)128 ſhall be the Cubic Root of /242 12: ; which was to be — F 
1 | Example 2. Toextraſt (3) out of NN VI. : 
.. Fieſt, to prepare it for Extraction we multiplied by 5, and found V242--12", 
whoſe Y(3) (as appears in the laſt preceding Example) is vV( 3)z+v(6 J128 2 
by dividing. by V(6)5 gives the Quotient V(6 Y=+v(6)-=5 tor the deſired Cubic 
Root of Y V. The reaſon of which Diviſion by /(6)5 may be thus manikeſt- 
ed, let there be put ens, then it follows that dad 42-127 
e into 5, whence , V Vet; therefore the Cubic" Root of 


: ; 
: 4 f 
_ . MS ate +. a. a. 


128988 — 


each part of the laſt Equation being extrafted there ariſes OSS that is, 775 5 


(for () of V5 BVC VC z) N VT, Bat by ä» 
| „ fo | 601283 


E | 8. HO ee ibn 


7 7 


„() 128 therefore V (3)£+v(6)r28 divided by | 


5 being extracted out of each Part of the laſt Equation, there ariſes V(3 L 


V) 77578125; the rea 
10 . 


as: 
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V(6)12 | 1 V(6)s5 gives the true Ci 6 
of VNV; which was to be ſhewn: 0 's 8 P * n Root 
„ Example 3. Toextra@ (3) out of V24i+v243, 
Firſt, (according to the ſecond Rule of the precedene/Prepararion ) f multiply itby 
V2, and there comes forth 22-+y 486; this multiplied by 2 (according to the Fe, 
reparatory Rule)" makes 44+41944, whoſe Cubic Root (as before -has heen 
hewn) is 2+v6, which muſt be divided by V2, and there will come forth y'2+v 3 
for the Cubic Root ſought of /242+#/243. Bur to tnanifeſt the Reaſon of dividing 
2+y6 by V2, let there be put d=2+Yv6, then it follows that ddd=44+v 1 944 


22 TVs into 2; whence —<=22-+v/ 486, and this Equation divided by V 2(becauſe 


in the Preparation we multiplied by * 2) gives = 242+ 243 ; therefore V(3) 


* ©" "INE 


1 AGE £2. 978 
that is, 70808 or 7 „ AC WAT 293 : But by ſuppoſitiond=2+v6; there- 
fore 2+v6 divided by V2, viz. the Quotient /24+/3 ſhall be the Cubic Root of 


 Ex2mple 4. To extract ( 50 ont of V(3)3993+vV(6)17578125. 

Firſt, (according to the ſecond Preparatory Rule) I divide the given Binomial by 
V3) z, and then (according to the fourth Preparatory Rule) I multiply the Quotient 
V(3)1331+v61953125 by 16, and there comes forth 176 V; 2000, whoſe 5) 
(as has before been ſhewn ) is 1＋ v5. Now this Root 1＋4v5 divided by V(5)rs6, 
and the Quotient mou ed by der 238 diſcover the true (5) of /(3)3993+ 

n of which Diviſion and Multiplication may be made mani- 
thus; let there be put d=1-+y5, then it follows that ddddd =176+)V 32000 ;z 


and by dividing each part of the laſt — by 16, ( beeauſe in the preparatory work 


dd, 


we multiplied by 16) there ariſes 7 3)1331+vV(6)1953125 ; and by mul- 


| tiplying each part of this Equation by V 3735 there will be produced 1 
v(3)3993+v(6)17578125. Therefore (5 being extracted out of each part of 
the laſt Equation there will ariſe N. (3)3, thatis, 20555 „ 


dddddx (3) 
I 


of V( 5)1331+v(6)17578125. But b ſuppoſition d IAV, therefore 1+v5 
multiplied into V(15 )3, and the Product divided by (5) 16; or 1+v5 divided by 


V(5)16, and the Quotient multiplied Y/(15)3 produces the true (50 of /(3)2993 : 


 +(6)17578125 3 which was to be ſhewn. 


| 5 be Demonſtration follow. 
The certainty of the preceding Rule will be made manifeſt by the three following 
Propoſitions. ,, „„ a 
If a Binomial, whereof one part and the Square of the other are rational Numbers, 
be mulriplied into itſelf cubically, there will be produted another Binomial;the Square 
of whoſe leſſer Part being ſubtracted from the Square of the gteater Part, leaves a 


Cubic Number, to wit, the Cube of the Difference of the Squares of the Parts of 


the Root or firſt Binomial. ain 1 2 

To make this manifeſt, let there be propoſed the Binomial 5-+v/d, this e in- 
to itſelf cubically produces Bb 3bbvd+3bd+dv4d, to wit, the Cube of b+vd: 
Here you are to note well, that although in that Cube there be four Parts or Members, 
yet they are to be eſteemed but as tro, one of which, to wit, bbb-+ 36d; may deſign a 
the other 2,“ d/ (or 3bb-+4xy/d) an Irrational ox Surd 


* 


Number, whoſe Square is Rational; whence it is manifeſt, firſt, that the Cube of a Bi- 


nomal is fe a Bine mial, via, b Vd multiplied into itfelf cubically produces this 


3 
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Extraction of v(3), Y), Oc. 


dyill be leſs than 1. For by ſuppoſition bis not greater than 22 ere 


bbb-+ 3bd is manifeſtly compoſed of the Cube of the Rational part ofthe Root, and of 
the triple Product made by the Multiplication of the ſame Root into the Square of its 
other part. And laſtly, the Difference of the Squares of the ſaid Parts b 3bd and 
hbvd+dvd is equal to the Cube of bb—d, or of d—bb, viz. to the Cube of the 
Difference of the Squares of the Parts ofthe Root hf. Vd. For the Squares of h- 3bd 
and 3bb/d+dvdare bbbbbb G, gbbdd and gbbbbd + 6bbdd+ ddd, and. if theſe 
Squares be ſubtracted one from the other, the Remainder is either Y hd 
2bbdd—ddd, which is the Cube of -; or elſe the. Remainder is ddd—3bbdd+ 
3bbbbd—bbbbbb, which is the Cube of d—bb. | 1 | 
To illuſtrate this Propofition by Numbers, let there be put b=2 and Vd G; hence 
the Binomial 2+v 6 multiplied into ir ſelf cubically produces the Binomial 44+ 
v 1944, wherein the Difference of the Squares of the Parts (viz. the Remainder when 
1936 the Square of 44 is ſubtracted from 1944 the Square of V 1944) is 8, to wit, the 
Cube of the Difference of the Squares of the Parts of the Binomial Root 24 76. 


Likewiſe this Binomial 2+v 2 multiplied into irſelf cubically produces the Bino- 
mial 20/392, wherein the Differences of the Squares of the Parts, to wit 8, is the 


Cube of the Difference of the Squares of the Parts of the Root 2+y2. _ oy 
The ſame Properties adhere alſo to a Reſidual Root, viz. the Cube of the Refidual 


Root 5 „Alis alſo a Reſidual, to wit, bbb+3bd  3bbvd+dvd, (or z d;) 
and the Difference of the Squares of the Parts of the later Reſidual is equal to the Cube 


of the Difference of the Squares of the Parts of the Roots or firſt Refidual. | 
FRO. | 1 


If a Binomial, whereof one part and the Square of the other are the Rational N umbers, 


be multiplied by the Difference of the Squares of the Parts, the Product will be another, 
1 wherein the difference of the Squares of the Parts isa Cubic Number, to 
wit, the Cube of the Difference of the Squares of the Parts of the Root multiplied 


To make this manifeſt, let there be propoſed the Binomial b4-v/d, and ſuppoſs b 


greater than Vd, then b d multiplied by 5b—4, the Difference of the Squares of the 
Parts, will produce this Binomial, to wit, 444—bd more bbv/d-—d#1, the Squares of 
whoſe Parts are bbbbbb—2bbbbd-+ bbd and bbbbd—2bbdd-+ ddd , then this later Square 
ſubtracted from the former leaves bbbbbb—3bbh5bd + 3bbdd—ddd, which is the Cube of 
bb—4, the Difference of the Squares of the Parts of the firſt Binomial b-+yd. The 
fame Property would appear if we ſuppoſed 6 leſs than Vd. „ 

To illuſtrate this Propoſition by Numbers, ſuppoſe b=2 2, and Vd 486; whence 


the Binomial 227 0486 multiplied by 2, the difference of the Squares of the Parts, 


roduces the Binomial 44 1944, wherein the difference of the Squares of the Parts 
1s 8, which is the Cube of 2, the Difference of the Squares of the Parts of the former 


Binomial 227 v 486. 
5 * PROP. z. 


If the Difference of the Squares of any two Numbers bedivided by a Numbeirelh * 


doth not exceed the Sum ofthofe two Numbers above ; then the Quotient added to 
the ſaid Diviſor will give a Number greater than the double of the greater of the ſaid 
two Numbers, but the Exceſs will be leſs than Unity. And if the ſaid Quotient be fub- 
tracted from the ſaid Diviſor, the Remainder ſhall be greater than the double of the 


leſſer of the two Numbers, but this Exceſs alſo ſhall be leſs than Unity. 


To manifeſt this, let a repreſent the greater of two Numbers, and e the leſſer ; alſo let 


b repreſent ſome Fraction not greater than 2; then I ſay, firſt, a 4e b 177475 


is greater than 2a, but the Exceſs is leſs than r, which 1 prove thus: | 
t is evident that aa-þee+bb-+ 2ae++ 2be-+ 2ba-+aa—ee is greater than 2aa+ 


2ae-+ 2ha; therefore by dividing. each of thoſe two Compound Quantities by a-+e+6b, 


it follows, that the firſt Quotient ae b — 2 ſhall be greater than the later 


4a— 


Quotient 2a 6 and if this Quantity be ſubtracted from that, the Remainder e 4 1 4 
S th eee 
re abe is leſs than 


ar. 


II. 
Binomial bbb + 3bd more 2bbv 44 dvd (or 3bb+dxvd.) Secondly, the Rational part 


— 


4 5 > DV 


. 
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5561 5k erb ant nn e dee 430 de. 
Denominator a-þe-+b : wherefore 232 35 is leſs than 1. n 8 
, 4 ; , | 


After the ſame manner it may be proved that abebbm DOK i greater than 20; 
ge | | 20S 3 8 | 

but this Exceſs alſo ſhall be leſs than 1; which was to deen 8 : 

Now to apply the preceding three Propofitionsto the Demonſtration of the Rule he- 
fore given, let it be required to extract the Cubic Root out of the Binomial 100 ＋ 
77803, whoſe Rational part Too is greater than the other part V7803 ; Here we 
may ſuppoſe bbb+3bd to be 100, and 3bbyd+dvd (or 3bb+dxvd) to be 57803; 
ſo rhat bbb+ 3bd more $664 dd may deſign the given Binomial I00+v7803 ;-and 
its Cubic Root Y the Root ſought, whoſe greater part may be 6b, and the eller 
1d. Then according to the Rule: 1 8 | 


| | | To extract (3) ont of 100-+v/ 7803. 

Firſt, from the Square of 100, that is, from . . . 10000 

Subtract the Square of 7803, that is . . . 7803 

The Remainder is 2197 

The Cubic Root of that Remainder is . 13 (=bb—d) 

Which Root 13 is (by Prop. I.) equal to the Difference of the Squares of the Parts 


x 


/ 


ofthe Binomial Root ſought. 


. Secondly, find outa Rational Number greater than the Sum of the Parts of theCu- | 


bic Root ſought, with this caution, that the Exceſs may nor be above +, vix. 


To the greater part of the given Binomial, that is, to. 100 
Add the neareſt value in whole Numbers of the other 


part Jeg, that is, + 4; a7 RR 88 or 89 
So the Sum ſhews that the value in whole Numbers of 5 88 and 180 
the given Binomial falls between 188 and 189 


hence the Cubic Root of the given Binomial is greater than 52, but leſs than 6; 
ſo that the Exceſs of 6 above the true Root ſought in leſs than: - = 8 

| Thirdly, having found out (as above) 13, the true Difference of the Squares of the 
Parts of the Cubic Root ſought; and 6 a Rational Number, which exceeds not the 
true Sum of the ſame Parts above , we may by the help of Prop. 3. and 1 find out the 


o 


Parts ſeverally in this manner, oz. 


. Divide the ſaid „ é el fy 13 
LBS. - i / ĩ˙ —J . -5::: 
eien frond ie Eo 8-:.. 

Which added to the ſaid Diviſor 6, makes the Sum . & 

Which Sum 8 does by (Prop. z) exceed the double of the greater (to wit, the Ra- 
tional) Part of the Cubic Root ſought, but the Exceſs is leſs than 1: therefore 7 is 
leſs than the ſaid double, but 87 is greater than the ſame; and conſequently becauſe 
the ſaid greater Part is ſuppoſed to be a Rational whole Number, the double thereof 
muſt neceſſarily be 8, to wit, the greateſt whole Number between 72 and 85, and there- 
fore the ſaid Part it ſelf is 4, which being found our, it is eaſie to find the other Part; 


for (by Prop. I.) if from 16 the Square of the {aid greater Part 4, there be ſubtracted 


13 the Cubic Root of the Difference of the Squares of the Parts of the given Binomial, 


there will remain 3 the Square of the other part; ſo that the Cube Root found out is 


a+v3, which will appear by the Proof to be the true Cubic Root ſought; for T 7 


being multiplied into it ſelf cubically produces the given Binomial 100 78o;. And 
for the ſamè reaſon 4-4/3 is the Cubic Root of 100-7803. | 


Or more briefy the Proof may be made thus: 


_ * of 4 the Rational Part of the Root found q g 4.tha 1 is, 565 


Add the Product of thrice that Part multiplied into the T. OR 
Square of the Surd Part found out, vx. the Product 536. e 1 
And it makes the Sum 3 „% "0> s © * a Ioo, that 18, W h 


— . ͤH9⸗ů—ä CCI Es 


2 8 


Extraction 77 V(3), V(s), c. BOO K IL. 8 


Which Sum is the ſame with the Rational part of the given Binomial, and there. 
fore it proves that 4+» 3 is the Cubic Root fought. 0 . 

In like manner to extract (3) out of 44+v 1944, where the Rational Part 44 is 
leſs than the other Part v 1944, we may ſuppoſe (as before 2 bbbo- 36d to be 44, and 
3»b+dxv4d (that is, 3bb/d+dvd) to be 71944; ſo that bbb++3bd more 35 dd 
may deſign the given Binomial 44-+v 1944, and its Cubic Root b+v4 the Root 
ſought, whoſe leſſer part may be b, and the greater 4 ; then according to the Rule, 


To extract V(3) out of 44+v 1944. 


Firſt, from the Square of V 1944, viz. from. . 1944 

1 BUnare OIh4, oo ˙ 11936 

TR. To ĩ ᷣͤ c 

The Cubic Root of that Remainder is 2 (db) 

Which Root 2 is (by Prop. 1.) equal to the Difference of the Squares of the Parts 
of the Binomial Root ſought. | | . 

Secondly, find out a Rational Number greater than the Sum of the Parts of the 
Cubic Root ſought, with this caution, that the Exceſs may not be above , which 
may. be done thus, viz, ; i | | 

To the leſſer part of the given Binomial, viz. to 

Add the neareſt value in whole Numbers of the —_ 
,,,, ˙Tew7i 8 * 
Soc the Sum ſhews that the value in whole Numbers of 0 
the given Binomials falls between 3 

Whence the Cubic Root of the given Binomial is greater than 4, but leſs than 42; 
ſo that the Exceſs of 4: above the true Root ſought is leſs than 
Ihirdly, having found out 2, the true Difference of the Squares of the Parts of the 
Cubic Root ſought; and 4+ a Rational Number, which does not exceed the true 
Sum of the ſame Parts above 2, we may by the help of Prop. 3. and 1. find out the 
Parts ſeverally in this manner, viz. 5 


r y on a 
//, V 
1% Äqi / ²ĩ˙¼˙ù oo ˙ ˙— i en ety 
Which ſubtracted from the ſaid Diviſor 42, there remains. 41 5 
Which Remainder 4 does (by Prop. 3.) exceed the double of the leſſer Part (which 
in this Example is the Rational Part) of the Cubic Root ſought, but the Exceſs is leſs 
than 1: therefore 3 is leſs than the ſaid double, but 4 is greater than the ſame, 
and conſequently becauſe the ſaid leſſer Part is a Rational whole Number, the double 
thereof mult neceſſarily be 4, to wit, the greateſt whole Number between 3. and 4+-, 
and therefore the ſaid Part it ſelf is 2, which being found, it is eaſie to find the other 
Part; for if to 4 the Square of the faid leſſer Part 2, there be added 2 the Cubic 
Root of the Difference of the Squares of the Parts of the given Binomial, the Sum 
- 6 ſhall be the Square of the other Part; ſo that the Cube Root found out is 24 76, 
which will appear to be the true Cubic Root ſought ; for 2+v'6 multiplied into it 
{elf cubically produces the given Binomial 44+y 1944. And for the ſame Reaſon 
562 is the Cubic Root of V1944—44.. | TY 
Or morebriefly the Proof may be made thus : 


} 15 


l — 


6 8 of 2 the Rational _ of 5 oP _ } 8, that is, bbb 1 
Add the Product of thrice that Part multiplied into the ? | Pt OY 
Square of the Surd Part found out, viz, the Product. 36, that's, 35d 
An Es } .;. -. . ꝶ V ͤ»Uͤo———- 266, 
Which Sum is the ſame with the Rational Part of the given Binomial, and there- 
fore it proves that 2+» 6 is the Cubie Root ſought. 7M Ln 5 
Laſtly, what has here been ſhewn concerning the Demonſtration of the Extraction 
of the Cubic Root, may eaſily be applied to the Extraction of the other Roots before 
mentioned, ſo that there is no need of further Diſcourſe in this Matter. * 
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ther tryal in like manner as before, vix. 
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An Explication of Simon Stevin's General Rule, 10 extraft one 
Root out of any poſſible Equation in Numbers, either exactiy 

E Quations falling under any of the Forms in the fourteenth and gfteenth Cha ters 
of the Firſt Book of theſe Elements, are capable (as has there been ſhewn) of per- 

fe& Reſolutions in Numbers, viz. the value of the Root or Roots ſought in any of 


- thoſe Equations may be found out and expreſs'd exactly, either by ſome rational or 
irrational Number or Numbers ; but the perfe& Reſolution of all manner of Com- 


pound Equations in Numbers I have not found in 2 Author. And ſince an Expoſi- 
tion of the General Method of Vieta, the Rules of Huddenius and others to that pur- 


72 would make a large Treatiſe, and after all leave the curious Analyſt diſſatisfied, 


ſhall not clog theſe Elements with a tedious Diſcourſe upon thoſe difficult Rules, 


which at the beſt are exceeding tedious in Operation, and ſome of them uncertain 


too; bur rather purſue my firſt deſign, which was to explain Fundamentals, and ſuch 
Rules as are certain and moſt important in this profound Art. However, 1 ſhall lead 
the induſtrious Learner to a few ſteps further, in order to his underſtanding the Re- 
ſolution of all manner of Compound Equations in Numbers, and in this Chapter ex- 


plain Simon Stevin's General Rule, which with the help of the Rules in the following 


eleventh Chapter will diſcover all the Roots of any poſſible Equation in Numbers, 
either exactly if they be Rational, or very nearly true if Irrational. | SLIP! 


„„ E O AY f 
F © * TFT 264 = 40188, what is the Number a? 

= RESOLUTION, 
This Equation not falling under any of the three Forms in Seck. 1. Chap. 15. Book 1. 


cannot be reſolved by any of the Canons in that Chapter, and therefore according to 
Simon Stevin's General Method I ſearch out the Number a by tryals thus, viz. 


1. I ſuppoſe „„ 2 Fer 
Thence it follows thaalldd. 1 
a And . * 3 WR . 4 . . . 3 „ 3 8 26a = 26 


» 
- 


Therefore aaa 26a '=. 2 


Which 27 ought to have been 40188, but it's too little whereb Tfnd that by 


ſuppoſing a to be 1 1 did not hit upon the true Number a, and therefore I make ano- 


ww. © = ie.» + „„ 
it follows chase, ar=w 
As; . c ẽ ͥ 26 Ros 
There EEG 160 
Which 1260 being yet too little; I make a third tryal, vix. b 
3. I ſuppoſe „„ e ß 
Thence it follows t haet „aaa 264 = 1002600 


Which 1002600 exceeds the juſt Reſult or abſolute Number 40¹ 88 in the latter 


7 22 of the Equation firſt propos d, and therefore the true Number a is leſs than 100; 


ut the ſecond tryal ſhews it to be ume than 10, and therefore the whole Number 
which expreſſes the exact, or at leaſt part of the value of a, muſt neceſſarily conſiſt. 


of two Characters, and conſequently the firſt (towards the left Hand) muſt be one of 


theſe nine, 1, 2, 3, 4, 5, 6 7, 8, 9; but becauſe by the ſecond Inquiry 10 was found 


too little, I now make tryal with 2 for the firſt Figure of the Root a, viz. 


„„ #7 30; 2-6 
%% :::!!! EE 6. = EET 
Which Reſult 85 20 being yet leſs than the juſt Reſult 401 88, make tryal again, viz. 

| 1-9 1. OE 7% AE — 44. . 30 4. 
Thence . 2 5 . „ l . # + aaa 264 — 27780 


% / 


E1 Which 


. 


n irttioWn I r — 1 . | 
266 end Concerning the Reſolutin BOOK II. 
Which is yet too little ; therefore, FF OE 
| 6. I ſuppoſe 3 . 22 — OY Þ 3 a = 40 
Thence . . Bo . . - 4 2 2 . og . . » aaa ＋ 26a — 65040 
Which 65940 being greater than 40188, it ſhews me that the true Root or valde 


uaſt Figure of the Root is 33 in IND W190 1 
No the ſecond Character of the Root muſt —— be one of theſe, viz. O, I, 
2, 3, 4, 5, 6, 7, 8, 9z and becauſe it has been diſcovered, that the true value 7 the 
Root a is greater than 30, the ſecond Character cannot be o, I therefore make tryal 
with 1, and ſuppoſe a=3t , which proving too little, I make tryal with 3 233,34, 
Ec. ſeverally in like manner as before, and at length I find 34 to be the true Number 
a fought, by which the Equation propos d may be expounded for if a=34, then 
LORE CESS. , . ; 
II. Bur if after tryals made (as before) the value of a the Root fought happens to 
fall between two whole Numbers that differ by Unity; then tryals are to be made with 
the leſſer whole Number increaſed with , +3, 2 Cc. until you have found the 
value of 2 in ſome mixt Number confifting of a whole Number and ſome certain tenth 
parts of an Unit. But if the faid value of a happens not to be expreſsd exactly by 
the ſaid leſſer whole Number increaſed with certain tenth parts, then you are to make 
tryals with the faid leſſer whole Number increaſed with a . Decimal Fraction, having 
for its Numerator a Number greater than 10, but leſs than Too; and for its Deno- 
minator 100, as with , +++, c. and by proceeding in that manner you may 
find the exact value of the Root a, when its fractional part is exactly equal to ſome 
Decimal Fra&ion: or elſe approach infinitely near to the faid exa& value when ris 
Errational or Surd, as in this following NE ; 
 v>EUSSTION. 5. 


WH he aaaa-＋ 504=184638.6801 z (or 1846382222; what is the 


Number 42 VV 1 | 
| RESOLUTION. 
_ Firſt, Iſuppoſe a=1, but this proving too little I put a=10, this alſo proving too 
little, I aſſume a=100, which after ttyal I find to be greater than the true Number 
a, and conſequently the Number à falls between 10 and 100; then making tryal 
with 20 I find it too little, but making tryal with 30 J find this too great, and there. 
fore the true Root a falls between 20 and 30. Again, making tryal with 21 J find it 
too great, but 20 was before found too little; therefore the true Root à is between 
20 and 21; then I make tryal with 20.1, (that is, 20+) 20.2, 20.3, &c. and at 
length find 20.7 to be the true Number a ſought ; for if a=20.7 (that is, 2072 it 
will make aaaa+50a=184638.6801 the Equation propoſed. 5 
But if 20.7 had proved too little, and 20.8 too great, then tryals muſt have been 
Hy made with 20.71, (that is, 207+). 20.72, 20.73, &c. In like manner, if 20.7 had 
been too little, but 20.71 (that is, 2075) too great, then tryals muſt bave been 
made with 20.701, (that is, 2022+) 20. 702, 20.703, &c. This will be partly ex- 
ercis d in reſolving the Equation in this following | | 
2 + SUESPTION.' 3. 
If . , . . , . ' ada+20aa=1954, what is the Number 42 
Anſw. . . 48.308, Cc. found out by tryals as before. | 
III. When the value of (a) the required Root of an Equation happens to be leis 
than Unity, then trial is to be made with ; but if this prove too great, then with 
+, Cc. Now ſuppoſe . 1 (that is ) be too great, .o1 (that is, +) roo little, 
then tryal muſt be made with .o2 | .o3 | .04 | „Oc. until you have found out the 
greateſt Figure that muft ſtand in the ſecond place of the Decimal Fraction expreſſing 
the Root ſought; ſuppoſing then ſuch Figure to be found 8, viz. that .08 (or +) 
is leſs, but 09 (or +) is greater than the Root, tryal muſt be made with .o81, 
(that is, +). .082 | .083 | &c. as in this following i 
wr Gro ee 2 SVESTION 4:5 
WW. .., :...'. aga+3240a=269, what is the Number a7 
= Fl « « « 4=,083, Oc. that is, 72 Oc. | 1 


of a is leſs than 405 but by the fifth Tryal it's greater than 30, and conſequently the 
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TLIhbhence it follows that F 
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IV. The preceding Examples may ſuffice to ſhew:the uſe of this general Merhod, 


when all the Terms of the unknown part of an Equation are Affirmative, (viz. when 


+ is prefix d to each Term) in which caſe there is but one Affirmative Root ; in the 


ſearch whereof by Tryals (as before) if the Numbers aſſumed ſeverall for the value 
of the Root ſought do aſcend greater and greater, then the abſolute Numbers reſult. 
ing from thoſe aſſumed Values will ikewiſe aſcend; and contrarily, if the aſſumed 
Roots do deſcend from a greater to a leſs, the Reſults will likewiſe grow leſs and leſs: 
whence by comparing an abſolute Number reſulting from an aſſumed Root with the 


Jutt abſolute Number of the Equation propos d, you may certainly know (if the ſaid 
Reſult and juſt Abſoluce be not equal to one another) whether you are to take a Num- 


ber greater or leſs than that laſt before aſſumed. 
But when the unknown part 
Terms mingled one with another, then the ſearch by Tryals will be more intricate: 


of an Equation conſiſts of affirmative and negative 


and doubtful than before; for ſometimes ir will be hard to diſcern whether a follow 
ing aſſumed Root muſt be taken greater or leſs than that which was taken next be- 


fore. Moreover, a compound Equation of this latter kind may happen to be ſuch, 


that it may be expounded by as many ſeveral affirmative Roots, as there be Unities 


in the Index of the higheſt unknown Power, viz. a Cubical Equation muy be ſo conſti- 


tuted, that it ſhall have three different affirmative Roots, a Biquadratic Equation four 
ſeveral Roots; and ſo of higher Equations, as will be ſhewn in the followin Chap. 11. 
But in what manner ſoever any poſſible Equation is conſtituted in Rational umbers, 
this general Method will always find out one affirmative Root, either exactly true, or 
ar leaſt very near the truth, as will further appear by the following Queſtions. | 


2UESTION 5,0 MEE 

If .. . « « « © : aaa—22aa+1574'= 360, what is the Number a2 - 
5 RESOLUTION © 

x. I foppaſe fe oh 0007 9 ie ED ia'=2 
Thence it follows that * * * * *  aaa—22aa+1574 =136 


CR 


* 


Which 136 is leſs than the uſt abſolute Number 360, -and therefore I make anos 


#5 0 % „ 3.10.7 , 10 | 

+ {ut Aad—22aatI57a = 370 
Which 370 exceeds the juſt abſolute Number 3 60, and therefore I conclude there 
is one affirmative value of a, (either Rational or Irrational); between 1 and 10; which 
value, after Tryals made with 2,3;4,5, I find to be 5 z this will conſtitute the Equa- 
tion propoſed, for if a=5, then aaa—22aa-+157a will exactly make 260. | 


But there are two other Roots or Values of a, to wit 8 and 9, each of which will 


likewiſe conſtitute the Equation firſt propoſed, but how they are found ont will be 

ſhewn in Se&, 9. of the following Chap. iI. | 

Pg 5 F et ren 

| It . 25 3 32004—aaa = 46577 (juſt,) what is the Number a? 
RESOLUTION. 


1% . To Ros 3 
Ihbhence . 3200 -a = 3199 (leſs than juſt?; 
C TY 
'  Thence!|,' . . .. ,: Joana = 31000 (leſs than juſt). 

2- II e RE ood hs 
- Thence . '. . . . . 3200a—aaz = —680000 (leſs than juſt) 

Now becauſe the ſecond Reſult (or abſolute Number) + 31000 is Affirmative, and 


HHH 


Now 
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«4d 7 9 ; 4+ 
OY * ny * by 4 : , : £ & 4% ) 3 4 ” * 
| ( greater than juſt * * EO, 
i 1 


BO G K II. 
Now becauſe by taking 20 for the value of a, the Reſult 56coo exceeds the Juſt. 
Reſult 46577 ; but by taking 10 for a, theReſult 31000 happened to be leſs than the 
ſaid 46577, it ſhews there is one affirmative Root or value of a between 10 and 20. 
which Root, after tryals made with intermediate Numbers (as in former Examples) 
will be found 15, 7, &c. Moreover, becauſe by ſuppoſing a=20 the Reſult 56000 
happened to exceed the Juſt Reſult 46577, but by putting a=Too the Reſult —680000 
proved to be leſs than the ſame 46577, it ſhews there is an Affirmative value of a be- 
rween 20 and Ioo, which value after tryals made will be found 47'; fo that there are 
two affirmative Roots or values of a found out, to wit, 15, 7. Cc. (or 1 57%, Ec.) 
and 47; the former of which will nearly, and the latter exactly conſtitute the Equa- 
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$60: - C.onſtitution of Equations 
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tion propoſed. | or i IE Th FEA 

V. Florimond de Beaune in the latter of two ſmall Treatiſes printed in 1659, con- 
cerning the Nature, Conſtitution, and Limits of Equations, ſhews how to find out 
Limits within which the Roots of all compound Equations not aſcending above the 
Biquadratic kind are confined ; which Limits when they may be diſcovered without 
much trouble, and are not very wide aſunder, will help to leſſen the tryals in the 
general Method before delivered. As in the laſt Example, where, 


The Equation propoſed wass . . . 3200a—aan = 46597 
| Wl 0 2 mut be ſubtracted from 3 200a, 42577. 
and leave a Remainder equal to 46577, it preſuppoſes 5 

Therefore by dividing each part by a . . . . . 44 2 3200 
And by extracting the ſquare Root out of each) ads as 
part, it . „ _ a 3336.5, Oe. 
Again, from the Equation propos'd by Tranſpoſi- 
tion tis evident that n on " ; my $32004—465 | 
Whence tis alſo manifeſt that 5 . 322004 c- 46577 
And conſequently by dividing each part by 3260, . 4 © 14.5, Cc. 


Thus it is found that the value of a the Root ſought is greater than 14.5, Cc. but 
leſs than 56.5, Cc. and therefore tryals according to the general Method aforcſaid 
need not be made with any. Numbers that are not within thoſe Limits. | 

From the Premiſes tis evident that this general Method finds not a perfect Root of 
an Equation, unleſs ſuch Root be a whole Number, or elſe 4. Fraction exactly equal 
to ſome Decimal Fraction; or laſtly, a mixt Number composd of a whole Number 

and a perfect Decimal Fraction. VVV 
Note. When the Coefficients or known Numbers multiplied into any of the un- 
known Powers under the higheſt, (which muſt have no Coefficient but Unity) are 
Vulgar (not Decimal) Fractions, or mixt Numbers whoſe fractional parts are Vulgar 
Fractions ; likewiſe, when the abſolute Number that ſolely poſſeſſes the latter part 
of the Equation propos d is a Vulgar Fraction, or mixt Number whoſe Fractional part 
4s a Vulgar Fraction ; all thoſe Vulgar Fractions muſt be reduced to Decimal FraQti- 
ons, or elſe the Equation mult be reduced to another Equation in Integers (by Sect. 7. 
in the following Chap. 11.) before you enter upon the Reſolution by tryals as aforeſaid. 


* « | « aaa "I 3200a 


77 = 248 
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CHEE MC” a. 
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Extractions out of the Algebraical Treatiſes of Vieta and Renates 
des Cartes, concerning the Conſtitution and Reſolution of Com- 
pound Equations in Numbers, eſpecially thoſe which have many 


* 


LF: HE Scope of this Chapter 8. ferſt, to ſhnew how to forman Equation that ſhall 
I have as many different Roots or values of the Quantity fought as ſhall be de- 
fired; then how to free an Equation from Fractions, and to caſt away the ſecond Term; 
and laſtly, how to find out the Roots of all manner of Compound Equations in Num- 
bers, either exactly if they be Rational, or very near the truth it Irrational. 
7 | i 8 4 ; 


But 


AT ³˙ ” Tv 


have many Roots. | 
2. Then by multiplying the ſaid a—2=0 by 
which the ſaid Equation was produced by Multiplication, as above. 


Again, if this Equation , aa-+6a—55=0, (that is, aa46a=55) which has one 


"0 That is, 133 9 0 * . 0 9 . 4 by 1 of 5 aa— 4 = 6 


„ 


CHAP. r. » having mans Ron 
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But that the Learner may the more eaſily perceive my meaning. I ſhall 

few Definitions in three Sections next 5 | id 1 85 p remiſe a 

II. When the known abſolute Number in an Equation ſolely poſſeſſes one part 


thereof, let ĩt be transfer d to the other part by the Sign —, and ther there will be an 


Equation which has o or nothing for one part, and the other part is by Cartaſus cal- 
led the Sum of the Equation propoſed. As for Example, if this Equation 4 


85 ſed, viz. aaa aa ＋ 264 24 by tranſpoſition of 24 it makes aaa 94a ＋ 26a—24= 
whoſe firſt part is called the Sum of the Equation propoſead. 5 iT . ; EN 


III. In che Equations handled in this Chapter | pur a, e, 01.3; to fienifie an unknown. 
Quantity ; and by the firſt Term of an Equation a meant the be is _ 
to wit, that which has molt Dimenſjons or Degrees of a; by the ſecond Term that 


which has fewer Dimenſions by one than the firſt, and ſo. downwards. As in this Equa- 


tion, aaa—gaa-+ 264—24=0,, the firſt Term is aaa, whoſe Index is 3; the ſecond - | 


Term is —9aa, where the Index of aa is 2; the third Term is +264, where the Index 


of a is 1; and the laſt Term is —24, the known abſolute Number, whoſe Index is O. 

Iv. The Roots of anEquation are of three kinds, viz. either Affirmative, or Nega- 
tive, or Impoſſible. An Affirmative Root is a Quantity greater than nothing, as +5 or 
+20. A negative Root (which Carteſus calls a falſe Root) expreſſes a'Quan ity. 


whoſe Denomination is oppoſite to an affirmative, a-; or —20; the former of which 


wants 5, and the latter 20, of being equal to nothing. Laſtly, impoſſible Roots are ſuch 
whoſe values cannot be conceived or comprehended either Arithmetically or Geome- 
trically ; as in this TY a=2—/—1, wherey—17, that is, the ſquare Root of 


E, is no manner of way intelligible, for no Number can be imagined, which being 


mulriplied by itſelf according to any Rule of Multiplication will produce —!I. 
V. Theſe things premiſed, I ſball proceed to the forming of Equations which ſhall 


PROP. L. 
To form an Equation which ſpall have two Affirmative Roots. 


— 


48 
85 


135 F = 2, that is, a—=2 = © 
x. Suppoſe 2.052% 0 3353,0.,5 Ny, £6 5 4. a8—3 = © 
 a—3Z=o0o, this 2 is produced, vix. ©. -F» oo DE 
3. That is, by tre paliridn, „fa. 6 


* Which laſt Equation falls under the laſt of the three Forms in Se. 1. Chap. 15. 


Book 1. and may be expounded by either of the two Roots or values of a, which by 


the Canon in Se@#. 10. of the ſame Ch 


. will be found 2, and 3, to wit, - thoſe from 


affirmative Root, to wit 5, be multiplied by.a—6=0, there will be produced a 
91a+330=0, (that is, 914—aaa=330) which has two affirmative Roots or values 


_ of a, to wit 5 and 6, which may be found out by the Rule hereafter delivered in 
See. 9. of this Chap. OY * 2 8 


To form an Equation which ſbal have one Mirmatide and one Negative Root. 


Suppo %%% % 199 1) JE 35th} e—3' =o; 1; 
„ 2 „ ee eren ee 
2. Then by multiplying the ſaid 2—3 =o by | . 


a+2=0, this Equation is produced, vix. 


Which laſt Equation falls under the ſecond of the three Forms in Sed. 1. Chap. 15. 
Book 1. and may be expounded by either of theſe two Roots or values of a, whereof 


one is Affirmative and the other Negative; which after the manner of reſolving Que. 1. 
in Secf. 7. of the ſame Chap, will be found +3 and —2, to wit,- thoſe from which 


— 


the ſaid Equation was produced by Multiplication, as before. 
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Conſtitution of Equations 
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; T: Suppoſe 3 89 ©® ” © @® q 8 — a 


. = a 
2. Then by multiplying the three laſt Equations 
(in each of which the latter part is o) one in- 


. 
"A. PR. 4 Se > 2 — 
— . 


„ 


Fl. YE Ty 
T0 form an Equation which ſhall have three Afirmative Roots. 


a 2, that is, a—2 = 


3, that is, a—3 
4, that is, a—4. 


I 
II 


"D- 
O 
8 


l 
O 


aaa—9aa-+ 264—24 


3. That is, by tranſpofition of - 24% . aaa—gaak 26a "= 2 
Which bg 


= 6, — is, a—b = 0 
y „ „ WH, &—<'= 0 
e . {a = d, that is, a—d = © © 
5. Then by multiplying thoſe three laſt Equations, in each of which the latter part 
is nothing, one into another, this "i will be arg, ao vix. 
| — b7 C 
aaa — c Caa + bd >a—bd = © 
3 + cd 
That is. aaa — gas + 26 —24 22 
PROP. IV. . 
To form an Equation which ſhall have three Afermutive Roots, and one Negative 
| 55 | Noot. : To 5 
8 | a'=" 2, that is, =2 = 0 
„ a = 3, that is, a3 = © 
T, Suppoſe CYST LE SC 0&0 6 8 2; — by thar is, a | : = 0 
a 2-5, that is, a+5 '= © 


2. Then by multiplying the four laſt Equations, in each of which the latter part is 
o, one into another, this following Equation will be produced, viz. N 


aaaa—4aaa—1 9gaact 1062-120 = o 
aaaa - ꝗ4aaa— Ia 1064 = 120 


A 


Which laſt Equation may be expounded by every one of theſe three Affirmative 


Roots or values of a, viz. 2, 3, and 4, and by one Negative Root —5 ; every one of 
which may be found out by the Rule in the following Se&Z. 9 of this Chap. 
The ſame Equation may likewiſe be formed altogerher by Letters thus, viz. let the 


' aid known Roots 2,3,4, and —5, be repreſented by b, c, d, and —; then, 


; 3 = c, that is, a—c = © 
3: Suppoſe. . . . « - = dd that is, a—d'=' 0 


| 8 = b, that is, a—56 = © 
=—f that is, a+f = o 


S 


go 


one into another, this following Equation will be produced, vix. 


4. Then by multiply ing the four laſt Equations, in each of which the latter part is o, 


| f ＋ c ] 
5 —6 LES +6bd | 
LE +cd 
nn 8 an 
4 — dus —19 s 106 — 120 „„ 


After the ſame manner you may form anEquation, | which ſhall havens many Roots 
as you pleaſe, either all Affirmative, or ſome of them Affirmative and ſome on. 
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O | N 3 9 ü 
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| having many Noots. | 
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Fr VI. Obſervations upon the preceding four Propoſitions. 

1. By what has been ſaid tis evident, that ſometimes an Equation may have as ma- 
ny Roots as there be Unities in the Index of the higheſt unknown Term; I ſay, fome- 
times, not always: for altho this Equation aaa—6aa-+13a—10=0, as to its number 
of Terms and Signs, be like to the Equation formed in the preceding Prop.” 3, ſo that 
one may think it has three Roots, yet it has only one affirmative Root, to wit 2, and 


no other Root either affirmative or negative can conſtitute the ſaid Equation, for tis 


produced by the Multiplication of this impoſſible. Equation aa—ga++ = by 


a4—2=0, but that aa—ga+5=0, that is, 4a—aa=5 is an impoſſible Equation, the 


Determination in Se&. 9. Queſt. 1. Chap. 15. Book 1, makes manifeſt. | | 

In like manner, altho this Equation aaaa—60aaa-+1650a&—22500a-+11 5344 0 
as to its Number of Terms and Signs be like to an Equation that has four affirmative 
Roots, yet that Equation can be expounded only by two affirmative Roots, to wit, 


12 and 18, and by no other Root either affirmative or negative; tor tis made by the 


Multiplication of az—304a-+216=0, which has. two affirmative Roots, 12 and 18, 


into this impoſſible Equation aa—30a-+ 5 34 =0. te 
2. Foraſmuch as Diviſion reſolves or undoes that which is compos'd or done by 


Multiplication, if the Sum of an Equation which is produced by the Multiplication 
of two or more Equations one into anorhet, (according to the Method in the preced- 


ing four Propoſitions) be divided by a Binomial compos'd of the unknown Quantity 
(a) deſs by the value of any one of the affirmative Roots, or more by the value of one 
of the negative Roots, the Quotient ſhall be an Equation in which the firſt Term has 
fewer Dimenſions by one than the firſt Term of the Equation ſo divided. And if the 
Quotient be divided in like manner, there will come forth an Equation whoſe firſt 
Term has fewer Dimenſions by one than the former Quotient. As for Exam ple, let 
there be propoſed the Equation in the preceding Prop. 4. to wit, aaaa—4qaaa—1 gas 
＋ 106a—120=0, Which was made by the continual Multiplication of a—2 =, 
a—3=0, a+5=0 ; I fay, If the Equation propoſed be divided by any one of the 
Binomials a—2, a—3, a—4, a+5, the Quotient will be an Equation wherein the 
firſt Term has only three Dimenſions, which are fewer by one than thoſe in aaaa the 
firſt Term ot the Equation propoſed. So if the ſaid aaaa—gaza—1gaa+ IOC 120 
Do be divided by a—2=o, there will ariſe aaa—2aa—23a+60=0, as you ſe by 
the ſublequent Diviſion. | FER; 

a—2 ) adaaa— aa ID ＋τ 10% - 120 ( aaa—2aa—23a+60 

aaaa— 2daad | | | F ; : 


—2aaa—19aa 
—2aaa4 4ad 


1 


—23aa＋ 1064 „ 
 —23aa+ 464 e 11 
60a—120 , | 

＋ 604—120 


CY 
* 


ä * — 


| 58 | 
Likewiſe if the Quotient, to wit, the Equation aaq—2aa—23a+60=0, where 
the firſt Term aaa has three Dimenſions, be diyided by a—3=0o, there will ariſe 
aa-+a—20, whoſe firſt Term aa has but two Dimenſions. And laſtly, if the ſaid 
latter Quotient aa+a—20 be divided by a—4.=0, there will come forth a fimple 
uation, to wit, a+5=0, that is the negative Root a=—5. | 5 

he like Divifion may be practiſed with the literal Equations at the latter end of 
Prop. 3. and 4. in the preceding Se. 24. j e | 
3. If a compleat Equation, that is, ſuch in which all the Termsareextant, be produ- 
ced by the 3 of poſſible Equations one into another, you may diſcover hom 
many affirmative, and how many negative Roots that Equation has, by this Rule, viz. 
As often as — follows next after +, or + next after —, ſo often there is an affirmative 
Root; and as often as two Signs — or two Signs -+ ſtand next to one another, ſo often 
there is a negative Root. As for Example, in this Equation, (before formed in Prop. 4.) © 


— 


„ a 


r — -_ — rr 2 
2 2 — 


— —— 
4 


11 
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Rules preparatory to the Reſolution BOOK 


Again, becauſe next afrer —19aa there follows + 1064, it hints there is another Affir- 


mative Root; and becauſe next after ＋ 1064 there follows —1 20, it ſhews there is 
a third Affirmative Root: ſo that the ſaid Rule diſcovers the Equation propos d to 


have three Affirmative Roots, and one negative Root. 


4. It is alſo maniteſt from the manner of forming Equations according to the Pro. | 
poſitions in the preceding Set. 5. that in every Equation which has as many Affirma- 


tive Roots as there be Dimenſions in the firſt Term, the Co- efficient or known Quan. 


tity in the ſecond Term is equal to the ſum of all the Affirmative Roots; and the 


known Quantity in the third Term is equal to the ſum of the Products of every two 


of the {aid Roots multiplied one by the other, and the known Quantity in the fourth 
Term is equal to the ſum of the Products of every three of the id K | 

forward when there be more Terms : but the laſt Term, to wit, the abſolute Quan- 
tity given is equal to the Product of all the Roots mulriplied one into another. As 


in the following Equation (before formed in Prop. 3.) vis. 


\ 


the preceding Sec. 5. 


VII. How to free an Equation from Fractinns, when tis incumbered therewith in 
the ſecond, third, or any of the. following Terms. Which work is by View 
called Iſomœria. . e N 
The Rules in Chap. 12. Book 1. ſhew how to reduce an Equation fo, as that the 

firſt Term may have no Coefficienr but Unity; bur if after any Equation is ſo reduced 

there happens to be any Fraction in the ſecond, third, or any of the following Terms, 


ſuch Equation may be reduced to another whoſe Terms ſhall be all Integers, by the 


Method in the five Examples next following. 


Example 1. 

1. Let this Equation be propos'd to be reduced to another 3 
| in Integers, OE F FFF . Naas f= — 225 
2. Suppoſe e 2a, (2a, becauſe 2 is the Denominator of 
| %%% & e 

3. Then divide each part of the laſt Equation by 2, (the 1 
Denominator atorefaid) and there ariſes * e 
4. And by multiplying each part of the Equation. in the“ eee 
e e eee f 
5. Again, by multiplying each part of the Equatidn in the 3 
third ſtep by 2, (the Fraction in the ſecond Term of 50 5 a = 34 


Equation firſt propoſed), it makes 


to wit, aaaa—gaaa—19aa+106a—120=0, becauſe next after the firſt Term + azag 
there follows aaa, it ſhews there is one Affirmative Root; and becauſe next after 
—4aaa there comes —1 gaa, it ſhews that the Equation has one negative Root. 


OOts; and ſo 


3 L 3 2 _ 88 ä 


ken 


9. Which laſt Equarion ting reduced to fp (by 4 


then a ſhall be 6. 


Ly Suppoſe e=12a (120 becauſe 12 Ohe 3 


6. andjby adding the two laſt Equations into one, the 55 eee 1 22 = 


Sum makes ; 772 144 = aa. 
8 But by the tion ep 3 x9 | 1.12 
1. Boe by the Bquaton prop lat Equations(by r. aro- 1. Aniom eee . 1 
r. Elem. Enclid ) 66-5508 $577" e | 
Which Equation reduced to Integers W .. cee 1326 = $208 


| in rhe ſecond ſtep o is to 4 as 12 to 1 ; therefore i e be 18, then a ſhall be 1 | 


— Exanyle x; 
15 Again, let there be propoſed ws ee eee 
2. Su ſe e=68, (6a becauſe 6.s the tor PE 
1 5 ach pan of the af mY 42 1 
3. Then 1viding eac on 1H a Þ 
by 6, there ariſes Fe 1 =s oY 
4. And by ſquaring the wit Equation ic an; ˙ = 8 


| 6. And by multiplying 1 ry III in the fourth 
* _M m 


£ 73: 5 
, * 
7 - * N i 
SC, , 


2 ö 


E 11. 1 2 
6. 6. Then add the we aft Equatices no ons 1 i= — — - 


Sum is = a4 22 
But by ſuppoſition i in he 2 | 
4 „„ jo 10ns ty x Axiom, - 225 = * W 


1 Elem. Euclid.) . . e „ er: = 225 | ; 


$48.2. Chap. 12. Book 1.) gives e n 
erefore an uation is found out, which isaltoget 
when the value of e in the laſt Equation is Akrwe e ee and 


propos is conſequently known; for by the third ſtep a le, therefare if _ 


Example 2. | 
Again, if this Equation be propos d, 13 hn 
Tr may be reduced in like manner as bers in Er plans OO 
ample 1. to this, vi⁊ „„ eee 6e = 1066 
And if be 10, then ſall be 5. | : 1 


„„ | Example * 
So likewiſe this Equation £5 $i - 
May be reduced I „„ | - 2 = —_ 
Aud if de 285 * ; py Ne er 


Example 4. 3 5 
i. Again la hero be propos Gee e 


nator of the Fraction r in the ſecond Term) 
3. Then divide each part of the laſt Equation by 12,7 _ e 
(the Denominator aforeſaid) and there ariſes . + AP 


4. And by multiplying 2 _ laſt Equation, i 4 3 


it produces oh 5 = 4 
5. And by multiplying the Equation in the cir Rep ae: | 
by 125 it makes 95 6 . « } —— 244 


Thus an Equation is found out in Integefs ; and when the value of e is diſcovered, 
the value of 4 in the Equation propos d is conſequently known ; for by ſappoſition 


5. Lewin b wanne each of the laſt vati- 0 
on, — 7 produ p< . Eq x 


oP by that in the third, the Product is N & 1 5 5 1 


: o 
, 0 6 
nr ; A 
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274 Rules preparatory to the Reſolution BOOK II. 
7. And by multiplying the laſt Equation by 10, it gives P 
ö // a. >, On... 
8. And by multiplying the Equation in the fourth — 22 
"by 454 it par r 
9. And by multiply ing the Equation in the 9 „ e 
by 104, the Produtt will be e , = T04g2 


FF 


5. And conſequently b 
5. And b 1 part of nnn e cb - + Mts 


9. And laſtly, by ſubtracting 72 (the laſt Term of the l 


is, ee 81 gives e=9, and by the fifth ſtep a=e+3, therefore a me. 


10 Then by connecting theQuantities which ftand in the firſt Parts of the Equari, 
in the fifth, Twen, eighth, and ninth ſteps, together with 89, by the fn Sens 
which reſpectively belong to each Term of the Equation propofed, the Sum ſhall 

be equal to the Sum of the ſame Equation, and conſequently equal to nothing; 
hence this Equation ariſes, viz. _ 8 3j We 6 Tm. 

| ecee __ Toeee , 275 _ 6250 EE 
116 + 36 FP ” t. 1 
11. Which Equation being reduced to Integers (by Set. 7. Chap. 11. Book 1.) gives 
| eee — iGogge ＋ 1650e8 — 22500e + 115344 = o. + Non, 
Thus an Equation js found out whoſe Terms are all Integers ; and the value of the 

Root e in this Equation is to the value of the Root a in the Equation propoſed as 6 
to 1; (for by ſuppoſition in the ſecond ſtep e=6a:) and therefore if e be 12, then 
a Halbe 43 ori ens, then q ſhall be 3. mo „„ 8 


VIII. How to take away the ſecond Term of a Compound E quation, 1 
The Rule is this; Divide the Coefficient (that is, the known Quantity) multipli- 


ed into the ſecond Term of an Equation 1 by the Index (or Number of Di- 
menſions) of the Power which is the firſt Term. Then if the Signs of the firſt and 


2 wy > 


* . 
c * — 


1. Let there be propoſed this Equation . . aa—6a 72 
f n pßßßf]̃]7ô7§ ! %⅛ l \ 
3. Here the number of Dimenſions in-the-firft. Term aa is 2, and the known Number 
multiplied into a making the ſecond Term 64 is 6; this divided by the ſaid 2 gives 
3, which ſubtracted from the Root a (becauſe the Signs of the firſt and ſecond Terms 
are unlike) leaves a—3, which is equal to ſome unknown number, let it, be e; then, 
mm ron WY DEPT RISER SY = "2 
| adding 3 to each part of that : 5 


N © 
5 


0 


uation there ariſes 


comes OE. Po 8 
7. And by multiplying each part of the Equation in - 
the fifth ſtep by the Coefficient. 6 in the propoſed - . 6a = 6e+18 
Equation, it makes . . „ RNA» >. *. TE 
8. Then by ſubtracting the laſt Equation from that in led de 
| $4330 1h B+ Fs | 


the ſixth ſtep, there remains 


© * 
* 
« 
7 4 
* 8 4 


. . . 8 2 o $ wo — 5 a „ + 2 
Equation propos d) from the Equation in the eighth > az—6a—72,= ce—81=0 
// 0 + e. + +» _ „ Eng 

HAY 8 23 3 of | 


4 1 


Thus you ſee an Equation is found out, to wit, ee—81=0, which is equal to the 
Equation propoſed, and it wants the ſecond Term; (for there is not any number of z 
in the Equation found out.) Now if the value of e be made known, then the value 
of a is conſequently known; but the "Equation found our, to wit, e&-81=0,. that 


E xample 


29 


7 * 8 8 0 1 — a. CY $ 


7 And by multipl ing the Equation in the fifth ſtep 5 


— 2. 


1. Again, let there be Propofed, this nen, vir. aa S 216 


2. That is Re” RIES = . 
3. Here (as before) [ divide. &, the Coefficient 1 in. * ſecond Term 6a, 25 Abich 
” ena the Number of Dimenhons in the firſt Term and the Quotient 3 I add 


to the Root a, (becauſe the firſt and ſecond, Terms a e Equation have the fame 


| on +) _y the Sum a3 TEE to ſome unknown Number, let it bees =_ 


1 4. Tes i by fubriaing 3 from each part of thit } þ 5 TY er 
n there ariſes 3 —— 5 
6 — by A the 1 Shen e a S s 
And by mu riplying the uation int e fift e 
; IS e the two laſt Equations into a * | 4 | 2 e 3 
the ſum is 13 e CS 


9. And by ſubtracting 216 the laſt Term of the) | a 
Equation propos d) from each part of the n 02+ 64—216 = e225 =o 
on in the eighth ſtep, there remains 
Thus an Equation is found out, to wit, 62250, which wants a ſecond Te 

(for there is no Number of e in that Equation z) and when the value of e is made 

known, the value of a in the Equation propos d is known alſo; but the Equation 

f—225=0, that i is, 6e 223 gives e=t 3, 1 by the fifth ſtep / phi. therefore 
ak Hes , FR 


— e Enanple 3. N f 
1. Again, let this uation be propos d „ aa — 184-4 C | 
2. According to Art before given, divide 18 the khown Number of the ſecond 


Term —1 a by 3, which denotes the number of Dimenſions in the firſt Term aaa, 
and the Quotient is 6, this I ſubitact from the Root a, (becauſe the Signs of the 
firſt and ſecond Terms are unlike) and the Remainder is a—6, which is equal to 
ſome unknown Number, n it be es then, 
4. 15 ſup gan q * 5 b 10 26e 
. Therefore by addin 6 to eac part 0 tEquant in, 
” uu Ear Shi * wy s 

5. And by quaring t Equation: it ma  aa=e6e+12e+36 
6. And by multiply ing the two laſt vations one 5 
"0 the * — the Product is 281 7 . ana=ortiSertrobet216 


Jp 18, (the Coefficient in the ſecond Term of the ice ib 2166+ 648 
quation propos d) it makes Wye 0 150200 | 
8, Likewiſe: the Equation in the Fourth: ſtep being 2 

multiplied by 7, (the Coefficient᷑ in the third Term | vpe 


of the Equation propos d) produces on 


9. Then to the Equation in the fixth fiep adding 696, 95 wit, the un rem of the | 


uation do pos d) the Sum is 
15 - aaa 696 = eee-þ-1 862+ 1088912 | Fall Ba OT 


| Jo, Likewiſe, by adding the eighth Equation to the ſeventh, it makes 


18a f Ja = 18224 2230+ 690 | 
11 Laſtiy, by ſubtrating the Equation in the tenth ſtep from that in the ninth this . 
ollowing Equation remains, ix. 
5010 2 aaa—I8ag—Ja-+ 696 = eee—11 5222 = 


5 4 


; 9 


T an Equation is found out, to wit, ece—115e% 222=6, which wants the fe 
cond Term, (to wit, the Power ee;) and when the value of the Root e is made 
known, the value of the Root a ſhall be known alſo, for by the fourth ſtep a=e+ 5 
therefore if e be 2, then a ſhall be 8; and if e be equal wy 112—1, then a ſhall 52 

Mm 2 . Example 
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Example 4: 


1. Again, let there be propoſed . . . aaaa+6aaa+11aa+6a—166 = g 
2. According to the Rule before given, I divide 6 the Coefficient in the ſecond Term 
I 6aaa by 4, which denotes the number of Dimenfions in the firſt Term aaar, and 
the Quotient is 2, which I add to the Root a, (becauſe the bigs of the fir 21:4 
ſecond Terms are like) and the ſum is a+3, which is equal 
Number, let it be e; then, een eee 


* 


* 
1 


3. By ſuppoſition . =, ED '. . a ＋ A 2 e 5 3 ſe 58 
Ao CPD: LEE CRIT ion © wn 7 ee. 
5. 8 Square yd = laſt 1 i * . aa = eegze+2 © 
6, And the two. wa ations multip J B 
one by nme - WO NT INES 
7. And the Equation in the ſixth ſtep be- Pa” 1 | 
ing multiplied by that in the fourth ſtep, > aaaa = erce—berep ee Ze 


J +. $$ 
8. And the Equation in the fixth ſtep mul- 
tiplied by 6 produces 
9. And the Equation in the fifth ſtep mul- 
tiplied by 11 produces . '. - :; : : 
10. And the Equation in the fourth ſtep T 6 ” 
molds by s gies” nf, 45 0 TOM | 
11. Now'tis manifeſt, that if fromthe Sum of the firſt Parts of the four laſt Equations 
there be ſubtracted 100, the Remainder will be equal to the Sum of the Equation 


% 
8 
l 


> . F — 4 | 1 1 | 5 
* cee —ee- re 


114 = IIee—3 3e 2 


firſt propos'd equal to o; therefore alſo if 100 be ſubtracted from the Sum of the 


latter parts of the ſaid four Equations the Remainder ſhall be equal to o, viz. 
| eeee— ee 90 = Oc | 


12. In which laſt Equation the ſecond Term, to wit, the Power eee, is wanting, as was 


| :  defired. And when the value of e is made known, the value of the Root a in the 
_ Equation propoſed ſhall be known alſo; for by the fourth ſtep a=e—2, but (by 
the Canon in Sec. 8. Chap. 15. Book 1.) the value of e in theEquation in the eleventh 

ſtep will be found Y: IT TVIOI: and therefore a:; IAT VII: 2. 


IX. The uſe of the preceding Rules of | this Chapter, 30 tbe Reſolution of all man- 


ner of Compound Equations in Numbers. 


After an adffected or compound Equation different from any of the three Forms in 
Se@. 1. Chap. 15. Book 1. is prepared for Reſolution by the Rules of Chap. 12. Book l. 
and reduced (if need be) to Integers, and. the ſum of all the Terms made equal to o 
(or nothing) according to Seck, 7. and 2. of this Chap. ſearch out (by the Rules of 
Chap. 8. of this Book) all the juſt Diviſors to the laſt Term chats che knen abſo⸗ 
lute Number of the Equation ſo reduced.) Then try whether any one of thoſe Divi- 


Fad * 


ſors connected to the unknown Root a by — or +, will divide the total Sum of the 


aid reduced Equation without leaving a Remainder; for when ſuch Diviſion ſucceeds, 
either the known part of the {aid Binomial Diviſor is the deſired value of the Root a, 
or at leaſt the Quotient gives an Equation, whoſe firſt Term has fewer Dimenſions by 
one than the Equation divided; and then the Root of this new Equation, if its firſt 
Term be a Square, may be found out by ſome of the Canons in Seck. 6,8, 10. of Chap. 
15. Book1. But if the firſt Term contains three or more Dimenſions, let this Equa- 


tion be examined by Diviſion, (as before,) and if none of thoſe Diviſions work off juſt 


without a Fraction, then by taking away the ſecond Term, (by the Rule in Secf. 8. 
of this Chap) another Equation more ſimple, and ſuch as may be reſolved by ſome 
of the Canons in Sect 6, 8, 10. Chap. 15. Book 1, will ſometimes ariſe. But if none 

of thoſe ways prove effectual, you may by the general Method in the foregoing Chap. 
10. find out one affirmative Root very near a true Root, and then joyning this Root 
found out to the unknown Root a by the Sign —, you may by this Binomial divide 
the Equation, and proceed to find out the reſt of the Roots very near the truth. All 


. . » 


which will be made manifeſt by the following Qieſtionn | 
” "QUEST: 


to ſome unknown | 


S As W280 - 
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” oy 
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/ ĩᷣͤ UE 0642. 
Firſt, (by the Method in Seck. 5. Chap. 8. of this Book) I ſearch out all the Num- 
bers that will ſeverally divide the laſt Term 24 without a Remainder, and find them to 
be theſe, viz. 1,2,3,4,6,8,12,24. Then by examining in order whether the total ſuni 
of the Equation propos d may be divided by a—1 or a+1, by a—2 or a+2, c. I 
find it may be exaRtly divided by a a without a Remainder, and the Quotient is aa 

7a-+12, as you ſee by this following Divifion, n. 

| 24 2) aaa aaf 26424 ( adqJa+12 

— T6. 


_ 


ae 


FF I2&m24 


r 


Therefore 2 the known Number in the Diviſor a—2 is one real or affirmative Roc 

of the Equation propoſed ;' for as well the Diviſor as the Dividend was ſuppoſed equ 
to nothing, viz. 4—2=0, whence a=2 ; the Quotient alſo is conſequently equal to 
o, Viz. aq—Ja+12=0, that is, 7a—aa=12,; hence (by the Canon in dect. 10. Chap. 
15. Book 1.) two other affirmative values of the Root a will be diſcovered, to wit, 4 
and 3. So that thtee real values of a, to wit, 2, 3, and 4, are found out, by every 

one of which the Equation propos d may be expounded, as the Proof will eafily ſhew. 


| STO | 

1 . | aag—22aa+15 a — = 360 N 1 

Tut is, If. . . au 2 * }-What is un 

. J. ͤ TOE: 5 a 

Firſt, the Diviſor of the laſt Term 360 will be found theſe, 1, 2,3, 4, 5,6, 8,9, 10, 

12,15, 18,20, 24,30, 36, 40,45,6 0, 72, 90, 1 20, 180, and 360 then by examining in order 
whether the ſum of the Equation propos d may be diyided by a—1 or a+1, by a—2z 
or 4 2, by a—3 of a+3, Cc. I find that a—5 will preciſely divide the ſaid Sum 
without a Fraction, and therefore 5 is one affirmative Root or Value of a; then the 
Quotient aa—17a+724=0,. that is, .174—aa=72. affords two other affirmative va- 
lues of a, to wit, 8 and 9. . Thus you ke three real values of a, to wit, 5, 8, and 9, 
are found out; by every one of which the Equation propoſed, to wit, aaa 2243. 
1574=360 may be expounded, as will appear by the Proof. 85 
478. | | * 33 914 0 155 8 = 350d 3 — 


Firſt, the Diviſors of the laſt Term 330 will be found 1, 2, 3, 5.6, 10, 11, 15, 22,30; 
55,66, 110, 165, and 330; then by examining in order whether the ſum of the Equa- 
tion propos d, to wit, aaa 9 1a 330 may be divided by a—1 or a 1, by a—2 or 
4 ＋ 2, ©. I find it may be diyided by 4-5 and leave no Remainder; therefore a— 
5=0 gives a=5, which is one affirmative Root of the Equation propos d, and the 
Quotient aa+ 5a —66 , that is, aa E Sa 66 , affords another atfirmative value of 
a, to wit 6. So that two real values of a ate found out, by each of which the Equa- 
tion propos d may be expounded ; for if a2, of a=6, from either ſuppoſition it 
dll that lr, e As 
eee, EE 
To find two Numbers whoſe Sum ſhall be 5, and that if the Sum of their Squares 
be multiplied by the Sum of their Cubes, the ProduQ may be 455; Pp 


2 


RESOLUTION. 5 wr 

This Queſtion may be ſolved by the Canon of Rueft. x3. 32. Ch. 6, 16. Do I. bad this 
Canon being raiſed from Poſitions that lie out of the on Road, I ſhall here ſolve 
the Cue dien in the ordinary way, ang oY it will exerciſe the prceling Rules of this 
Chapter. Firſt then, | JAM 2 


* 5 TI. 1 4 | xs. + 
9 7 3 ; K \ 4 f ** g $4 * * 1 g 1 13 . 4 
* * 8 4 o « 


£ For one 'of the Numbers Gught Mit. ey of 9 e 1 

2. Therefore the other Number is * eie N 

3. The ſquare of the op Numer is 16 e eee, 
4. The Square of the ſecond is A "Lot 40.104 1 Wer 
7 The Sum of thoſe 8 ſuares is A 10 yp wo IH _ 2ad&—10a+ 25 2005 n 3 

4 The Cube of the firſt Number i _ 8 an 0 12 

7. The Cube of the ed Ss 8 e , 

8. Therefore the Sum of thoſe Cubes is + 15a9—75a-+125 


9. Which Sum being multiplied by the Sum of: ils Squares in the fifth ſtep gives 
” this Product, viz. 30aaaa—3ooada+ N 125a+3125, 
10. But according to the Queſtion, the Product in the laſt ſtep muſt be equal to the 
given Product 455, hence this Equation ariſes, 
3 te as I ch par of 1254 T 3125 = 455. 
part of the laſt 9 this ariſes, 


; Li will be Tt) vx. „ 

| n r = O. e l 

14 No hel Divifors of the laſt Term 115344 will be found 1 3 8,9,1 A 
and after tryals made by Diviſion, (like as in the three laſt precedin 


bellen) I find that —12 20 will preciſely divide the ſum of the ans) in 
| A ain, the Quotient 
of that Diviſion being ece—48ee- 1974 For: 


=9612, I ſeek the Bivifors of the ·laſt 
Term 96 12, and find them to be, 1, 2. 374, 6,9, 12,18, 27,36, Cc. Then after tryals 
made (as before) I find that e—18 wil exactly divide the aid -.ece-r4.8ee4- 10740 
29612, and therefore 18 is one other affirmative value of e; and berauſe the Quo: 
tient of the laſt mentioned Diviſion; to wit, ee—3 o 5 34 S. that 18, 3 0e er 
| 8575 is an impoſſthle Equation, (as is evident by the Determination in Self” 9, 
| Queft-1. Chap 15. Book 1.) I conclude that the Equation in the thirteenth ſtep 15 
no other Root or Value of e beſides 12 and 18 before found. But becauſe by füp- 
poſition in the thirteenth ſtep e=6a, + of 12 and likewiſe of 18, that is; 2 fs 33 
ſhall be the true values of a to ſolve che Queſtion, for their furn i Sy; and "If 1 
tho ſum of their Squares be multiplied by 35 the ro their Ctibes, the Prodi 
is 455, as was deſired. 3 My 


Sometimes the taking away of the ſecond Torn? n Equation, (bythe Rule in 
Seck. 8. of this Chap.) will be 1 85 to find out an Equation reſolvable by ſome 


2 
2 


of the Canons in Seck. 6, 8, and 10. Chap. 5. Book 1. when tryals by Divifion (as be- 
fore) will be in vain, as will appear by the following fifth Queſtion,; which I find re- 

ſolved two manner of ways in Fug. 3 19. of Carteſus his Geometry, ſet ten with 
Comments by Fran. van. r ant 75 . ben 


1 * 2 


To find four Numbers in Abbe prog een titwed, ſuch Te their common | 
Difference may be Ae the Product made by thetr e plication, 0 


eee O. N. „ ·³² q 
I. For the firſt Number pt e Me oe WEIL hes a Bs ae Ae vs 
2. Then the ſecond ſhall'be 19, . 1. r : hg . e e 5 
J ͤ cc... 5 A OTN ne,, i ar ; 
4. _ oe sche kr e of bei bg 11 ach. 8. or lf l + bad 6 T 2 
5. efore the t ir continu nn 37 | 
Multiplication is E 3 eee i 


* 


7 H A 5 1 1. "having man D * 


— 3 — — 
6. ; Which Produ = = 7 gr: 1 aa ba I la- 6a, = = 109 


That is, et \ aaaa- N 


7 

Of which Equation the laſt Term 100 may be divided by-1,2 20,25, 
. 1003 but 17 5 being tried by a- or +1, by — or 53, wn 
it proves ineffectual. Then by taking away the ſecond Nm (as in Example 4. 
elt. 8. of this Chap.) this Equation ariſes, dix. es 2 ee -den o, in which 
the Root e (by the Canon in Sect. 8. Chap. 15. Book 1.) will be found oa to 
VII Vir: but in taking away the ſecond Term a was put equal to e—}, and 


therefore a=v 77 I TVo: — ** ; an nnn from the firſt, ſecond, 2 
1 fourth f BN | 


| * 85 3 ; '3 — 
ee MED eur 1 $09 | 17 7 "HS 705 
l . 1 OC, ; 11 2 1 ; | 

2607 8 The four Numets dacht we hel, „„ I 
4 2 of OPT” "ts #4 CY OS, # £7 5 by 37 =; | 0 'F. 10 ++, 1444 * 

| 975 iel. +24. 13 


- Which Numbers ant ons units by wy and the Product of thels 1 pli- 
owes is oh as before has been proved in Queſt 3. Seck. 17. 9 9. of this Book. 


Aube way o Reſolving Quelt:5.. 1 
For the butt A put 212 for the ſecond a, for the thb e 2nd for 
the fourth a+ 12; then) by multiplying theſe four Numbers one into another, and 
com vr Nur Product to To, this Equation ariſes, bin. — whence 


Y 


the tour mee in be found the fame as . 9] 
p £2 . r 85 yt Gin ef 1 91981 . 
4 11097 7. . II Nl G3 Ab E Ss 1 5 1 0 N 5 5 A ba. $2 fo! £774.71 .} 
1. = 1 2 1 50 833-4 63443414 = 130% | Hhroimrovho an! Hi 
2. Ti Tit © e = oz : 1570 Bat of 
- Whazs the AE wg on 54.) (13 18 e oh re! 200 ee Int 


FSI | 
our nt; 1 


"po 9 ae 1 8 any Denzindes.” — — 8 
is one: mative value 9 em — . Again, becauſe the Diviſors-of 163 the 
” Taft Tenet this Equating,aaa—634163=0, [which was the Quotient of the ſaid = 
- Diviſion) are only Hnity and 1633 Ly ro divide the Equation laſt mentioned by 
_- a—1 and, a+1,' likewiſe by. eres th e a 1633 but none of theſe Diviſions 
workin off j uſt without 2 9 and there being no ſecond Term to be taken 
away, arch out one affirmative qo 4 a out * wary 8 424624 
163 = aa e z by the general Method in the Wogan © 
= A oth diſt COYET 0 90055, UC. then I divide the ſaid Cubic — 
aaa—6 3 163 , 757 4—9. 005 5 , and the Quotient (the Remainder a the 
Fenn ended being e ri Aa, 9:00554+18.09902025=0;; but this 
- Equation;cannot poſühſy have any:affitmative Root; and therefore I conclude that 
the Equation -fuſt propos 0 to be reſol yed has only two affirmative Roots or Values 
of a, to wit, 8 and 9.0055, Ge. found out as above. PS 


By the like Operation f ſt will appear, that this Equatio 3 9 
| 2 310 may, be ex dae the one 6 0 7 Roots or Values o eto | 
wit 11, 7.1125 Wand 5 955 ut by no her affirmative Root. | 
When the liades + Or the Known Quantity in every Term of an 
tion is an even number, the pare Pa of ſuch Ae wil admit of a Conran, 
which will be made manifeſt by this following 


| ON —SUESTION.. 7. Ag, 
I. 1 . r —576 = ; Whatis . Soe. 
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RESOLUTION. - - -. 3 5 
2. Here 3 the Indices of the ee Yer Numb i 
to wit, 6, 4 And 2, pujt * . 0 45 4 5 
55 . i _F ober 


h bes, » 


* 


Reſolution of Cabie Equations BOOK II. 
— — — —— — — — — a 
/// ͤ Cre Yo Era 3 - 
4. Towhich Powers of e joyn—576, the laſt Term of rhe given Equation, and it makes 
e3—=2902 + 2446—576 = 0. NETEO > #8 


4 


a "If * | 
Examples of this Section) thi found 7 ES © the Roc: C: 
e, viz, 4, 9, and 16; then becauſe e was put equal to aa, the ſquare Root of 4. 9, 
and 16, that is, 2, 3, and 4, ſhall be three Roots or Values of a in — 1 


Reduction being ſubjeCt to many caſes, is very tedious and troubleſom. Secondly, ſuch 
2 Biquadratic Equation is feldomi capable of being reduced into two Quadratic Equati- 
ons; and when tis reduced to a Cubic Equation, this may happen to be ſuch as its Root 
or Roots in Numbers cannot be perfectly found out by any Rules hitherto publiſh'd by 
any Author. Thirdly, by the Method in this ninth Section all the Roots of any Cu- 
bic, Biquadratic, or other Equation of higher degrees, may-be found our in Numbers, 
either exactly if they be Rational, or as near the truth if they be Irrational, as ſhall be 
needful for any practical uſe. And laſtly, my undertaking (as I have before hinted) 


is not to handle all, but the moſt uſeful Rules only in this profound art. 
Note. The Reſolutions. of the preceding Queſtions of this ninth Section do clearly 
ſhew, that there is no ſmall labour in making tryals with the Diviſors of the laſt Term 
of an Equation to find its Root or Roots; and therefore to leſſen that work, firſt, it 
will be convenient to make ſome tryals by the general Method in the foregoing Chap.10. 
to find out Limits within which the Root or Roots of an Equation do fall, or to argue 
the ſame from ſome things given in a Queſtion producing the aid Equation, and then 
to make tryals only with n of ng Term as fall within thoſe Limits; 
but when all Contractions af uſed, the work is ſufficiently laborious, ſo that one 
chief Scope of an Analyſt in reſolving a knotty Queſtion muſt be to frame his Poſitions 
with = artifice, that the Reſolution may ef itt as fimple an Equation as is poſſible. 
And altho one way of Reſolution may prodiice an Equation compoſed of high Pow- 
ers, yet oftentimes by another way you may come io a more fimple Equation, as 
may partly appear by the foregoing fourth and fifth Queſtions of this Section; but 
the skill of finding out the moſt ſimple and facil ways of Reſolution, is not attaina- 
ble (as I conceive) by any certain or conſtant Method, but rather by much uſe and 
exerciſe inthe folvingof es.. 


I1 


12 


16 
Seft. X. Concerning the Reſolution of certain Cubic Equations in Numbers by tw 
Rules, the Invention whereof Cardanus attributes to Scipio Ferreus. 

1. All Cubic Equations, after the ſecond Term is taken away, when there happens to 
be any, (by the Rule in Seck. 8. of this Chap.) are redueible to theſe three follow- 
ing Forms, in which a repreſents the Root or Quantity ſought, but p and q known 

Quantities. x SER, 2,0 DIPOE NT Rn oSs0 FF 
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AE 
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1 . 
e 
20 


ada = + ba go | | ans 
reſolve the fiſt of thoſe Equarions, ui. 
Preparation. 
3 F o . K. : . Fs 8 6 = 300 | 


aaa = — 6a 20 || aaa = =pabtg 
% a 
0 e e ee e 
2. Now let it e h Un: 0 
II aaa = —6a+20, or a = af; 
What is the value of a? a 4 e - 5 
J „ö ir 
4. Suppoſe alſ0o . 20 = re- 
3 ä 
Equation in the third ſtep into it klff>aag = eee —3 ey zen- 
Cubically, this is produced, viz, 5 Eng N 1 
1 


the other, it — 


8. And by ſubtraQtin the g RIOTS, Th Ys F ein „ 
the ſeventh ſtep from A in the & oe = ul 12 e GY 
4 e he W h d gh Er e ; | S 
* 155 "is manifeſt that Je * a = 6. 
ro. From the premiſes it's. evident, that- if in the E : 


wit, aaa = ata, of daa = = = —pa-Fq, we 
© equal to the ference of two unknown numbers 1 #: pou 73 115 the able num 
ber 20 (org) to be equal to the difference of 'the Cubes of the ſime 
two numbers, and the n to be equal to the triple Frodutt of their 
Multiplication; then as well aaa as 20—64 (that is, 5155 pl 
Cube of the difference of thoſe two-nuſfbers;'v:z. to the Cube of e—y ; and therefore 
when two ſuch numbers are found out, their difference ſhall be the Root or — 
a ſought. But to find out the "py two numbers (e and 1) there is given the Produ&t 


of their Multiplication tow ) that is, one third : 
— 0 the 1 65 2 n 


as alſo 20 (or q the di bes of the fame two numbers. 
fore the numbers themſelves. ſhall be given ſeverally by the Chon of N 820 
Chap. 16, Book 1. and conſequently the ROM ee be Given ally as will 
be made manifeſt by -_ My 5 
II. To the 8 1 half 4 * | i wh | 2 
the given Abſolute num- e 490 «5.0 
ber 20 (or q) v. to 3 4 0 
12. Add the e 3 * | | ; 
or 5p) 8 the Cu | 5 = 
ys Co-efficient 1 | 8 | 7 22 
or < WS Cube is L F s I 5 C 
10 The, Square W n 
= bel the are by Inte (. . 1 . 


number 20 (or 70 and 
the Sum BT i% " r | . | 
%% s. innate 
Sum is the greater num- & Vz 10+v108: | VG): :9+v/299 4. mp: 
ber e ſought, vis. „ ti, "WY 
17. Again, from the quatre: ro: | 
Root in the fourteenth ; 2 . 
Rep ſubtract half the ab. ——t1o+yv108 EDS 
ſolute number 20 (or 9) 1 EN _ 
and the Remainder is 5 nk . | 
WY EL 


18. Then the Cubic Root 
of that Remainder ſhall'C 
be the leſſer number 58 


ſought, v3... 
19. And then the difference of the two Cubic Roots found out in the 8 and 


eighteenth ſteps ſhall be the value of the Root à in he Equation ſed; viz. 4 
a * 3): 1 FvTos : IJ —Io0+v1 CEE 1 Re | 


4 = V(3):39 +V399+ app ) 1 Tally: 9 © 
20. It remains to make tryal whether the Binotnial 1 5 168 has a perfect Cubic 
Root or not; ſo by the Rule in Sect. 18. Chap 75 of this ſecond Book, it will appear 
that 1 . is the Cubic Root of 8 and /; -I is the Cubie Root of 
V108—103 and conſequently the value aff the Root a before found out in the 


e * 1s Wes * N alien! ; for 175 be fi 
„„ N 2 e 


VG): 18710 oh | VG): rm: 


\ as 
x 


"0 ” 
bs. 
3 2 
2 mo 8 * 


Tasche I 2 e 


4 
— 


Ll 
y 


* 


ut 1+y3,' the Remainder 2 is the deſired value of ir rhe, * bo * 
21. In like manner by the Canon in the ry 


| ang * ſelf cubically, this is produced, N 


28, And the Sum of the Equation in 


31. From theSqu uare of half the given 1 1297 | 1 8 
32. Subtract the Cube of 2 (or 2p), VA 
a 


for if a=2, then aaa = 20-64, or aaa 64220. 


nineteeth the rake of, int thi 
Equation ana- 27 64, Will be found this that follows . 7 


a =V(3): 32+VI733: 3): TD 33: | 
But this value of a cannot be expreſt by any rational number ae een 


2+v 1753 has not a perfect Cubic Root, and therefore the "faid value muft eicher 
; ſt in char 8 deen Form, e expreſt by ſome rational uumber 


hich will * 
22, lo the next place ler it be required to reſolve a Cubic 1 


Eats 


' the tue value, 


Equatian of the ſecond 
La the three Forms before mentioned, vi. r 
Ae a . e Fi ct, aaa 2 4. D 2 01 9 

| Whats the value of a?. z 2. a amore 
rel. A n th aqr *o 0, 


5 
A. 
* 


und 2. 05, Cc. that is, 2-5, Ec. 


23˙ 3 0 Hah 2 7 1 4 = * „ 1 GW i 2 
24. Suppoſe ai, TG OR > e 0 - 49 == yy 9 Tru 0. . 
25 And mh 6= = va Kit 150 11082 

26. Then by multiplying each part 0 of a 


*: 


the Equation in the twenty third ſtep aaa = = = eee leren 2 val 
And the . 1 twenty J TEC BT Ne; ed 

7 and twenty fifth ſteps being mu- 64 v 

tually multiplied one by the other 64 = 570-00 


will produce iin 05 1 
2 i, 348 


the twenty fourth and __ ſeventh 6a+40 = = et 3099 See, 
ſteps makes 


e 3 


29. Therefore by the near fixth and } aaa = ere 2974 . 40 


twenty eight ſteps tis evident that . 


30. By the eight laſt preceding ſteps tis manifeſt, That if in the Equation propos d to 


be reſolved, to wit, aa#=6a-+-40, or aa = pa ꝗ, we: ſuppoſe the Root à ſought 
to be equal to the ſum of two unknown; numbers, e and y, Al ſo the abſolute number 
40 (or q) to be equal to the ſum of the Cubes of the ſame two numbers, and the 
Coefficient 6 (or) to be equal to the tri le Product of their Multiplication, then as 
well aaa as 6a-+40 (that is, pa-) {hall be equal to the Cube of e); and there- 
fore when two ſuch numbers are found out, their ſum ſhaltbe the Root ox number a 
ſought. But to find out the Aid two numbers e and y) chere is given the Product of 


their Muttiplication, to wit 2 (or ap) that is, + part of the Co- efficient, as allo 40 


(or q) the ſam of the Cubes of the ſame two numbers, and therefore'the numbers 
ſhall be given ſeverally by the Canon of Qu. 14. Ch. 16. Book I. and conſequently the 
Root a 4888 ſhall be San alſo. All which will be made manifeſt by this following | 


Operation. | 


abſolute number 4ofor g) viz. from 


viz, the Cube of = of the Co-tci; 6 
ent, which Cubeis ; .. 


33. The Remainder is 5 392 2 9 0 
34. The ſquareRoot of that Nemaind. is as 1240p 15 


15 


4 443 


35. Which Quareroot:addeÞto half, 
the abſolute number 40 * * 
makes the ſum * 


4 n r vt 


| 20-439 92 atv Ve 


36. The Cubic Root of the ſum in 6 

. the laſt ſtep i is the value fe Fo FEI 
2 37:The ſquare root in the thirty fourth 
i: hp being ſuhtracted from half the > 
abſolute number 40 (or q) leaves. 


er is the value of) 


| 1 a L 1 I 4 2 
2.5. 82 770 I 
" 0 4 , $42 has 


hs ubic Root of — WO: 8 — 3) 7 2 


2 ee 


. a * - by L * ** 4 N K 2 bh F a + 7 
5 * x : . 7 
: , 4 1 
— * 
- 1 : x 
5 


— n - 
8 * 40 8 
in —_—_ 4 
— — * 
ET = "P 


8 


2 4 Wy £ i 
"| 5 . 
4 5 "i; 2 
* 2 
* 00 * eee 
* p * 7 2 
«V ; * » .. * 4 


12. Reſolution of Cubic Equations, 


39. Then the ſum of the two Cubic Roots found out if the thirty ſixth and thirty 


* 


eighth ſteps ſhall be the value of the Root a in the Equation propo hd to be reſolves 


— 1 er. / 
1 
—_— 


# 


e=v(3J:2+v3592: +VG)::o+v393: that is, 
2 = dr e nd bee VID ee pp | 
40. It remains to make tryal whether the Finomjal 204; 92 has a perfect Cr: 
dic Root of not; ſo by the Rule in Seck. 18. Chap. 9. of this ſecond Book, you will 
find 2+V2 to be the Cubic Root of 25+1392, and'2—v/2 the Cubic Root of 
 "20—y3 977 and conſ uently the value of the Root à before found out in the thirty 
tep is expreſſible by a rational Number; for if 20% 2 be added to 249. 
the ſam 4 18 the deſfited value of a in the Equation propoſed to be refolved : for i 


is, aaa pa- ꝗ, then the Cannon expreſt by the Literal Equation in the thirty ninth 


be an irrational number; or the two affirmative Roots of a Cubic Equation of the 
third Form, if each of theſe alſo be irrational. Huddenius indeed faith in pag. 503; ff 
Carteſins his Geometry before mentioned, he had a Rule (which he intended to publiſh 

by which all irrational Roots, as well of numeral as of literal Equations, may be Bund 
out, bur that much defired Rule is not yet come to light. But when a Cubic Equation 
of What kind ſoever has one Root expreſſible by a rational Number, both that and the 
reſt of the Roots, when the Equation is capable of more than one, may be exactly found 
out by the help of the Diviſors of the laſt term, according to Sec. ꝙ of this Chap. _ 


2 * 4 * AAS. " . A. 4 . * ** 4 
6— OK. i th — — — — 
2— — * * — 


413 


1 CN == 


of the Method of reſolving Queſtions wherein many Quantities 
are ſought, by aſſuming different Letters to repreſent the ſaid 
Cuantities ſeverally. — een 


LF oherco in the Algebraical Reſolution of a Queſtion, wherein two of more 
| Cuantities have been ſought, I have aſſumed only one letter, as à or e, to re- 
preſent ſome one of the unknown Quantities, and formed the Poſitions for the reſt by 
the help of that letter and the Quantities given in the Queſtion. But many Queſtions 
may be more eaſily reſolved by aſſuming a peculiar letter to repreſent every one of the 
Quantities ſought; as a for one unknown Quantity, e for a ſecond, y for a third, Ec. 
- By this Method alſo thoſe intricate and obſcure ways of reſolving Queſtions hy ſecond 

Roots, or (as Simon Stevin calls them) * Quantities, will be avoided; . Ra 
hy „„ ET. = . 


„ 


284 „ 


4. And by dividing each part of the third Equation by 6, 3 


7. The fixth Equation, after due Reduction, diſcovers . 


. 


- In handling the following Met 
them by Examples; but to pre 
poſſible Work. | 


10 


* 


will eafily be diſcovered. This work will be better underſtood by Examples than 


— — 


e r 

A Factor exchanged 6 French Crowns and 2 Dollars for 45 Shillings of Exliſß Mo- 
ney ; alſo at another time he exchanged 9 French Crowns and ; Dollars (each of theſe 
being of rhe fame value with the former) for To Shillings, 1 demand the value io 


Let a repreſent the deſired value of a Crown, and e the value of a Dollar, then 
the Queſtion being abſtracted from Words may be ſtated thu. © 
I. If . . Sf 8 2 8 . . . 6 = * 6a * 26 = 45 3 
2. And = = . 1 73 2 . * . = 74.6 * Q ; * * 94 ＋ 5e = * 

What are the Numbers àa ande? 11k qyd 
E Ry bg . "Oe bac 3 x LETT r IITSS EI Th i EATS 
3. By Tranſpoſition of 2e in the firſt Equation this ariſes; 64. = 45=2e _ 


of 0 
AYP J 
OE: has 
#& 
Faun)! 
BAC *. . 
— 


it gives JJ ͤ ͤ K ĩͤ »»»» 000 „„ N 1340-1 e 175 1 N 
5. The fourth Equation multiplied by 9 produces. 94 = #23 18 


6. Then if inſtead of 9a in the ſecond E Juation you take ) Jene 7 
the later Part of the fifth, this wil alte = + 2 + 0 


the value of a Dollar, viz. + . . 

8. The ſeventh Equation multiplied by 2 gives . 2e = S 

9. And by ſetting the later part of the eighth Equation 6 W 
in the place of 2e in the firſt, this Equation ariſes 42 ＋ 8. =45 


10. From which laſt Equation, after due Reduction, the } __ 
value of a or one French Crown is diſcovered, viz. . " 7 | 
Thus by the ſeventh and tenth Equations it is found that a Dollar was valued at 

4.5. 3 d. and a French Crown at 63. 1 d. which numbers will fatisfie the Conditions in 

the Queſtion, as may eaſily be prove. | „FC 

a 137 4 3-4 : a R 6 "I 9 By 


1 .* W 4 1 * % . . 
2 > IR H 4 a n 
* 


2 — — 


_ @UESTION. 2. „ ä 
Three Men had every one of them a certain number of Pounds in his Purſe; the 
ſam of the firſt and ſecond mans Money was; (or 5) Pounds, the Sum of the ſecond 
and third mans Money was 12 (or c) Pounds, and the Sum of the third and firft mans 
Money was 11 (or d) Pounds: How many Pounds had every one in his Purſe > 0 
Let the three numbers of Pounds ſought be repreſented by a, , and y; then reſpect M 4. 
berg had to the numbers given, the Queſtion may be ſtared thus, vin. 0 
| | . - o-,cexy=c(= 12) | 
)))) U rs IS ECT 
What are the Numbers a, e, andy? {| — — A 


1 And“ 1 3 15 . . 1255 Y : hs 8 Ty 
3. And | 55 


11. Again, if inſtead of a in the third E ation we take 


12. Laſtly, ff 


4. From the firſt ee by Tae 


11 1186 'R P s 0 L U 770 N 

ranſpofition of a in the firſt Equation there will ariſe ©'#= B 

5. Then by raking the later part of che fourch 5 5 — . 8 
= Cc 


ſtead of e in the ſecond, this Equation ariſes 
6. And by Tranſpoſition of þ—a in the Seat ation it gives y= c—b+ a © 
4 


And by raking the later part 3g uarion in | 
7 ſtead of y in the third; this 4.4 | ee = #:: 


8. From which ſeventh uation, fe oy edn | 
the . ay _ ma ae Eporet 0 R on, = + rs x es 
Again, if inſtead of a in the ft en de 

7 133 part of the eighth, this arifes tee = 4 


10. Then from the pinth, afterdue ReduBten, the Num- 3. N 
** 1 


ber e will be made known, viz. .: . 
the later "5 of the eighth, this ari | rhe =, F 
om the eleventh Equation, after due Redu@ 7 : 
ion, the Number y will be made Inn viz. © ; f 
ITY) The FO, Log ard ! twel Ifth | Equations give this OY 5 
dallivy Fre kae » 7 0 % h „ 952 
From * 3 of every tio! 08 the three Numbers given er EVO num- 


| ber. then the halves of the three remainders ſhall be the numbers ſought. 2 


the numbers ſought, to wit, a, e, and y, will be found 2, 3, and 9 far 2435 1A 74 | 


3F9=12, and 9 2=11, as was required- 
The foregoing Reſolution of "diet Que 2.1S:; aul according to Rule I. but the 


fame Canon. may be more expeditioully diſcs mw by this following Re 
The ne the firſt, ſecond, nl riſa 7 S ſolution, u 
ons which ſtate che Queſtion is ord” Fa 204 eg * 


he half of chat Sum is E 2e 5 2 f 
len from Tu half ſam dent the FP}. Ne xt 447 5 Nine. 1 


quation, and the Remainder will be 


Again, from the ſaid half ſum ſubtract 5 : 3 
cant Equation, and the Remainder is halt Þ 3 On 1b+3d—5 
Tong from the faid half ſum Aubcract hed 2 redo sf 29 5 
thi uation, and the Remainder gives = „ = tid, 
Wie three laſt mee do manifeſtly give the ſame values of a, a, e, , and y, as 


were found * by the former Refoturion, 


QUE o TOM 3 


Three men aiſcourfing of their Moneys in this manner; the firſt foys to the other 
two, if 100 l. were added to his Money, the ſum would beequal to both their Mo- 
neys ; the ſecond ſays to the other two, if 100. were added to his Money, the ſum 
would be equal to the double of both their Moneys; the third ſays to the other two, 
if 100 J. ive added to his Money, the ſum wauld be equal to the triple of both their 

n had. 


Moneys: The Queſtion is, to find how many each Ma 
Let the three numbers of Founds 1 err ee by a, e, and J; then the 


Uncito: _ chus, v . 


5 „ „„ 4.10 e+ y. 
be And” » 26." »=& 5 LIL e 24 2 
. And + 100. — * 


"War are the Numbers 4, andy? * — — 
" RESOLUTION. __ 
„Fre-? [ e 


0 


of y, this ariſes, 2 
5. Then if inſtead of e in the Econ Equan 


there be taken tharwhich isequal tos, to wit; Ooh = : 20+ 2 

the firſt part of the fourth, this will ar "> | * | 

IMG "after due Reduction, r * 200 = bbs e 
8 „ 


8. Which laſt Equation after due Reduction gives y= . 50. 


7. Again, if f inftead of ze in the third Bunten) * 
there be taken the triple of the firſt part of 3+ 100 * 3a+ ee 


1 + 


„ 9 


fourth Equation, this will ariſe, to wit. 
9. Then if inſtead of 3y in the ſixth Equation, }, nas 
there be ſet the triple of the latterpart of the 200 = = = a+40+ 1 90. 
eighth; this will come forth, vi. | 
10. From the ninth Equation, after due Redu- Ja TY 
ction the number a will be diſcovered, viz. dove 
11. Again, if inſtead of a in. the fixth Equation, ," i 
there be taken 972, to wit, the value of aq -200 b e 8 
found out in the tenth, it will pine... 3%; 5 1 
12. The eleventh Equation duly reduced diſco- apy 
vers the Number y, vi. | 
13. From the fourth, tenth, and twelfth Equa-7 : 4 
tions by exchange of equal Quantities - this Sri I 00—6 3 
Equation ariſes, viii. _ 
14. The thirteenth reduced giVeS 37. +, . e = 45 


— — 
* F 


. i 
4 jo 
* * * A : - 
Fea, 9 5 
8 > * * 5 
2 [| = — 1 2 
— — + 
: ) 


Þ = 60 


From the 1oth. 14th. and 1 2th, Equations the three numbers uglr 45 11. are 


49 0 1 I 


e 
we i: # 4 


diſcovered, vix. the firſt man had 9. 7 l. the ſecond 4.5:+1. and the third 63-11, which 


numbers: will ſatisſie the Queſtion, as may eafily be proved. 


If 121 be given inſtead of 100 in this third Queſtion, then the three numbers ſought 


will be whole Numbers, to wit, 11, 555 77 


— 


NUL El. 


When the ſame Quantity, ſuppoſe a a. is found in two ſeveral r es 1510 ua 
numbers are prefixed to thoſe Quantities, then if their ſigns be both + or both —, ſub- 
tract the leſſer Equation from the greater; but if one of the figns be +, and the 6- 


ther —, add thoſe two Equations together; ſo the faid Quantity a will quite vaniſh, 


as will appear by theReſolution of rhe following l 


5 2 STIO N 4. | 
The fum of t two Numbers being given 12 (or 552 and a heir aber 8 (or 0 to 
find the Numbers. | 
6 1 4 put for the greater Number, And e for the leſſer, and the Queſtion may be 
ted thus: 
A ES „„ „„ we et M 22 „ 
CORE l „ e 


What are the Numbers a, ande? of — 
„ 0 L UT I ON * 
3. For as much as a or +1a is found in each of the 


3 propoſed, therefore( according to Rule 2.) ( 2 Me (4) | 


I ſubtract the leſſer Equation from the greater; 
whence the letter a quite vaniſhes, and there remains 


4. Then by dividing each part of the third L Equation 5 RE tot 26 ('= = 2 1 


by 2, the number e is made known, vz. 


5. And by taking the latter Ea of the fourth Equa- 5 242 de ie hi 0 12 *. 


tion inſtead of e in the farſt, there remains 


the number a,: bi. .: 


6. Laſtly, the fifth Equation duly reduced diſcovers bo = 1646 ( = 100 


3 & 
1 


The 6th. and 4th. Equations diſcover a Canon to find out the numbers __ 
which in this mp are Io and 2, and the Canon is the lame with that before 


found in n Nel. 1 * 14. Book 1. 
Sh Otherwiſe "Wy 
1. Bela much as ae is und | in the firſt Equation, 


and e in the ſecond, therefore by adding thoſe 2a = = 550 0 (= = 20 * 


two Equations together, 1 to Rule 2.) the 
letter e # Fanilhes, and the ſum is 


7 


s. There 


re, 


E 7. 12. 3 


tities in the ſecond Equation by the number hich is prefix'd before t 
a inthefirſt ; ſo by ſuch alternate Multiplication two 4 —— vile 


5. No for as much as 


3 ee eee « art era = 10 
cue umkers u; 1 C 


7 cine Tolonns 
8. . Therefore Ag dividing Ae of the £&venth F 


:quation by 2, there ariſes the lame val 4 = = 
vhich was eiu iche eh vlog s © e 65 00 


nd by ſetting the latter part of the e Fat: 2. HE 25 
* be pf ace of a in the fir e * . 5 rer. < &= : 


10. Which laſt Equation, AS 
ſame value of 4, which .was beſos fon 0 8 
fourth Equation, VIZ, « » 


* 
1 2 1 A 85 6 7 


* 2, 48 RULE II. 1 fs . - 
When the "TRY nantity, ſuppoſs a, is found in tea 


quatigns, TINA m- 


| bers prefixd ro thoſe equal-quandiris ars ungqual, choſe e kauen ee 


ced into 8 others which hall have equal mimbers prefix d ;to the 
by this R ule, v viz, Multiply. all} the quantities in che firlt, E en 
which i is prefix'd to the ſaid quantity a in the &econd.s. multiply: 


Quantity a, 
ation h che number 
ikewiſe all he quan- 
quantity 
wherein the numbers prefix} to the Aid quantity q will be equal to 925 nate —_— 
then by adding or ſubtracting, accord ing — he impor of of Bus. of £2 his Chgp. that 


antity. 4 will quite vaniſi. That done 
Gantt out ofthe reſt of the Equations; Nr Pre belts nin eng Gm 
tity, until at length the vaſue of ſomę one one quangity he. 


halt 


Emake plain by the _ five Queſtions aan dow 


* * 
. K a . 2 r LEA 


> may, 
Put a or — greater meer, ande Le de elle, 


r eee eee 

. And . 0 „„ . : 5 399 e 10 | 9 9 dark 3 Cs 

2, . 211 1 2 14 „ aN — 5, IO. 

; f What are cle Nurherag ad y 3 "fb. 5: ner 2 


3. The firſt Equation 2 by 3, which! is prefix oa in 
The feco uation mu tip by 4, v i is dro 
"the firſt 0 „ __— $4.34. Joi hispre | ene. = 40 


e found boch in the 
= ger = 68 


T2a+9e = 108 


fourth and. third Equatio affirmative i — cock, therefore 
according to Rule 2. I ſubtratt the lelſer 1 tion from the 


greater, ſo the quantity 124 vattiſhes,ah uation remains 


6. The fifth Equation after due Reduktion Uſe the wan! 


e, Dix 999 „ SOL 6 x RI 
7. Tuben I ſet 12 (which by the firth E vation is the v ue f ze 

in the place of 36 in the aſt, and tl 7 5 whe ? wo] n, =. - 36 
8. r_ y, oo regains 8 overs the num = 

er a, d&. a {+ [7:07 (20 2 

Fot che sth. and 6th. Equadonsths do number fought are found p and 4,which 
will ſolve the Queſtion; fat four times 6 with thrice 4 make 36 ; and thrice 6, to 
wit 18, 221 »b twice 2 un 980 as Was required. 


WI; — * 2 . _ PE 3 a 
5 | "avng7I0Ns. = 

ET oa: $0 Dy . 20+ 36—2y = 50 

2. And . WS Apart a2 50 = 240 


: 22 


288 | 


| Reſolution of Gm 55 


RESOLUTION. 


4. The firſt Equation multiplied by 5, which is oF. 
a in the ſecond, produces 

5. Likewiſe the ſecond Equation muliiplied by : 2, which 
is prefix d to in the firſt, makes ſears 0 

6. Then (according to Rule 2.) by ſubtracting the Furth 
Equation from the fifth, the quantity 10a * 
and this Equation ariſes . . ; 

7. Again, the third Equation multiplied by 5, w | 7 
prefix'd to a in the ſecond produces 

8. And the ſecond Equation multiplied by 1. which i is fr. 
8 8d to be prefix d to à in the third, "gives the ame 

Equatiort withour alteration, „ 

9. Then beczuls Ta and —ya by Addition lesen 
one another, therefore (according to Rule 2.) L add 
the ſeventh and eight Equations together, * the let · 
ter a vaniſhes, and this Equation aries, id 

10. Again, I proceed with the ſixth and ninth Equations 
according to 5 Rule 3. viz. I multiply the ſixth Equation & 
by 23, (which is refix'd toe inthe ninth) and it makes \ 

T1. Alſo the ninth Equation multiplied by 19 (which is 
prefix*d to e in the fixth) produces . 


12. Then (according to Rule 2.) by add ing the tenth and 


eleventh Equations together, the Letter e W 
and this Equation ariſes, viz. .. 


13. And by dividing each part of the twelfth Equation } 


14. Then inſtead of 15 in the ninth Equation taking ten 


ſecond, 18 y _ the _—_ ; cen the Queſtion may be 
1. If 4 „„ „ r e aneaoo 3; er yo=1 


1 


by 270, the number) is diſcovered; vin. 


times 40, that is 400, (which by the thirteenth Equati- & 
on is equal to 10%) the ninthᷣ will be ted uced to this, 

15. And from the fourteenth Equation, after due Redu- 
ction, the number e will be diſcovered, vix. 

16. Then inſtead of 3.25 in the firſt Equation, I take 


9080, (which by the fifteenth and thirteenth Equati- 'T , + 8400 fo . 0 


ons will be found equal to 3e —2)) ſo the firſt Equa- 
tion will be converted into this, vx. 


eg = = 250 | 


: ! 
4 + : * # 2 TY 34S 70 


e = 5250 


RN : 
. 1 * 


e = 290 


17. Laſtly, the —_—_— N Fe -duly reduced lo- 5 : 


vers the number a, 


From the 17th. 15th. * 13th. Equations the 2 defied numbers a, * Py , aro 20, 30, 
and 49, af ping will conſtitute 45 rer 0:6 * as ee F. 


I. n 


—— 


QUESTION 7 by 


Three Men diſcourſe of their Moneys in this manner; | the ſt Gaich to the other 
two, if you give me 100 Pounds, my Money will be made equal to both your remaining 
Moneys : the ſecond faith to the other two, if ye give me 100 Pounds, my Money 


be made equal to the double of don gor remaining Moneys : laſtly \ the third faith 
— to the triple of 


to the other two, if yep give me 100 Pounds, my Money will be 
both your remaining Moneys. I demand . many Pounds each Man had? 


Let a Letter be aſſumed to repreſent each Mans Mor 


bee =. 250 
"0 . —45⁰ 


40 +4376—15ay = — 511. 


8 
* \ 


; ain = 10800 


5 


. K zo 


'@=20 


„ 45 a ſor the firſt, for ile 
ted thus, viz. bb 


1 And — . 9 * 9 * - o „ 9 = e Es Joo = 24+ 2}y—200 Sha 


J 6 . 2 


What are the numbersa, e andy? || 
* RESOLUTION. 


4. 55 e firſt Equation by tranſpoſition will be 95 to 235 1 * 0 w_ 2% Lhe 
3 LIKE 


VVV 


8 


34+ 36-300 


Þ 3 tk ty 


will 


q 


8 


— % 


mate. A. ate — 270 — » - 


CH A 5. 3 yy various Poſitions. 


=, WI CIR 


5. Likewiſe the ſecond Equation by tranſpoſi 
tion gives 


$ + 242+ 2 = 


6. And the 3d Equation by 1 tranſpoſition produces +30+3 2 =, go Ms s 


7. Then I proceed with the fourth and fifth) 

Equations according to Rule 3. vir. I multi- ( 
ly the fourth Equation by 2, (which is pre- 

x'd to a in the fifth,) and it produces 


Dafa = 40 | 


8. TheSumofthefifthand ſeventh Equations gives ET 7 4 _ 700 1 


9. Again, I proceed with the fifth and ſixth 
Equations according to Rule 3. vix. multi- . 
— the fifth 7 uation by 3, (which is uke = 900 

41 to a in the fixth;) it giyes A 

IO. 8110 the fixth Equation multiplied by * 
(which is prefix d to a in the fifth) 5 64 T by 220 

11. Then by ſubtracting the tenth n | 
from the ninth, the Kemainder is . . .. — &y = 1009 

12. Again, I proceed with the eighth and ele- i: 

8 venth Equations according to Rule 3. vis. F; 
_— ing the eighth Equation by 9, (which ( + 92+ 36) = 
is prefix d to e in the Pn it makes 

13. Then (according to 


I! 
a : 
8 


ale 2.) the eleventh 


and twelfth Equations added together mer 4% 64%j/ʒ o 


14. And by dividing the thirteenth Equation 
by 44, the number y is made known, viz 


15. From the eighth and fourteenth, by ex- e+581;4 = 3%ꝗł 


change of equal n this ariſes, viz, { 
16. And from the fifteenth, by ſubtraction of 
581-5 from each part, the number e is dif 


covered, VI. » 
” From the firſt, Wund and fixtcenth} 


this Equation ariſes, viz, , 
18. Laſtly, the ſeventeenth Equation, after due 
Reduction, diſcovers the number a, viz. 


Thus, by the 18th, 16th and 14th nations it is found that the firſt Man had 
63 J. the ſecond 118 I. and the thir 14511 which _ Numbers wil ſatlsfie 


* — as may eaſily be N 


Sa Mala — 13 1 a : 


Equations, by exchange of equal Quantities, a 100 ene 145-4106 


8 . "QUESTION 4 | 
PO DL e,, 4 e- aA 
2. Ad -. "+. 0 0, + + «6 oe a T4 4 
3. 86-27-57 / ] p CS ee 


4. And | 9 * 
| What are the numbers a 6 z \y and u? ll le — 


1; K ESOLUTIO N. 
5 The firſt Equarion WTI by 3, (the De- 


lun IT 1 


nominator of the Fraction ) produces this za+ * 24a. = 336 


Equation in Integers, to wit, .. . 


6. Likewiſe the ſecond Equation multiplied 77 34 ＋ 46 3 ＋ 3 = 45 


produces 5 


4, 
7. And the third Equation n 22 by 5 gives. 44+ 42+ 5y+4x. = 628 


8. Alſo the fourth We 


produces 
9. Foraſmuch as 2a is found i in. the fifth, and 


CT 9, is 98 = B00 


alſo in the fixth Equation, I ſubtract the: 2. ety +u = 120 


leſſer from the greater, ſo 30 * W * 90 8 
and this RET _ — _ OR 


0 0 


p . 


290 : =. Reſolution of Queſtions | 


ak - — + > . Sx * * : 
1 
e . " 
* : 
. N 2 
FE 6 
£ . g . 95 * 40 = 
2 
— * N * 


10. Then proceed wh the fifth a —_— 5 N 3; 5 
tions according to Rule 3. viz. I multiply the fift DVDV 
Equation by 2 is prefix d to a in the me 124 ＋ 8--8+81=1344 
venth,) and there comes form 8 

11. Alſo I multiply the ſeventh Equation by 3, } 
(which is ptefix*d to a in the fifth,) and it produces 

12. Then by ſubtraQing the tenth Equation from the 


Ae 


eleventh, the quantity 124 quite vaniſhes, and > : . ' ge+7y+4u= 540 


* Equation ariſes, to ek MAR. 
13. The ninth Equation multiplied by 2, produces 4 2y+2u= 240 
14. Then by Crafting the thirteenth Equation Þ „ ? 


from the twelfth, this ariſes to wit, $2 $7 5 ＋t n= 300 4 


15. Again, I proceed with the fifth and eighth E ua- | 


rions according to Rule 3. viz. I multiply the 0 I5a+10e-þ 105 102 1680 


Equation by 5, (which is prefix d to a in the eighth, ) 
ES +. 
16. Likewiſe the eighth Equation multiplied by 3, 


(which is pretixd to a in the fifth,) produces. 5 5a TIE 812400 
: 8 5e 53y+8u= 720 


17. Then by ſubtracting the fifteenth Equation from 
— his rl, VEL. - io tn fo ES 

18. Again, I proceed with the ninth and ſeventeenth , 
Equations according to Rule 3. viz. I multiply the 
ninth Equation by 5, (which is prefix'd to ein 
the ſeventeenth,) and it produces , . . . .- 

19. And the ſeventeenth Equation multiplied by v0 


(which is prefix d to e in the ninth,) produces Loe =1440 
20. Then by ſubtracting the eighteenth Equation N l Ee 
from the nineteenth, there remains, . . . . „ 59 = 840 
21. And by ſubtracting the 14th Equation from the | 2 
20th, (for ſince 5y is found in each of thoſe Equa- ( £7 
tions, they need no Reduction according to Rule 3.) * : A1 $40 * 


ST oof. 

22. Which twenty firſt Equation divided by 9 diſco- } 
% ͤ —ðl. 8 
23. Frotm the : 20th and 22d Equations, by ſetting ? 1 245-7 F 
eleven times 60, to wit, 660 in the place of 11% « © . $y-F660= 840 
in the 20th, there ariſes %%% oe oe Om. VV 

24. Therefore from the twenty third Equation, after a 3 
due Reduction, the number y is diſcovered, vix. 5 V 


25. And from the gth, 24tb, and 22d Equations, this ariſes, . . 2e+36+60= 120 


26. The 25th duly reduced diſcovers the number e, viz. .'. . e= '12 
27. From the 5th, 26th, 24th, and 22d Equations, by 

exchange of equal Quantities, this Equation ariſes, 
28. Laſtly, from the 27th, after due Reduction, the 


number a is diſcovered, viz. . . | 1 a8 40 


Thus by the 28th, 26th, 24th and 22d Equations the four numbers ſought, (to wit, 
a, c j u,) are found 40,12,36 and 60,which will conſtitute the four Equations in Quęf. 8. 


= " @QEST. „ 3 "FAYE 
A Maid being at the Market is offer'd 10 Apples for a penny, and 25 Pears for 


wo pence z now if at thoſe. rates ſhe would lay out 9+ pence to buy 100 Apples and 


Pears together, how many Apples, and how many Pears ought ſhe to have 
. of Pater Rught put, I 4. 
2. And for the number of Pears ſoughr put 5 


2. Then ſearch out the coſt of the number of Apples in the firſt 5 


- 
i wa 


* 


ſtep, and ſay, If 10. 1 :: a. (— + ſo 'the coſt of theY : 4: 
/// 7 | 


\* OS 


I2a+ 120+ 159+ 12281884 


. Toe 5y+5u= boo. 


A WW e3a yd lk oo 


[ 3a+24+72+120= 336 


— =o 


mT 4 8 — 8 x 9 > A * 89 „ - 
7 nt . n | : 
PR 2 * Me * 2 PIGS 4 a os. 3 — 
* 3 2— a 
7 


Cc H A 2 3 * — as” 8 5 291 


FIDE TE INE T4 "PT... £9 pn RS 


"ibs and fy, Ws 2 876 ER - Hehe caſt of he num: 8 Ws 
ber of Pears fought is Wund ache 

5 Then (accotding to the Queſtion) the Easter laid ont ber) e e 
all the 74 and Pears e muſt be equal to * Pence z \ 124 2 % 
hence this — 14 25 | * 


6. But the nu of ples, toperhet? with! the number of 


Pears bought ht muſt make 100, therefore ©. ex e = = 10 
en in the fifth ſtep, after due Reduction, 


Then the 
1 will give this Equation in Integers, to wit, 50a+408= 4750 
8. And the Equation in the fixth ſtep being multiplied by 50 
ß. ĩ ²˙ - 


9. „Eden by ſubtracting the Equation i in the &venth ltep from 


that in the eighth, there ariſes 10e =250.. 
10. And the Equation inthe. ninth ep divide by o Uſes: } . | 
vers the number e, vix. . 17 25 


11. Laftly, from the fixth and 1 renth f 5, the number ; a is Ng | | 
By the firſt, ſecon „e eventh and tent ps ita pears that there mi 1 "a bought 
75A 1 and 25 Pears; which numbers 18 olve i Rn may $7 he rod = | 


„ 8 WF 


n 
75 4 3 
* 


—— — 


2E T 10 N 10. 1 


T0 divide go into four ſuch Numbers, that if the firſt be increaſed with 2; the ſe- 
cond leflened by 2; the third multiplied by 2; and the fourth divided by 23 the 
Sum, Remainder, Product and Quotient may be equal between themſelves. 8 
Loet b and d be put for the two given Numbers, 90 and 2; alſo a, e 7 and 1 for 

the four numbers ought, then the Queſtion may be ſtated thus; . 

IT. It „ VTTVVV%ͤé——˙dof.7ĩ eee 

2. And 3 41 8 e y 41 7 166 A ard — 4 

3, And W 133 4 6 SEEK | 


4. And „ = „ 0 | „ F: . 6. . | 
What are the numbers a, e, 7 l u? 11 * 


. RESOLUTION «i 

f The frft Number ſought is equal to it ſelf, uit. . 4 4 

6. From the ſecond ere by rranſpoſition of 42 

= this ariſes, 6: es bi T2 
7 And by dividing each part of the third un 24 8 
_. tionby > thi inn 8 8 
8. And the fourth Equation multiplied by c produces 4 dl. u \ | 
9. The Sum of the four laſt Equations gives 


5 20 4 251 uu = etre 


ur 
. 


10. Which laſt nde aſter due Reduction, gives 7 2 2 — — 2 1 
| 2 
11, Then from the tenth and fixth Equations, ws bd dad 244. 4 
exchange of equal Quantities, hy 44 A 


12. And from the tenth and ſeventh * 6 5 = 0; — 
13. And from the tenth and eighth Equations ig = Arier 


The four laſt Equations give a Canon to find out the four numbers ſought, which = 
18,22,10 and 40, which will ſolve the Queſtion, For, firſt, their ſam is 90; then if the 
firſt number 18 be increaſed with the given _ 2, it * makes 203 _ X 

1 . num 


& 


— lt. * 


Reſolution of Queſtions # . BOOK 11 


Ivo | 
8 


number 22 be leſſened by 2, the Remainder is alſo 20: Moreover, if the third number 10 
be multiplied by 2, ic likewiſe produces 20: Laſtly, if the fourth number 40 be divided 
by p, the . — is alfo 20. Therefore the conditions in the Queſtion are ſatisfied. 
ut the Numerator of the Fraction in the latter part of the tenth Equation ſhews 
| That the Numbers þ and d muſt not be given at random, but ſo, that ddd+ 24444. 
may be ſubtracted from bd.and leave a Remainder greater than nothing; therefore 54 
muſt be greater than dad 24d-+d,and conſequently h muſt be greater than dd-+ 24 I. 
Therefore, to the end the Queſtion may be poſhble, the numbers given muſt be ſub- 


Jett to this, 


"—_ * SO I 
—_ — x 


Determination. TO EZ 
The number given to be divided () muſt be greater than the Square of (4+1) 


the ſum of the other number given and Unity. 


— —— — — 1 
There are two numbers vyhoſe Sum is equal to the difference of their Squares; an / 
if the Sum of the Squares of tlioſe two numbers be ſubtracted from the Square of their 
Sum, the Remainder will be 60: what are the two numbers??? , 
Put b for the given number 50, alſo à for the greater number ſought, and e for the | 
leſſer; then the Queſtion may be ſtated thus, vi. „ 
ESR Eo + +: -* Obes, = tbe 
8 aa A ee 24e - aa -e = bo. © e 
What are the numbers a and e? or | | 0 
1 5 rr | 5 
3. The ſecond Equation after its firſt part is dul 1 
N VF 25 5 73 Nas 5 | = 
4. And the third Equation divided by 2 gives ae = 25 th 
5. And if each part of the firſt Equation be 1 . m 
. ded by ache it will givdte 396 7 Fw © 
6. From the fifth Equation, by tranſpoſition of e, n f 
b „ ER ; - 
7. The ſixth Equation multiplied by e produces ae S eee : 
8. From the fourth and ſeventh Ecaadioda, by Hts a th * 
exchanging equal Quantities. . . . . . ,5 © © 7 
9. Then the eighth Equation being reſolved by the Þ + = 3 
Canon in ect. 6. Chap. 15. Book 1. the leſſer» e = NT :- 225 4. 
number ſought will be made known, vixz. J | 5 
10. And from the ninth and ſixth Equations the Fo 6 
greater number ſought will alſo be made known - a :+ ; 
VIZ. . 3 . VVV 3 8 es | ” 
The two laſt Equations give a Canon te find out the two numbers ſought, which - 
are 6 and 5; as may eafily. be proved. N WL . 8. 
— FF 5 | I 
There are two numbers, ſuch, that if their Sum be ſubtracted from the Sum of their = 
Squares, the Remainder is 42; but if the Sum of the ſaid two numbers be added to 10 
the Product of their Multiplication, it makes 34: what are the numbers > | 
fs a and e repreſent the two numbers ſought, then the Queſtion may be ſtated 
thus, W.. Fas. | | | | | IT, 
1. N eb dd „ „ 7 227 Alt ent; = 42 41 l 
—62᷑ʒF . dv x . 24 | 
bat are the Numbers a and e? || — 


e VV 

3. By Ig the and ſecond Equations toge- : „„ , 
he, the r 3 1 ey ” * * 1 
p ald, de Cm il — Ty ON . rede 110. 


$- 1 44 / Wh 1 q a : a HS. 25 LE g i * r | 1 Dus. $a ' 6 
5. Suppoſe 1. . p of > 9 'C ? = Y . 1 * a . 2 "'E a ® * * * * ®. L . 2 à e 1 


4 


. 


2 " 1 8 2 4 4 hy 4 
—— . * * * E 94 1 


CH A P. 12. Is various Poſitions. . 
6. Then by Y ſquaring each part of the fifth uati- — 
tion, this 8 Eq + y * — 


The Sum of the two laſt Equations makes +3 = a 
3. And from the ſeventh and fourth Equations, by 9 1 Tee ae r. 


exchange of equal quantities, thisEquation ariſes 3 10 | — 
9. Which eighth 3 wy reſolved by the} | n » 
" Cas] in Seck. 6. Ch ook 1. the num-> |, y (= ate = 1 + 


ber 5, to wit, a+e w Wo made known, viz. 
10. Then by ſetting 10 (the value of a-+e) in the 7 __. _ 
place of a+e in the ſecond Equation, there ariſes F 4e T 10 34 
11. And by ſubtracting 10 from each part of the 
tenth _— there remains . . 
12. And the ninth Equation, by rranſpo- 2 
firion of a, there ariſes  . 
13. And if a in the eleventh be multiplied by 10 
A inſtead of e, the ſaid eleventh Fien will oa -= 24 
. be dars to this 2 10 __ 3 12 
1 erefore the la uation reſoly 
1 the Canon in Seck. Io. Chap. 15. Book 1. the - hens 
two numbers ſought will be diſcovered, wiz: © 3 
Thus 6 and 4 are found out, „ Which will folve the 1 ä as s will be 


evident 11 the of 


1 


ae = 24 


e = I04 _— 


5 D T +” 
There are two numbers, ſuch, that the Sum of their Squares make 100, and if 
the Sum of the two numbers be added to the Produtt of their Multiplication, it 


makes 62; what are the numbers? 
Let a and e be put for the two hurtibers fought, then the Queſtion may be ſtated 


thus, viz. : + 4 8 
1. 718 DST. : 4 3 : 151 1 7 1 es aa. K ee = 100 
2. 1 1. 35 . 362 
What are the Numbers «and e? | 1 
„ aa L UT ION. 


2. The ſecond 3 multiplied by 2 produces. 2ae-+2a-þ 26 124 
4. The ſum of the firſt and third Equations * aa+ee-t 24e 24 ＋ 20 = 224 
5. Suppoſe F « Jy = ae 
6. Then by ſquaring each part of the fifth Equati bo 
Jud h) ating the double of ihe fifth * 
nd by adding the double of the uation 
T fo he ſixth, i gives 3 * : 5 * an Tr Naas as as 
8. And from the ſeventh and fourt Equations, y 
exchange of equal eee this Equation ariſes by += 224 
9. Which laſt Equation being reſolved by the Ca- | 
non in Seck. 6. Chap. 15. Book 1. the —_— FT ache =. 
to wit ae, will be made known, viz. .. . 
10. Then from the ninth and ſecond Equations, | | / — 
by taking 14 inſtead of ae, the ſecond _ ae = 62 | 
tion will be reduced to this, viz. . ATI ops 
11. Which laſt Equation, by equal ſubtraftion of Foe I 
4, 82S ;:.. 
I2, The ninth Equation by tranſpoſition of a gives e = 14—4 
13. Then by multiplying a in the eleventh Equa-7 
tion by 14 a inſtead of e, this N. is of og 4 
produced, to wit, * E 
14. Where fore the laſt Equatk n being reſold _ 
by the Canon in Sect. 10. Chap. 15. Beok x. > | 
two numbers ſought will be. diſcovered, UR. \ | 
So the numbers ſought are found 8 and: 6 "hi will dhe the Queſtion, as will. 


5 Nr 1 A . ar ST. * 


o : 5s DP, , : 
** FRA „ Y OE At * . : 1 2 5 ; * FP. Wo . *. i , - bl IF . 
: X * 2 1 4 2 J $4 25 
x . [ ts © wy v4 * — 


F< 5 - 
as — — = £014; —— TT 8 1 


Deere re 


There are two numbers, ſuch, that their ſum is equal to the Product of their 1 | 

- tiplication ; and if the Product or ſum of the ſaid Numbers be added to the ſum of | 

their Squares; it makes 152 : What are the Numbers? 
Let a and e be put for the o 1 Hough, then n may belted thy 5 viz, 


N e ae = a+e 
1 — — 11 


What are the Numbers a and 5 ns: 


RESOLUTION. 


3. The Sum of the firſt and ſecond Equations is as. Ter- Laa e414 
4. And from the third 1 wet * +: + 52 
* ae, there ariſes is; et 

A I Ah Wes” e 
en uaring Ea part o e ion , yy Saa Tee 2e 
7. And by ſubrrating the fifth Equation from the a; es | 
fixth, there remains ar, aa ee 2a? —4—6 

8. And from the fourth and / ſeventh Equations, 83 5 „ 

exchange of equal Quantities, there will ariſe WY N 
9. Which laſt Equation being reſolved by the Canon? 

in Se. 8, 09 15. Book 1. the number y, to , y 

wit, a+e wil be made SS. WK... > Wt 
10. Therefore from the firſt and ninth Equations, , . "obs =- as - 
11. om cler. _ Equation 5 el by = VVV 

12. The eleventh Equation multiplied by a, pro- 1 | 3 

produces , F ; PRs SL" 
13. And from the tenth and twelfth Equations, WL ECTS 

exchange of equal Quantities, . . vi. © pO: RM: 44 
14. Wherefore the laft Equation bein ns reſolved by 55 

the Canon in Sec. 10. Chap. Bodk T. the - 1 . 

two numbers ſought will be diſtovared; with-.. N 

So the numbers ſought are found 3 and 14% which will ſolve the Queſtion, for 
their Sum is equal to the Product of their Multipfication, and if their Sum 42. be 
added to 115 the Sum of their Man, it makes I 55, as the Queſtion bes. 


ace cen. 


u 
5 


— 


bK STTON 15. 


There are two Numbers, ſuch, that the Square of their difference i is equal to the 
5 Product of their Multiplication, and the Sum of their Squares makes 20: what are 


the Numbers? 
Let a and e be put for the two Numbers ſought, * let a be the greater 3 then the 


Queſtion 1 oh be ſtated thus, viz. 


SS If „ o 5 "= ” of 4 0 . — ae 

1 „„ „„ e 20 
What are the Numbers v and by e — .6—ä 
RESOLUTION © : 


3. From the firſt uation by tran tion of —2 HE) 
this ariſes Boa , po 3 4 N 
4. Therefore from the ſecond and "third: Equations 1 zac = 20 
a 5. 5. And _ _— uation ie of by 3 ER ves: -7. 0 ce a 48.55.48 
nd by adding the double of the Equation eee 4s 
* e it u by, Aren, . 
7. Therefore by extracting the uare Root of each” | 
part off the fixth =qugt he Sg the ſum of the 
two numbers ſo be made — viz. N 
8. From the Event b Equation by | n fL 
az this nf, t e „ 
9. The —_ Equation multiplied bo a, bau. 5%, 


* = r 3: | 


5 


OS 


' 


1e 


ne 


* FIN — * Ts: \ , 
. y—_ 
> f 


CEE Fmt I. 


11, Wherefore the laſt Equation being reſolved by 


Rule 0 the 


the Product is 21; but if the ſum of the Squares of thoſe two numbers be multiplied 
by the difference of their Squares, the Product is 609 : what are the numbers 


then the Gon may be N thus, viz... | 


3. By multiplying ae into aa-hee, the * 


Lot 


> MR 3 TE 
: ha 7 
K 


e 5 


— lin. „6 — — * _ 4 


10. And from rhe fifth and ninth Equations this ariſes, ©, * aa 2 


the Canon in Se. 10. Chap. 15. Book. 1. the two > 
numbers Oe will be diſcovered, Ws... . Ts 


SEL the Proof. TD : 
The Aifferenceof the two — in the eleventh ſtep is «vi; +12 = 22 
The ſquare of the ſaid difference is e 


And (by the laſt of the three Rules i in $:8 Io: 
Chap. 9. o this Book) the Product of the Multipli- 
a of the fame two numbers is alſo _ . .. © 
Laſtly, (by the firſt and ſecond of the ſaid three 
8 m ” * Squares of the Aid two num- > 
GK Fe 51} nfs als Bhs Ki ee 


* - L I * k 
1 8 Wy 8 


WF. EW F * : i * ? a — 


There are two numbers, ſuch, char if cheir ſum-be multiplied by their lire 


Let a and e be put for the two numbers ſought, and let a eee che greater 


LAF+ „ 4 Pe * 2, that is, aa—ee, = 21 


2. And 2 1 „ aaee Xaa—ee, that is, aaaa—ecce, = 609 
What ar the numbers à and e? En F. — 


RESOLUTION. V 


3. By ſuppoſition in the firſt Equation, ' .... Gamers 21 
4. Therefore (by tranſpoſition of —ee) n ag ==064-" 2x 
5. And by ſquaring each part of the Worth 3 3 3 
this ariſes, . 2 
6. And by taking the latter part of the fifth Equation . 
inſtead of aaaa in the ſecond, the ſaid cn eee - e q42—a2=60g/ 
Equation will be reduted to this, 8 | 
7. The fixth Equation, after due Reduction, gives 34 
—— by ——— the ſquare Root Sat 0 PERS 
" part of the ſeventh Equation, the leſſer num- FVV 
ber ſought is diſcovered, viz. -. 1 „ | . 
9. Then from the fourth and ſeventh Equations „ i 
ariſes, . j 
10 Therefore by ——— the ſquare Root out of 
each part of the laſt Equation, 5 MI number d 
| ſought is alſo made known, viz. . | 
So the numbers: Gught ate found 5 and 2, which will ane the Gelen 28 will S: | 
evident by the Proof. 


W - 
bY 1 4 * 


QUEST 17. 


There : are two natabers, ſuch, that if their ſum be wats; lied by the ſum. of their 
Squares, the Product is 2723 but if the difference of the Fame two numbers be multi- 
plied by the difference of their Squares the Product is 32: what ate the numbers? 

Put a for the greater number ſought, and e for the leſſer; then the Queſtion may , 
be ſtated thus, Viz, | 


1. If . * 8 15 _ 285 127 50 A afoxmie = 273. 
2. And 5 | ; 2. N aa—ee = 32 


What are tho natnbe Hd r — — 
RESOLUTION, 8 "77 i 


1 


Equation will be reduced to this, Poet 009 de 092 = = 272 © a 
1 op 4 ; h | 4: Likewiſe, 


by. 
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KID - 
. Likewiſe by multiplying a—e into aa —ee, the „ „ „„ „„ 
1 Equation will be reduced to tl .-- + een 
5. The ſum of the third and fourth Equations gives zunaaa zee = 304 

6. The half of the fifth Equation is. . as . we = 152 
7. The fourth Equation ſubtratted from the * „ 
ERIE + = £5. 5. 3. | MD 0" _ 
8. The half of the ſeventh Equation''s . . . aa ace = 120 
9. The Sum of the ſeventh and eighth Equations is. . 3aae+3aee ' * 360 
10. The ſum of the ſixth and ninth Equations is aaa+3aae+ zaee -I eee 
11. The Cubic Root of the tenth being extracted, 1 1 
„„ LO Fo yaggetad, 
12. ividing each part of the quationt 5 foot die $29 eee 
- elde eleventh, there will ariſe. . 5d er gh . 34 
By the two laſt Equations, the ſum of the two numbers ſought is found 8, and 
the ſum of their Squares 34; therefore by the Canon of Queſt. 7. Chap. 16. Book 1. 
the numbers themſelves will be found 5 and 3, which will folve the Queſtion, as may 
eaſily be proved. . uk | | wot . 


* 


— 
* 


2 . 


* RF 


— — 


* 
— www " 2 


| | F .RUEST 18. Fae, | 
I0o divide a given number 14 (or h) into three continual Proportionals, ſuch, that 
if the ſaid given number be divided ſeverally by every one of the ſaid three Propor- 
tionals, the ſum of the three Quotients may be equal to 124 (or d) a number given. 
| l ̃— :ã oo: - 
1. For the firſt (or leaſt) of the three Proportio- } 
nals ſought put Loyal wa os 
2. For the ſecond. (or mean) Proportional put. @ 
3. Then the ſquare of rhe mean Proportional be- ) aa 
ing divided by the firſt gives the third, to wit, S - - 


„ COT IE ES * 


AR A\ oa, "Om 


0 


4. Therefore the Sum of the three Proportionals is e+a-+ 2 


5. Which ſum muſt be equal to the given number _ 1 
14, (or b,) whence this Equation ariſes, viz. err 5 b mn 

6. Then by reducing thatEquarion to Integers, this ariſes ee aue aa = be - 

7. Again, (according to the Queſtion) let the g-  _ 3 
ven number þ be divided by every one of the C * + b + be 


three Proportionals in the fourth ſtep, ſo the C e ' a 4 
three Quotients added together will give Se | 


. 8. But the ſum of the three Quotients in the ſe- 7 1 
a venth ſtep muſt be equal to the given ſum 122, - 1 4 2 . 2 
(or d,) hence this Equation arifes, . . "rt, a: to 


9. Which laſt Equation reduced to Ineges uin; bane "RAR ha Ame 


/ HEE oa. 2 
10. And by dividing every Term of the Equation 2 „ 
in the ninth ftep by a, this ariſes 7 baa-+bae- bee = daas 


11. The fixth Equation multiplied by b, produces baa+bae+ bee = bbe 
12. And from the tenth and eleventh een 3 5 
Where each of two Quantities is found equ ue Me = bbs...c: 

to 2 enen third) this, ariles, vx. 4. cr. 
13. The twelfth Equation divided by e gives . ©, © daa=bb 


74. And the thirteenth Equation divided by d gives aa =—' . 


15. Therefore by extracting the ſquare Root out 7 
of each part of the fourteenth Equation, the mean > 
Proportional fought will be made known, viz. Y 

16. And becauſe a is now known, to wit, 4; and 


. | ' 6 = 14; therefore the. Equation in the fixth >ee+4e+16 = 144% 
Dy ſtep may be reduced . . M7 eee I 17 ee 


* 


it 


n. 


pick 


418 
c to wit, «s Product = 8 „ 15 = is 11. to the Square of the mean Proportional; b 


18. Laftly the Ban the Fremeench 15 beg — 0 e 
I. the oo . . 
. — third Proportionals wil be: diſcovered, viz J a 8 | 
us the three Proportionals ſought are found 2. 18;:whi 
| ditions i inthe Queſtion For firſt, 4 N and 8 ate ma 4 15 Nas lem | 
4. ; 


ſecondly, their ſum is 14; third] . be divided b „4 and 
of the C Vöriench 75 3 and 14 is 425 7 Sdn Ani i Jo Lode N 75 1 * 
It may alſo be obſerved; that the dee Ouotients are rontinual Proportional, as 


: will b be 0 from 2 &venth ſtep of the Reſolution, where the "U > repreſented 
by +, an 4 5 e ; for the : Product made by, the Miltiphcation of th > two extremes, 


36 . 1 


2 


8 r NR 


To find three numbers in Arichmerical Progreſſi 3 that if the 11 3 lied 

by 1, the ſecond by 2, the third by 3, the ſum of the Produdts . 

the ſum of the ſquares 'of the thtee numbers may make 275. _ 623 and that 
Let the three, numbers ſought be. repreſented. by 4, e; y, and ſuppoſe a to be the 


1 


ſmalleſt and firlt 9 then the Queſtion may be ated thus, vix. 


I. If * . EIS SC & : SY * 6 - a? 8 - - 4 2 e 

2. * ü 1 2 es 

3 © « 6 — 10 5! a Pee I; 

: What are the 3 . on 1 — Set e 0 

ED RESOLUTION. e eee V6 

* in the firſt ſten . . 5 
5. Therefore by Traaſpoſition of —s and —e,  -_ op 1 — | 
there ariſes 9 = W 


6. And by dividing each part of the laſt F- 35 wo, - ba 2+ 53 = 


quation by 2, it gives 


And by ſquarin — uation in the fix th | 
7. And by 1 = Eq 5 ee 


ſtep there comes fortn > 
8. Then if inſtead of 2e in the ſecond Equation, 
there be taken the firſt part of the fifth, the e 9 A * ** = = 62 | 
. ſecond will be converted into _ v2. 5 I 
9. That is, „ e AIDS a. gp = WY 
- The half of the laſt E uation #<,.. ©: . 42 31 


11. And by tranſpoſiti tion o Quantities i in the 1 


tenth Equation this . N ba 
12. And by ſquaring the e event uation | | | 
there comes forth . I 1 = aa 


13. From the ſeventh, eleventh and 'wellih 3 
Equarions this ariſes, oe er 1 * — Ant es 
14. It is evident tjaat 2 y=y 


15. And by adding the tweifth, chircecnt =} e e a 


fourteenth e _w one id lep, makes 

16. But by ſuppoſition in the thir % „ e 0. 275.50 bes 

17. Therefore from the fifteenth and Irteentkt | 3 277 7 ee 
Equations, by Exchange of equal Quantities, 5 Hang = = 275 


18. And after due Reduction the n in go” 1 
F 75 — = — 


the ſeventeenth ſtep gives 
19. Therefore by reſolving the Equation inthe 2 
18 ſtep, (according tothe Canon in dect 10. 
Chap. 15. Book 1.) two values of y will be 
diſcovered, viz. . « ; : 
20. And from the 19th and 11th Equations „ | 
21, Laltly, Amy: 20th e 6th Equations” ng ec 


- 2 ? 
— 
« 
o 


- —_— & 


298 Ae a Dee = BC 60 K II. 


From the three laſt Equations tis evident, thar the three deſired Numbers 80,9 may - 
be either 5, 8 , I3, or 35, and 134; For firſt, 5, 9, 13 ate in Arithmetical Pro- 
greſſion; Ly if 5 be multiplied: by, 1, 9 by 2, and 13 by $, the ſum of the three Pro- 
duQts is 623 moreover, the — of the Squares of 5, 9% 555 _ 2755 As: was re- 
EY eee ine by 37h Wa 135 :1Bn017091 143-260 ; 


-Y a. 1 


3 8 5 8 
— F u _ — an i 


TY x 
* mn er 
ö e.. 
K $ 2 > 


1145 


5 To find ho ſuch 2 that the * nbc of the firſt being added: to 15 product | 
8 of the firſt multiplied into the ſecond may make the ſum 48; alſo, that the Square of 
| the firſt being ſubttacted from the Product of the firſt multiplied into the third the 
Remainder may be 32; and that the Sum of the Squares ↄf the firſt and third, may 
have the ſame Proportion to the ſquare of the ſerond as 5 to 2. 
Let the three Numbers ſought be repreſented by 45 e, J, and * the Queſtion may 
be ſtated thus, viz, 8 
„„ — 2 % 48 


E REESE. 0 * p 7 „ 


2. And T -a = 32 
3. And . 5 40 yy « ee 33.5.2 
What ate the numbers a, 67 f„— 8 
RESOLUTION. 1 5 


. the firſt E uation tranſſ ſition of | OS; 

* aa, this ariſes, 25 iy 1 . 5 25 ee ae. * 48—aa "Ty 

IF And by dividing each part of the laſt . b pe. r 
tion by a, it gives 8 N | 

6. And by tranſpoſition of —aa in the Reond Þ 


Equation, it makes „ 32 ä 


7. And by dividing the fixth Equation oy a, TY _ 2 118 
there ariſes . 5 = 7 


aring the Produèt of the. extremes to the > 5 . = : 200+ 29” 


8. From the Analogy inthe thitd ſtep, by 8 


rodudt of the means, this Equation ariſes = 5 
9. The Square of the ſeventh e, 3 I = = 0944 Gag $6 


aa | 
29 21 2048+ 1280a-+ 24+ 
11 


10. The double of the ninth Equation i in. > 
11. If inſtead of 2j in the later part of the D.. 
> 


eighth Equation there be taken the later 
part of the tenth, the eighth _ Jon conver- 
red into this, viz, , , - 


12. The Square of the fifth © OED is 9 


| 1 5 ce * | 2049+ 12800þ , 


1 . 


5 44 = eee. | 


| aa 
13. The twelfch Equation multiplied bs gies 5 Fee = * r . 


aa 
14. From the -eleventh and thirteenth Equati-. | _ ON 
ons, by comparing their later parts one to : 
the other, and reducing the Equation there. bega, = 9472 | 
1 0 reſulting, this Equation ariſes, vix. | 
Which Equation in the 14th ſtep being „ OE 9p 2 1 Pn 
1 2 by The Canon in Sec. 10. Chg, FS. 5 2 2 92, or 4 
Book 1. will diſcover two values of a, i Pen ATE bf, 
16. Bur the leſſer of thoſe two values by to 
wit, 4, is the firſt number ſought by 'the MO 
Queſtion, for the Square of the greater value N 
50 592 exceeds 48, but according to the , © e=8 
Luppolition in oe: firſt ſtep. it ought to el 
els than 48; 1 * ng then a = 9. it ä „ 5 
e e Ren, that . >- 1 . 1 
17. Laſtly, from the 15th and 7th uation 1 
So three numbers are found out, 0 a 8 and 12 ; MP h wil latte at: 
on, as may eaſily be proved, | EE ES 


et- 


18. 


, i * 

gps $7307 e Sat ENS." 5 oh wn 2 - es Wes, > why ras SL +. abs. - 

& 8 : 

. bs ® 3 : 
CHAP 512. 7 'b E ious Po 

> þ _ 's "gl N $ . 9 

2 yo — +4 ee 3 r 77 wt. KR "WW. if xs. © 
: ol 1 4 


og UE 8 7 21. oy | a 


To find three ſuch numbers, that the ſquare of the ot | — with the Produce | 


of the firſt multiplied by the ſecond may make 10; alſo, "tha 
cond with the Product of the ſecond into the third may make — = Hy, 2 * 
Square of the third, with the Product of the third into the firſt may make 2 i | 


Let the three numbers ſought be repreſented by a, 5, and { then the SGP "il 


be ſtated thus; 


| Bo If * 83 . „ 6 „ Eee 


2. And * 3 . 55 0 hy „ Js _ee+ ey. = 21 ese the N 2 

3, And . 5 Ty 0 * ein a = = 24. F bee e. y! 
on, 5 RESOLUTION. 

4. By cranſpoſit tion of aa in the firſt 


* Equarldh this rie, „ , 
5. And by dividing each part of the } „10 — 44 N 
fourth Equarion a, it gves = . e 
6. . * ſquaring the fifth Equation } % = #4—20aa+100 
it ma | ——_— 
7. And from the ſecond, fifth and ) cg 
fixth Equations this ariſes, . . , Memon Tous, 
8. And by ſubrrafting— | ans: J bis 1 % 22 5 
from each part of the ſeventh E- 5 2 — 
uation this remains bt 5 e 
And by auler part of the — 
8 Equation by: this ariſes d Ts 106-33 
10. And by ſquaring the ninth que: + y = y = af —822%+I881ai$200aaF 1000 
tion it makes Loa a af oh: | 
Ix. And by multiplying het ninth E- * = 4I4a—100—27 | 
quation by a, it produces Toa aaa 


12. And by adding the eleventh Equation w the tenth, the ſum makes 


ya = _— W — | 
; * © Iooadm2o0at+a5 f . 
(EP Therefore from the third and twelfth Equations ths ariſes, | 
IDEN 23912.—9 20 . 100 __ 2 
1 1 Yooaa—20at+ as. | . | 
bs Which laſt preceding Equation; after due Reduction, gives this cha follows, vie: 
— 2 r 
15. That } is, alter Tranfpofition of 500 | 
—a8+782a%—143 51.2%-þ-58004a—5000 O. 


16. Then, by ſuppoſing u 24, and proceeding accord ing to the Rule in Se8, J. Ch. xx. 
of this ſecond Book, the Equation laſt abo ve written will de reduced to this Er ; 


. Equation in Integers, vi. | | 
—1+ 3 141%—2296814+ 377 2001 280000 6 + 


FT And by ſuppoſing x = un we may inſtead of — 25 in the laſt preceding Equa- 


tion write — *., and inftead of + 314 we may ſet 3143, alſo —'22968xx in 
the place of —22968ut, and +371200x inſtead of + 3 oouu, and laſt of all the 
Abſolute number — 128000: whence this following Fav 

after x is made known; irs ſquare Root be the number 8, (for by ſuppoſition * nn, ) 

cz IX; 2296 8K 27120012800 0. 

18, Now becauſe the laſt Term — 1286800 in the Equation laſt abovewritten has 
. many Diviſors which will be uſeleſs in the finding of the value of x, it will be con- 

be found out, to ſearch out limits, within which ſuch a value of 


venient before they 
the Root xdorh fall as will produce a value of 4 capable: of. ſolving't the Queſtion 
HO z to > which end T * thus, vin. 


KR Pp 2 n 


uation ariſes; and then 


19. By the latter pan oft! Fourth Eq uation it 's manifeſt ine = 10 
20. And by the ſecond Equation, after INES of ee, + PE 
4 Ad Acefride appear tie” "HE . Ad 
21. Now fuppoſ - . er 21 
22, Then by moltiplying 721 inſtead ore by a in «hilt Cine 
Equation, it will be reduced to this, viz. 2IXa=10 
23. Whichiaf Equarion being —_— che Canon in —_ 
6. Chap. 15. Book 1. gives 
* And becauſe when e is ſuppoſed to be equal to 21, the 
ation in the twenty ſecond ſtep gives a= 1:45, it may 7 
; x be conceived that when e is leſs thanv21, (as it 1 r. 
oats to be) then the firft 1 to wit aa ea= ro 
| will neceſſarily give 
25. Therefore by doubling each part of the nineteenth 5 _ = 
twenty fourth ſteps, it is manifeſt that Mt + 22 1055 
26. And by ſquaring each part in the w_ fifth ſtep, it; 


. a 2122, Cc. 


follows that = Ce o yo 840 22 e. ; 

| 27. But by ſuppoſition in the Eren. ſtep 1 aa, and con- red 

ü { ] k 5 EN mu = 4a ; 
quently . . « 


28.Therefore 8 un eee ſteps it W tas > wn 46% 102 422 er. 


29. And becauſe by ſuppoſition in the ſeventeenth ſtep, .. Xx = we 
30. Therefore from the twenty OO: and twenty ninth Þ 42 
ſteps it follows that . io, Oc. 
31. Having found that ſuch a value of * in the Eq uation in the ſeventeenth ttep as is 
capable of producing a true value of thedefired firſt number a, muſt be leſs than 40, 


laſt Term of that Equation, theſe three only; to wit, +16, '20;"32, are Ker to 
make tryals in findin EY faid value of x, and con ſequently of a; an a erh 
(acoording to the R 1 11, of this Book) I firſt divide the faid Equati- 
on in the ſeventeenth ſtep, to wit, * T3142 — 22968 ＋371 200 In SOO O 
= o by a—16, and 1e Quotient is exactly — & AN, -S- 80000, 
wherefore , 16 ſhall be a true value of x in that Equation: And becauſe by ſuppo- 
ſition x = n = aaa, it follows that V 16 (chat i is, V 0, and * 
2 = a the firſt number ſought. 
32, Now fince 2 is found equal to a, the faſt Equation, to 
wit, az+ae=10o will be reduced to this, vix. 2 . 41122 = on 10 1 5 
33. Whence — 4”) he es 0 is — Wo „ $083 N 
| And conſequently the Econ uation wi 
2 : MH this . Ry [ 11 Sr e R 
35. Whence the third number 7 is diſcovered, „ jars 
Thus the three numbers ſought (to wit, a, e, y, are fou 7 ">" ue which will ſolye 
the Queſtion : For the Square of the firſt with the Product of the firſt and ſecond 
makes 10; alſo the Square of the ſecond: with the Product of the ſecond and third 
makes 2c z and he Square of the third with the Product of the third and iſ makes 


24, as was required. 


Mete, That the Quotient found out in the thirty firſt ſtep, to wit, the |, 
ots, wh ole values 


—x3þ 298xx=1 82$0x-+-$6000 = o has three Affirmative 
(by the Rule-in. Sef. 9. C. 11. of this ſecond Book) will be found very near equal to 
25, 78-22, and 215423 but theſe are without the limits of x diſcovered in the 


chirtierh ſtep, and therefore alchough rhe Equation in the fifteenth ſtep may be ex- 


pounded by four Affirmative values of a, yet only one of them, to Wit, 2 2, is capable | 


of ſolving the Queſtion propoſed. _ 
Note alſo, Thatif none of thoſe Diviſors which were diſcovered to be within the li- 
mits for the finding of a due value of x had produced an exact Quotient without a 
Remainder, | and 9 in ſuch 105 the number à had been Irrational, yet a 
Rational number, near the ue value of x, and conſequently of a E Wer found out 
| by the help of the General Method " MH this ſeco ond Book. 2 


| CHAP. 


BOOK II. 


bur greater than 10:24 it is manifeſt that among the Diviſors of 1280000, the 


ET S. 


. 8 P £ * 7? 
, * ob YI 
— 4 rn * — 1 * : 2 »* . . . , of . * 
. . > . * 2 „„ - — — - 
* 4 - * s # . 
, 0 J 5 % ws * = 1 \ .- on * 4 * 7 * & 8 * 
, , N o e 5 1 * 4 2 = "Tx 
o 13. e e | ; 
* 0 2 4 | 
. i 8 
2 — = — — — —ͤ—ñůk—B— — — — — wars gn — — - - PRs * 
— ere/s — —— == a > N . 
- x * * * ; p * S* * * * & . of . * ®. - 7 ry 
-» * hy 7 . * —_— * C 7 = 
: - o ; - 4 * = 0 . 
= * 


8 H A P. XIII. 


Concerning the of ſuth #ithintiltal Cretins a 45 are 
| Capable of innumerable Anſwers. 


Fter a ** 15 * by Equations 10 ſuck mannet as has hain em in th 
: Afr Qua Ge, f thoſe Equations be equal in multitude 10 che 


1 Bali twelft 
Quantities then the Welten has a Cetin determinable number of Anſtwers; 


dur — — 2 Queſtion as not as many given Equations, not mutually de 
ot 


ding upon one another er re uited, itis capa ble of innumerable An- 
ſvers. Queſtions of this lattet kind are very plealant and delightful, but oftentimes ex- 
ceeding hard to be reſo ed, eſpecially wht Fr the Anſwers in whole s. umbers that a 
Queſtion is capable of ao deſired; 1 and therefore I ſuppoſe It will not unacceptable 
to the Learner, if in this Ch give him a taſte of rhat vaſt Skill, by expounding 
three Propoſitions found out ; "Monficur Bachet x ther two firſt of which contain the 
ſubſtance of the EAR, and twenty firſt in hs ingenious little Book, entitu 
N laiſans & 1 tes, qui Je font par les Nombres, (Printed at Lyons i in 1624 30 
but h Vier hod of ſolving and demonſtrating the ſame being very redious and dbiture, 
I ſhall wave it, and deliver two ways of my own finding out, which are both intel- 
ligible and e The tHitd Propöfition (which is handled by the ſame Ay- 
Tl in his Comment upon 8 25 the Fourth Book of a e l ſhall a 


lain at la yarious Queſt 1 5 
— e 0 EL 


Two whole number p me between themſelves; being given, 25 bd out top o 
arge a and b; that i No — by the greater of the two given — 5 
the Product there be 2dded a given whole number, the Jam equal to pt 
DN wer of ᷣ multiplied by the leſſer of the two numbers firſt given. — to find 
out al the whole W a and that are capable of Wee 1 ſame * 
E xplication. 


. Nude in th betwern chethiles are ſuch as have only Titty for their common 
© Piviſhe;" pet 12. Elem. 7. Euclid.) fo 12 and 5 ate ſaid to be Prime between 
themſelves, Le they have no common Diviſor but 1, to divide them feverally, 
0o as to leave no Remainder; * like may be ſaid of 20 and. 21. 7 2n64, 92. 

2. F call a number the Multiple of another when it exactly contaifs that 800 twice, 
. thrice, or more times, wirhout any Remainder ; As, 6 is 4 Multiple of 3, becauſe 
it contains 2 exactly twice ; likewiſe 18 is a Multiple of 6, becauſe it contains 6 

aft thrice without any Remainder. ' Moreover I rake the Liberty to call a num- 
6: the Multiple of it ſelf becauſe it contains it ſelf juſt once. Theſe things pre- 
- mifed, 1 ſhall proceed ro to ſhe n. we TM of TOTS et br une 5 1. and ex- 


Ea the fame by e ions. 


* 


N . Ti The jul ethed if ſtung the foregoing Prop. i. W 
416 EST. . ; Hay 


2 by © . * 
. — * __ th. PY 5 —_— ”—_ . 
S * © Www 


"To find our all the valpes of a and b in whole numbers chat may make . 


viz. that nine times the whole number 4 with 6 added my make ſeven times the 


whole number b. 
Ws The Meral —— 6 _—_ 1 


302 | Reſolution of Queſtions 
— — — —— 


Explication. 


1. To the number 9 prefixt to a I add 6, (to wit, +6 which follows ga) and it make 


15, to this I add again 9 and the ſum is 24, to which add again 9, and it gives 33: 


* 


and in like manner I continue the addition of 9 to every next preceding ſum until 
I have found out theſe ſeven numbers, 15, 24, 33, 2 51, 69, 52 which ſtand 
* (as you ſee in 2 under ga, and on the lef hand of thoſe numbers 1 fet 
1, 2, 3, 4, 5, 6, 7. Fbeſe two Columels of numbers do ſhew that if 1 be taken 
for the value of a, then 9a+6 makes 15; but if 2 g, then ga+6=24; if 3 a, 


then 9a+6.= 33.3 and fo of the reſt. The addition aforeſaid. is in this Example 


continued only to the ſeventh ſum incluſive, becauſe (as hereafter will appear) the 
ſtmalleſt whole number that can expreſs the value of a, never exceeds the number 
prefix d to b in the Equation Prop r r 
2. Then under 75 J ſer the Multip es of 7 orderly one under another, .viz. 14. (to wit 
twice 7,)21, 28, He. until I have found out a number equal to one of the ſeven num- 
bers 1 5, 24, 33, c. Io at length among the Multiples of 7, I find 42, that is, fix 


l times Ty to B45 a Gn Pat ˙·˙ NTT | | 
which later 42 (by the conſtruction aforeſaid) is compes'd. of 6 and four times 9. 


* Whence tis manifeſt that if 4 be taken for the value of a, and 6 for the value of}, 
then 9a+6=7b (=42) vi. nine times 4 together with 6 is equal to ſeven times 


6, and therefore one Anſwer to the Queſtion is diſcovered. 


Note 1. When the given whole number prefix d to b in N e. propos d is a 
1 : Toad 


J r. figure, or ſome ſmall number of two places, then this firſt Method will readily 
7 


FDaues of h 4, 11,18, 25, 32, 39, 46, 53, . 


iſcover the ſmalleſt values of a and b in whole numbers; for the ſmalleſt whole num- 
ber a never exceeds the given number prefix d to h, as hereafter will be made manlfeſt: 
But if the number prefix d to b be large, then the work by this firſt; Method will be 


7 


intolerably tedious, eſpecially in the ſolving of Prop. 2. 5 

Note 2. If the two given whole numbers which are prefix d to a and b in the Equation 
propos d be not prime between themſelves, then it will ſometimes be impöſſibie to 
find out any whole numbets for the values of a and b, to folve the Propoſition ? aggdif 
two whole numbers u And b be defired that may make 6a-+ B it may "eafily: be 
ſhewn that tis impoſſible to find out two ſuch whole numbers; fur thewhole number 


a muſt be either even or odd, but whither it be even or odd, if it .be multiplied by 


the even number 6 the Product ſhall he even; (by Prop. 21, & 28 Elem. 9. Euclid) to 
which adding 3.the ſam pill be odd, (for odd, added to even makęs gad.) which ſu 


* 
633 7% 


muſt be equal to 20, and conſequently the half of that ſum is tlg number ö; but the 


half of an odd number cannot be a whole Number, and therefore þ in the Equa- 


tion proposd cannot be a whole number: But if the given whole numbers which are 
prefix d to a and þ be Prime to one another, then hatever whole number be given 
to be added to the deſired Multiple of a, innumerable whole numbers may be found 
out for the values of a and b, as hereafter will be ſhewn. n. 
3. After the two ſmalleſt whole numbers are found out for N of a and b to 
conſtitute the Equation propoſed, all other pairs of whole nume  capab 
of prodpcing the ſame effect, may be orderly enumerated into tyro Arithmetical 
Progreſſions thus formed; viz. Having found 4 for the ſmalleſt whole number a, 
and 6 for the ſmalleſt whole number 6 to conſtitute the Equation before propoſed, 


* . 
A & - 4 
7 


5 


to h, the common difference of the Terms of the firſt; Progreſſion ; then let 6, the 
{ſmalleſt whole yumber b, be the firſt Term. and 9 which is prefix d to a in the ſaid 
"Equation, the common difference of the Terms of the latter Progreſſion, ſo the 
Terms of thoſe Progreſſions will be theſe, oe POE k eu Tis 3: ne 


t ; 
A „ 741. 
7 1 +1 
$4 ? \ 33 v0 


Values of ö; 6, 15, 24, 33, 42, 51, 60, 69, be. 


* 


4. Now out of the firſt of thoſe Progteſſions you may take any Term for the value of a, 
as 11, (the ſecond Term,)and then the correſpondent Term in the latter Progreſſion, 


to wit, 15, ſhall be the value of l; by which two numbers 11 and 15 the Equation 
ga+6=7b may be expounded, viz. nine times II with 6 added is equal to ſeven 


allnow demonſtrate. 


times 15. Likewiſe 18 and 24, .alſo 25 and. 23, and vey ir of coxreſi E 
Hh 


Terms inthoſe two Progreſſions will cauſe the fame effect, a 


* * 
{ „ [4 
p — 
o 


be equal to 42 that ſtands among the numbers in the ſecond Columel, 


. * * 
- „5 i 
7 6:4 a » 1 4 * Mm 
i 1411 of ö 5 48 7 5 *.4 } 
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erms, 4 Foe Ws Dus - RES 
2 If, if yeh iultiþiys by PRO Gi Rt 1 Ef ne 


ſuppoſition whole Numbers Prime between themſelyes, F 


20 If there be two whole numbers a, and b, given or found out, which will conſtitute 


CH 4 P. 12. 


„e : 4. F 5 7 * 


5. Let ee 1 1 e whole nest Prime load e 
3 and a three other whole gon be fach & 5 

that all five will Hale this Ec ron ©. we Ty 
A uae. a 


6. Eer an Aerial 1 en a ; 

may be the Hr and lea mt 1 bs on dif-% 4, | 
phy of the Terms, as | = 5 5 C * 565 1 . 
„ Let another Arithmericat rie 81 : 7 
5 the firſt and ! 28 5 anche . 
of the Ter 


ie 
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* 
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'of « in he Futon ig the fifth Ke, and to'the Product add 
equal bas a Mapa u, to . . 3 2 75 ZE dt 
d Term of the later P nz) a 197973 
bees Terme 9 oY Feen * . 1150 FI WY atfr 


fiep,* bete, bee ith. our o!. 411 10 amen * 
„1 ſuppoſition i in the fifth: „ OS 157-4 x 1 5 * ca 1 | 
* And by adding cn to each part of that Equation, + mY | 
«Therefore from the | aft Fquari SA n/a oi Fw 155 cabontd=nb+on pe 4 
11. There ore from the uation, CONE 5 c. 41 
12. Again, if to each part addon t gr! in- 
ted in deb ig you add 20, ir makes Nee F. \ car 20n+d= 1 
ay That 1 IS, „% SG ol . 3 c,, 1 4 
4. After the ſame manner it may be ies Ide Rig cha zu, d=mxh+3c | 1 
And ſo forwards. Which was to be prove. +30, T T 3c 
15. Neo ſuppoſing a and ö to expreſs the {malleſt whole numbers that are capable of 
conſtituting the Equation in the fifth. ſtep, to wit, ca dub, I muſt demonſtrate 


that no other who e numbers beſides the Terms which follow a and b in the two Pro- \ 
greſſions formed in the fixth and ſeventh. ſteps, can be taken inſtead of a and b to we 
roduce the ſame : If it be poſſible, let a+ ſome whole number 5, viz. a+f ”— 


taken inſtead of a; and let b+ 11 whole number g, viz. b+g be taken inſtead 
of b; then c multiplied by af makes ca ef, to which adding d, the ſam is 
ca+if+d, which muſt be equal po the Product of u multiplied by ++ to 


wit, ub 105 whence cad b 


115 And by ſuppoſirion in the fifth ſtep: i 6 | 
Therefore b by ſubtracting the laſt E Io ni 0 5 | : 
"Hom the laſt but one, this remain, ©. , + —— 81 
18. And by reſdlving the laſt E aattof Lito fro 2 en 
portionäls, this Analogy ariſes, bs... 7 755 Fa 


19. Whence it is manifeſt that the whole nere F 2nd g are in the ſame Reaſon (or 
Proportion) as the whole numbers and c; and conſequently, fince and c are by 
muſt neceſſarily be equal 
either to u, or 27, or zu, Ec. and g muſt be equal to e, . 25 or 3c, Oe. Where- 
fore a+n, aT zu, 'a+3 u, Cc. viz. the Terms which Pillow a in the Frogreſſion 1 - 
the ſixth ltep, and A 54 2c, b ＋ 2c, Ec. viz. the Terms which follow b in the hs 
Progreſſion in the ſeventh ſtep, are the only hole numbers that can be taken inſtead 4 
of aand b, the leaſt whole numbers to conſtitute the Equation propoſed, to wit, 
- ca+ d=nb,- Which was to be ſhewn. _ | 


the Equation before, propoſed or ſuch like,and thoſe two numbers be nor the ſmalleſt 
values ofa and, you may by the help of thoſe given find out the ſnalleſt, by this 
Rule; vix. Divide the given whole number a, by the given number which is prefixt | 
tob in the Equation 17 then after the Diviſionis finiſh'd there will remain either : 
a number or nothing; if a number remain, it ſhall be the ſmalleſt value of a but ifo re- 
main, then the number prefixt to bis the ſmalleſt value of a, and conſequently the cor- 
reſpondent value of 6 iseafily diſcovered by the Equation; The reaſon of this Rule is 
manifeſt by &. e I, For if mY Term — than the leaſt of an Atithmet — 5 


95 | *M 


„„ "G4; — 


; rr 2 


*n Progreſſion be given, as alſo the common Difference, the leaſt Term ſhall be given 
8 continual fubrrgtig of the common Difference, or by che Rui 
c dT RE ooo tert 
As for Example, IF in ths former sf the two Affthonetical Progeeſons in the tir 
ſep, which expreſs valyes of a and $xg conflltols. the Ec uation 944-6+7b, there be 
wen 32 for the value Of a, Idivide 32 by 7 which is prefix d to , and find 7 contait'd 
Fur tines in 32, and there remains 4; now this Remainder 4 is theſmalleſt value of; 
whence the correſpondEnt whole aber b, is eafily diſcovered \Hr if a=4, then 9a 
+6=42=7b; Therefore 42 diyi 7 gives 6. for the whole number 6. 
Again, if a=26, and b=26, then this will be a true Equation, viz. 5a+4—4), 
8 5 aandbto conſtitute that Equation did 
he of | js N 10 h, and there refnains o, therefore 
(according to the Rule before given) the ſaid 4 ſhall: be the ſmalleſt value of a; whence 
5a+4=24=4b, and Conſequently 65h, „ „% „ e 
Lattly from whar bas been aid in the third Hep, all the values of a and bin 
whole numbers that are capable of conſtituting the ſaid Equation 54a T4 = ate the 
Terms of theſe two Arithmetical Progreſſions, viz. „ TT 
Values of a; 4, 8, 12, 16, 20, 24, 28, 32, C . 
Values of ö; 6, 11, 16, 21, 26, 37, 36, 41, C. 


. 
k 4.4 


now if you defire the ſmalleſt whole 
5 20 the given value of 102 4 which 
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| Set. ff Another way of [ſolving the foregoing Prop. 1. 
In this later Method there are four principal Cafes, which I ſhall fitſt explain by 
Queſtions, and then ſhew how the Reſolution of the Propoſition will always run into 
— EF ER Eo EL TL gany 


| To find all the whole numbers a and 6 that are capable of conſtituting this Equation | 
viz, 844-97 =5b. Nollie £01 ones 0M [nt Wendy FF 


-The-Equation-propoſed, . . 7 1 
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| 8+ 97=205 
3 == _ 
LEE + - as.” * 5 
Firſt I add 97 (to wit, +97 in the Equation propoſed) to 8, which is prefix d 
to a, and it makes 105, this I divide by 5. the number prefix d to bz and becauſe the 
Quotient 21 happens to be exactly a whole number without any. remainder, it ſhall 
be the ſmalleſt whole number b ſought, andthe whole, number a in this caſe is always 
1. The Reaſon: is evident, for if a=1, then 84+97=8—+97 ; and if this ſum ha 
| pens to bea Multiple of the given number prefix d to h, then b is neceſſarily a whole 
| number. This is the firſt of the four Caſes above mentioned. JJ. 
Then after x and 21, the ſmalleſt whole numbers à and þ to conſtitute the Equation 
propos d, are found our, all the other values of a and b in whole numbers will be found 
in theſe two following Arithmetical Progreſſions formed according to the Rule in the 


3.4. 20% © 4 + * N 7 r 


wy 5 
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The Reſolution 3 


E 
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E e 


third ſtep of the foregoing SeF. 2. vin. 
Values ofa; 1, 6, 17, 16, 2r, 26, Ec. 
| 7, 45, 535 % Lonn 7 wn ͤ  to 
I fay every two correſpondent numbers in thoſe Progreſſions may be taken for values 
of a and in this Equation, 8a+97=56 ; as for Example, if 11 be taken for a, and 
37 forb, then eight times 11, with 97 added ſhall be equal to five times 37, viz. 
x35 = 185, Ku {6 of the tk. 15 ö 
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© To find all the whole numbers a and 
VIZ. 49a 6=13b 
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there remains 10; tlkrefote 4939 


at ons tobe 
| ich i the fourth Equation. e * „ — 5 
wire benk divide 10g, that 18, er part of the fourth Equation, by 13 which is pte · 


a + OP = K * I 
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The Equation propoſed, ; . _ _ 
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The Reſolution; - 7 - 3 « 5 
8 4 1 4 = 
5 * I» 0 * 


G 1 


Firſt, 1 add - (to wit, Ts in the Equation propoſed) to 49 which is ptefix'd to a; 


and it makes 55 3, how if this 55 were exaQtly diviſible by 13 which is prefix d to 6, 
the Quotient would be the wholenumber b ſought, and 1 the number a, (as in Que. 2) 
But 55 not being a r of 13, I proteed thus, viz, I ſeek the Multiple of 13 which 


5 next greater than 53, by dividing 55 by 13, Io T find that four times 13 is leſs than 
55, but five tinies 13, that is, 65,” exceeds 37, by 10; therefore 55 is equal to 65 
wanting 10, ux. .55 56510. -This is the cond Equation in the =W 
1 ben divide 49 which is prefix d to a, 7 705 
that three times 13, that is, 39, is the greateſt, Multip 

py he i Fav x — — 10 1 
3. Now becauſe +10, is found in the third Equation, and — 10 in the ſecond, 
＋ Far Equations together, ſo the faid 10 vaniſhes, and thets ariſes 104 1045 


gle of 13 contained in 49, and 


1 7 


fix d to ö in the Equation propos d, and the Quotient 8 is the whole number þ ſought. 


J. Then from the ſaid 10% in the fourth Equation, I ſubtract &, (to wit, +6 in 


the Equation propos'd) aod divide the ar, 49 which is prefix'd to 0, 


10 rhe Quotient gives 2 for the whole number a ſought  _ 

the values of a and b in whole numbers that are capable of producing the fame effect, 
are the Terms of theſe two following Arithmetical Frogreſſions whoſe eonſtruktion 
rei e 


Voalues Ef az 4, 1; 38, at» 4, 67, 6. 


Values of 5; 8, 57, 106, 155, 204, 233, Sc. 


Note, That the manner of forming the ſecond and third Equations in the foregoing 
Reſolution of 2uef. 3. mult be diligentiy obſerved, becauſe the like work is conta: 
ly-uſed in the following fourth, fifth, fixth, ſeventh, eighth and ninth Queſtions : 
But its by accident, that the ſame number 10 follows the Signs — and + in the ſaid 
kcond and third Equations, and therefore the adding them together to produce the 
fourth Equation, is an Operation peculiar io Ie) og and the like accident, which I 
all the ſecond of the four Caſes before ment 7x 0 


that in this ſecond Caſe, the Reſolution infallibly produces whole Numbers for 
*. — of a and h, I prove thus: Eirſt by Conſtruction, 65—10 (the later part 


f the ſecond Equation) wants Io of a Multiple of 13, and 39 1 (the later part of 
the third E A7 exceeds a; Multiple of 13 by 10.3 {nod the Sum of the faid 


85—10 anf 39 +10, to wit, 104 (the _— of the fourth Equation) ſhall be 
a Multiple f by | 


13; and conſequently 1 og divid 13 will exactly give a whole Num- 
bor the value of b. Secondly, becauſe 104 (the firſt part of the fourth 


Equation) is by conſtruction _ d of a Multiple of 4 en with 6 ; by ſub⸗ 


traQting 6 from 104, the Remainder 98 ſhall be a Multiple of 49, and conſequently 
98 dirided by 4 l give the Quotient an exact whole number, to wit, 2, for the 
Falue of . Whence it is manifeſt, bar | ons are 
formed out of the firſt (to wit, the Equation propoſed) according to the preceding 


Directions for as. Queſt. 2; it happens that the number following + in the later 


of the uation, 1s the fame with the Number following — in the later 
— 2 the nd os will certainly atiſe two whole Numbers for the values of 


which is pref d to Z, io I find | 
I 


ence it is manifeſt, chat if. after the ſecond and third Equations are „ 
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To find all the whole Numbers à and h that may make 822 ＋ 66 = 136. 
The Equation propos d, , i 8] 824+ 66 = 13 1 | 5 | 
* = if 3] 82 _ = 78+4 
5 cz -: =, 1% © Ts. 
The Reſolution, . . . © 3 5 PEMD... FO 
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| 5 VVV Explication. WM :£ 1 y 634724 1 vr 34 36% 210 

1. The ſecond and third Equations are formed ont of the firſt in ſuch manner as 
before has been explain d in the Reſolution of Que. 2. 
2. Becauſe the Number 4 which follows the Sign £ in the later part of the thi 
Equation, happens to be an-Aliquot Part, to wit, 2 of 8 which follows the Sign — in 
the later part of the ſecond Equation, T multiply each part of che third E. uation by 
2 (the Denominator of the ſaid Aliquot Part,) to the end there may be +8 in the 
Equation made by that Multiplication ; ſo there is produced 164=156+8, which 
is the fourth Equation... VVV FF. 


3. Now fince +8 is found in the fourth Equation, and —8 in the ſecond, I add 
thoſe — — together, ſo the ſaid 8 vaniſhes, and there ariſes 3122312; which 
f 6-14 3s CSIC} IST? Nn 3 1 4 Fi 


is the fifth Equation. _ 3 * 15 
4. Then I divide 3 12, (to wit, either part of the fifth Equation) -b 


* 
7 


13 which is pre- 


fix d to b in the Equation propoſed, and the Quotient 24 is the whole number h ſought. 


5. Laſtly, from the ſaid 312 (in the fifth Equation) I ſubtract 66, to wit, + 66 


in the Equation propos'd, and divide the Remainder 246 by the given number 82, 
(which is prefix'd to a;) ſo the Quotient 3 is the whole Number a ſought, 


I fay, 3=a and 24 = h will make 824 66 =13 b, as was required in Qu. 4. 


and all the values of a and b in whole Numbers that are capable of producing- that 
Equarion, are the Terms of theſe two Arithmetical Progreſſions, (whoſe Conſtruction 
has been ſhewn before in the third ſtep, of Sed. 2.) uz.  -© 
ti, 29, 42, 55, 68, Oc. 
38: Values of $z 24, 106, 188, 270, 352, 434, G. 4 
Note, That it was by meer chance that the number following the Sign I in the 
third Equation happened to be an Aliquot Part of the number following the Sign — 


ſecond, and therefore the multiplying of the third Equation by the Denominator of 


the Aliquot Part, is an Operation peculiar only to that and the like accident, which 
is the third of the four Caſes before a e The Reaſon of the Operation in this 


fourth Queſtion (or third Caſe,) may be by th 
given in fuef. 3. but for further illuſtration I ſhall add another Example of Caſe 3, 


UE ST. 35 70 


To find all the whole Numbers that may be values of a and ö in this Equation, vis 


601a+9 =200 b. | 3 1 
The Equation propoſed . . . 8912. 2 
| At Sa 2 610 „ , $00=190: . | 
. . 3255 TIONS IO: 762 
The Reſolution n 4 Fr 14800 = 134860 », . 
| 5 eee ee 
| 5 ge 6 — =, 77, 3 
E 7 e 
I 2480-999 . 
7 —— = 191 2 | 
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ſily diſcerned by the Demonſtration before 


CH AP. 13. capable of Inaumerable Anſwers. 
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The Reſolution of this Queſtion is like that in the foregoing Dnef.. 4 for ſince + x 


in the later part of the third Equation happens to be an Aliquot part of 190 which 
follows — in the ſecond Equation, I — 4 Sek part fits "thir& by 190, to 


the end that + 190 may be found in the Product, as you ſe in the fourth Equation; 


then by adding the fourth Equation to the ſecond, the Sum makes the fifth, which is 
free from the Signs + and —; laſtly, from the fifth Equation the whole numbers 


574 and 191 expreſſing the values of and ia are diſcovered, in like manner as in the 
preceding third and fourth Queſtions ; which numbers will conſtitute the Equation 
propoſed : For 601 times 191 together with 9 is equal to 200 times 574, that is, 
114800; and all the reſt of the values of à and 5 in whole Numbers to make that 
Equation will be found in theſe two following Arithmetical Progreſſions formed by 
the Rule before given in the third ſtep of Seck. 2. hop US oat | 

Values of ; 19r,* „, oor, ot og Oe” 5 

Values of 5; 5744 1175, 1776, 2377, 29085 He. 


„%% Oo 7 1 on 
* . a hat are a and h in 
ee i | Prey 3 5 8 „ 1 whole Numbers? 
©. £| 246 88 85 1 
Out of 1. il; 121 
Suppoſe | 4193 c+60 
nn, 
1 4 1 | 93_ 
Suppoſe | 7| 28 e+15 
Out of 7. 4 LE 
; /; 90.2007 5 ee 
Eg. 9 X 2. ref 56 
Ei. 8+10. 11] 99” 
Out of 11 and 9. 12 £20. e a 
e e 8 — work begins. 


12, 6 and 5. 13 18 n 
| | 2 = 42 = d | 
13 and 4. 14 2g 
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Explication. 


1. The ſecond and third Equations are formed out of the firſt in like manner as be- 


fore in the Explication of Qneft. 3. A 5 

2. But becauſe 28 which follows + in the third Equation, is not equal to, nor an 
Aliquot part of 60 which follows - in the ſecond, the proceſs cannot be made like that 
in the third; fourth and fifth Queſtions; ſo that now a fourth Caſe takes riſe, and the ſcope 
of a new ſearch is to find out a number d, ſuch, that if it multiply the ſaid +28, the 
Product may exceed a Multiple of 93 (which is prefix d to ) by 60; for then it will beę- 


videntz that if the third Equation be multiplied by that number a, a 8 will be pro- 


duced whoſefirſt part ſhall be a Multiple of 121, and thelatter part ſhall exceed a Mutiple 


of 93 by bo, and then the reſt of the work will be like that in Caſe 2. in Cage. 3. In the 


ſearch therefore ofthe number 4, the fourth Equation is aſſumed, to wit, 93c+ G 28d. 5 | 


3. The fifth and ſixth Equations are formed out of the fourth, in like manner as 
the Stand and third out of the fit.. 8 
4. Becauſe g which follows + in the ſixth Equation, is neither equal to, nor an * 
Part of 15 which follows the Sign . in the er next ſcope (for the like reaſon 


„ 


given 


Keſolution of Queftiins BOOK II. 
given concerning the number d) is to find out a number 7. ſuch, that if it multiply the 
faid + 9; the Product may exceed a Multiple of 28 which is prefix'd to d, by the faid 

15; to which end the ſeventh Equation is aſſumed, to wit, 28015 = gf. = 

F. The eighth and ninth Equations are formed out of the ſeventh, in like manner 
as the ſecond and third out of the firſt. 

6. Becauſe 1 which follows + in the ninth Equation, is an Aliquot Part of 2 which 
ſtands next after — in the eighth, the ninth is multiplied by 2 the Denominator of 
the ſaid part; (according to the Rule in Caſe 3. Oueſt. 3.) whence the tenth Equation 
is produced, to wit, 56=54+2. . lt 5 

7. The eleventh Equation, to wit, 99 = 99 is the Sum of the eighth and tenth, and 
ſince the {aid eleventh is free from the Signs ＋ and —, a Regreſſide work now begins, 
to find out the whole numbers PL d, b and a; in this manner, viz. © | 

8. By dividing either part of the eleventh Equation, to wit, 99, by 9 which is pre- 
fix'd to f in the ſeventh, there ariſes 11=f, as in the twelfth Equation: 

9. Then multiply ing the number f, to wit, 11, by 93, that is, either part of the ſixth 
Equation, and to the Product adding 153, that is, either part of the fifth Equation; the 
Sum makes 1176, (as you ſee in the thirteenth Equation) which 1176 is a Multiple of 
28, to wit, that which is repreſented by 28 d in the fourth Equation ; Therefore, 

10. By dividing the ſaid 1176 by 28, the Quotient 42 is the number d, as in the 
fourteenth Equation. . 1 

11. Then multiply ing the number d, to wit, 42, by 121, that is, either part of the third 
Equation, and to the Product adding 126, that is, either part of the ſecond Equation, 
the Sum makes 5 208, as you ſee in the fifteenth Equation, which 5208 is a Multiple 
of 93, to wit, that which is repreſented by 93 ö in the firſt Equation, Therefore, 

12. By dividing either part of the fifteenth Equation; to wit, 5208 by 93, the 
Quotient 56 is the number þ ſought. a „%% Ogey 

13. Then from the ſaid 5208 ſubtracting 5, to wit, +5 in the firſt Equation, and 
dividing the Remainder 5203 by 121 which is ptefix'd to a in the firſt Equation, the 

Quotient gives 43 for the number à ſought, as in the ſeventeenth and laſt Equation. 

Therefore, if 4.3 be fora, and 56 for ö, then 121a+5 = 936, which is the Equation 

propoſed in Quęſt. 6. and all the values of a and b in whole Numbers that are capable 

of conſtituting that Equation are the Terms of theſe two followingArithmetical Progref- 

fions, whoſe Conſtruction has been ſhewn before in the third ſtep of Sect. 2. 


Values of a; 43, 136, 229, 322 „ 415 „ 508 os 
Values of 6; 56, 177, 298, 419, 540, 661, Cc. 


14. After the Numbers f and d in the foregoing Reſolution of Queſt. 6. are known, 
the Numbers e and c in the ſeventh and fourth Equations, may eafily be diſcovered; 
but there is no need of their help in the finding out of the defired Numbers a and 6, 

15. But methinks I hear the Reader make this Objection, viz. How does it appear, 
that from every three whole numbers given in ſuch ſort as before is declared in Prop. 1. 
there may infallibly be found out two whole numbers à and h to ſolve the ſaid Pro- 
poſition, by the Operation before explained in the four Caſes before mentioned: For 
Anſwer to this Objection, I ſhall here ſhew how far the Proceſs need be continued at 
the fartheſt, to find out an Equation having -+ 1 in its later part; for when ſuch Equa- 
tion ariſes, tis manifeſt by the Operation in the third Caſe explain'd in Qusſf. 4, and 
F. that two whole numbers à and b will infallibly be diſcovered to ſatisfie the Propo- 
ſition, and conſequently innumerable other Goo of whole numbers to produce the 

m 


Tatne effect. Firſt, then in the foregoing Queff. 6. the given number 121 which is 
proves to a, being divided by the given number 93 which is prefix d to b, after the 
Diviſion is finiſh'd there remains 28, to wit ＋ 28 in the later part of the third Equa- 

tion: Secondly, the ſaid Diviſor 93 being divided by the ſaid Remainder 28, after 
the Diviſion is ended there remains 9, to wit, +9 in the later part of the ſixth Equa- 
tion: Again, the laſt Diviſor 28 being divided by the laſt Remainder 9, after this 
Diviſion is ended there remains 1, that is, +1 in the later part of the ninth TZquation, 
which Remainder 1 you will always infallibly come unto by a continued Diviſion in 
that manner, becauſe the two given Numbers prefix d to @ and b are (as the Propo- 
ſition requires) Prime between themſelves; and that continued Diviſion is no- 
thing elſe but the Method of finding out the greateſt common Diviſor * ow 
. 2 f | - um | 3 


; * 
8 q 


CHAP: 13. capable of Innumerable Anſwers  3og 


. 8 


umbers; ſo that you may at firſt (if you pleaſe) diſcover unto what Letter at the 
N the proceſs need A continued before yoy return backward according to the 

Operation explain d in weft, 6. But oftentimes before you come to the ſaid Remaln- 
der 1, the Reſolution will run into one of the three Caſes explain d in Quel. 2, 3, 4, 
and 5. as will appear by the following ſeventh, eighth, and ninth Queſtions. 


— — — —— ——-tzb 
3 QUEST. 5 | 1s 2: Ki 
n — What are a and b in 
Hop 2 oy 1 2 5 b, whole Numbers ? 
298 = 104 — 6 N 
Out a 1 357 — 
Suppoſe 426 c+6 . c =? d =? 
| 4 | 5132 = 38—6 
Out of 4 ; 6 26 : =z 7 +7 | 
Suppoſe | 7119 +6 = Tf __e=?f=? 
Out of 5 S125 . = IJ} 
_. Suppoſe 10 7g+3 =5b g =? þ =? 
Out of 10. 11] 7+3 "> v6 | 
 - Outof10and11. [12] — = 2— þ Here the Regreſſive 
„ * — work begins. 
Out of 12, 9, 8. = 63 
13, and 7. = = f 
14, 6 and 5. KS. wane” 
15 and 4. 4 | | = 4 
x6, 3 and 2. 171455 97, +98. = 1456 
andy. 24037. and -- 
17 and 1. ta 3 56 ths ” 
: 143. ͤ OD 
I, 119—— 21 4 
-_ Bs 5 W | 2 


--+ 


in the Proceſs, to wit, h, is made known before an Equation ariſes which has +1 in 
its later Part; aud the like effect happens in the following eighth and ninth Queſtions. 


values of ; 56, 153, 250, 347, 444, 541, Ce. 


e 8. 


* - 
. £4 
2 | * „ AS, my 8 «A 3 3 „ 
: os P - * 3 
, . . 12 2 p | : 
| 8 * -2 PT TIES 4 we —_— — * — — ? 
. —— — „ r . * — ww 477 
*7 2 „ „ a 9 * 1 9 * .* 1 * c 
© R | 
1 11 „ e * . of by . . - » - 4 1 — 3 
- 1 1 FE, J . | 0 
D > . - L * . 
* ; May, . ee 1 „ 4 * = 4 e — 
Pn — — — ay - <P a ao no - — N * — = — — 


9UEST. 8. 


LEG Tis id What are th hole 
"ON C] 2h25 - = 171 — 46 
Out of 1.4 22 — Sos ohh. 1 
Suppoſe | 4157 £46 = 5d c=?d=2 
"1 x03 .. = 105 —2 
Out of 4.4 Jm 
: g + 6. 71160 1 | i 
b 
7, 4 . 85 WO 
8, 3, 2. 932 * 119, + 125 = 3933 
„„ 69 
9, 1. [xy = 39 


Values of a; 33, 90, 147, 204, 261, 318, Cc. 
I Values of 5; 69, 188, 307, 426, 545 , 664, Cc. 
In which Progreſſions, every two correſpondent Terms may be taken for values of 
a aandb to conſtitute the Equation in Que. 8. 1 


0 DUEST. 9. . . . 
7 „ hat are the whole 
| If 72 . 1 numbers a and b? 
PA 5 2jt74 = 21339 
Out of. A 124 = 142+3r | | 
Suppoſe | 4/7ic+39 2 id ce? =? 
5110 = 124—14 | 
Out of 4-4] om = eps at, 
Suppoſe |JÞ1e+14 = of e=? f=?. 
Out of 7. | 83: +14 © = 45 8 5 
f 22 — - =f Re — fe -: 
8, and 7. 9 : 5 _—_ | 
, 5. rp * 71, ＋110 -= 465 | 
| oF ad. 
10 6— — 15 — 
» + 11 . tt 
IT, 3, 2. 125 173, +174 = 2769 = ty 
* jus x. pes =39 Ss 7 f 
12, . 1427 = 16 = a _ 
n = 


Values of Fa i 16, 87 | e258, 229, 300 1 Ec. 
Values of b; 39, 212, 385 558, 7317 2 904 , Fc. 


— a lt. 


$2 „ We. e oy) 
Two whole numbers Prime between themſelves being given, to find out two others; 
ſuppoſe a and h, that if a be multiplied by the leſſer of thoſe two numbers given, and 
to the Product there be added a whole number given, the ſum ſhall be equal to the 
Product of b multiplied by the greater of the two numbers firſt given. Moreover, to 
diſcover all the whole numbers a and b that are capable of producing the ſame effect. 
When each of the two given numbers which are Prime betwcen themſelves is a fin- 
gle Figure, or ſome ſmall number conſiſting of two Characters, then the firſt of the 


two ways of ſolving the foregoing Prop. x, will readily ſolve this ſecond; but waving a 
that Method I ſhall ſhe two other ways by the help of the later of thoſe two Methods. 


** * th 


—— 
T_T 


HAZ. capable of Iniumerablle\cuiſwers. = 
Ike firſt Method, 
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By the Rule in 
Sect. 2. Num. 20. 
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80 | f 8 EACN'N 5 Explication. | 1 | 

1. I multiply 71 which is prefix d to a in the Equation propoſed. by ſuch a Num- 
ber, that when 3, to wit, -+ 3 in the ſame Ecuatdn is faded to — Product, 2 
Sum may be either equal to, or leſs than ſome Multiple of 1733 ſo multiplying 7x 
by 2, the Product 142 increaſed with 3 makes 145, Which is equal to 173 wanting 
28, viz, 145 173 —28, which is the ſecond Equation. ___ 758 

2. Then by Prop. 1. of this Chap. I ſeek two ſuch Numbers a and 6. that if a be 
multiplied by 1 73 „and the Product increaſed with -+1, tlie Sum may be equal to the 
Product of b multi 


plied by.71 ; viz. Suppoſing 1734 + x:= 716, and proceedin 
according to the foregoing Quef. 9. I find 16 for the value of 8 29 — +. S | 
fore 173 & 16, +I =7IX 393 or 71 X39 = 173 X16, +1 that is, 2769 = 


2768 +1, which is the third Equation. - eee 

3. Becauſe +1 in the later part of the third Equation is an Aliquot Part of 28 in 
the ſecond, I multiply the third Equation by 28 the Denominator of the ſaid Part, 
and it makes the fourth Equation, to wit, 77532 = 77504 + 28. | 

4. Then by adding the fourth Equation to the ſecond 18e 8 
18 
449 and 1094 are diſcovered for values of b and a, in like manner as in Queſf. 4, and 5. 


| quation tc um gives the fifth, which 
from the Signs + and — ; and from the fifth Equation the whole Numbers 


and by the help of thoſe the ſmalleſt values of a and b, to wit, 56 and 23 are found 


out by the Rule in the twentieth ſtep of Seck. 2. 
5. Laſtly, by the help of the two ſmalleſt values of a and b, and the Rule in the 


third ſtep of Seck. 2, all that are capable of ſolving Puef. 10. will be found in the 

two following Arithmetical Progretfions, Which may be continued as far as you pleaſe. 

Vualues of az 56, 229, 402, 575, 748, 921, 1094 Cc. 
Values of bz; 23, 94, 165, 236, 307, 378, 449, &c. 
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E xplication. 


ry I add 22 to 5000 and it makes 50 22, which is 2 as diviſible by 65, for 


times 65 is leſs than 5022 bur 78 times 65, that is, 5070, exceeds 5022 by 48; 
0 efdre y023=$070——48, which ch is the ſecond bees 8 898 
2. Then by Prop. 1. of this Chap. I ſeek two ſuch _ zumibers 2 and , that if 


a be multiplied b 65, and to che rodutt there be added 1 * — dum tnay be oed 


to the Product of b multiplied 22; viz, Suppoſing 654+1=226, and pr 2 
according to the later Method o of reſolving the foregoing Prop. 1. I find nd 3 to be 


values of a and ö; therefore, 65 x1, +1=2ax 33 or 045 = 18 1, +1; chat 


66=65+1 which is the third Equation. 
* 3. B . ing the Work as before in the Explication 6f 1% all the de- 
fires values of a and b in whole numbers that are capable of conſtituting the Equa. 
tion firſt propoſed in this eleventh Queſtion will be found to © the Terms of theſe two | 


following Ar thmetical Progreſſions, vi. - 
41 ald es of a; 15, 80, 145 TE, 275 „ | 266% Ker. 
Values of ö; 82 104 126,. 148, 170,. 13 2 . 
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Auotber ng of * Prop, 24... 


„IF. the „T — 173 Ny | 005 mhol 2.” =; al 
Od of 1 145 — 20 0 ee 
On of ij HW = T73 $4 — 7.4 7 ; 18 I 
Suppoſe | 47308 404 iE 
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: . ' 37 214 
9, 3, 2. rere 3, F145 "oy 3979 F 
1 [979 mM arne BR re 
Io, I. I = 27 > 5 ES 
8 Ia 173 e Xe | | 
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10, I. E * S 
. Pxplication. 


1. In this Queſtion, which i is the ſame with the foregoing, a4 ſecond e 


tion is formed as is there directed. 

2. The third Equation is thus formed: Foraſinuch as the given number 71 is leſs 
than 173 which is prefix d to 6, I multiply 71 by ſuch a Number that the Product 
may exceed 173, and be alſo Prime to it; ſo multiplying 71 by 3, the Product 213 

exceeds 173, alſo 213 and 173 are Prime to one another, then | divide the ſame 213 

by 173, and find that 213 contains 173 once, and 40 oyer and above; 5 therefore 

213=173-+40, which is the third 


. The fourth, fifth, and _ Equations here, are formed like the fourth, fifth, 


and ſixth Equations in the foregoing Quef. 6. 
4. Then becauſe 13 which fol — + in the fixth Equation i is an Aliquot part of 39 


which follows — in The fifth, I multiply the fixth Equation by 3 the Denominator 


4 the _ hang (for 13 is + + of 3 95 and it produces the ſeventh Equation, to wit, 
$19=400T 3% 
5. The eighth Equatiowis the * of the fifth and Te (accordin ng to the O 
ve 


tation in Caſe 2.) and then in the ninth Equation the K Work t 
out the values of d, ᷣ and a in ſuch manner as A en ſhewn in Fed 8 
ons of this Chap. So at length all the values of a and b in whole numbers ro ſolve this 


E 1 h Queſtioawill by this * tot. ay 
2 a. 5. 


—_— "—_— „ 1 4 


ter, and oftentimes requires the help of the two preceding Propoßti i 
appear by the 85 : / Fl 1 3 fitions, as will * 
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To divide a given number into three or more numhets ſuch that i feverv ovale wn 
be multiplied by a different number given, the ſum ofthe Frauds marc or em 


iven number. But the ſum of thoſe ProduQts muſt fall berween the two mad 
y multiplying thegiven Dividend into the greateſt and leaſt of the given Multiplicat ? e 
The ſolutien of this Problem is explain d by rhe following Queſtions of this Chap. 


ſti | 

1 Queſtion. | 

. « , 2 j l 8 2 x. 4 3 +8482 1 * 7 * 

a + 4 _ - : 5 Fc 4 9 o 2 = . 2 by 

. . 12 * dp: FI , WS 1 
DES 23. 


, 1 


TY * o 
* 


To divide 24 into three ſuch whole ne that if the firſt be multiplied by 3 


the ſecond by 24, and the third by, 8, the ſum of the three Products may make 516 


I, If | 5 0 ” a+ e+ — 
0 T 
4. And . . » 0 . o 0 . o 169 @ 9 a * 6 —— 
What axe t e whole numbers a, e and yo" if 1 TY —_ — $16 
— . RESOLUTION. | 


3. The firſt Equation multiplied by 36, which is 
prefix d to a in the ſecond, produces 


4. The 2d Equation ſubtracted from the third, leaves , . 122 L28348 


rot be whole. numbers unleſs 4 and 4 be whole numbers 3 but 


5. The 4th Equation by tranſpoſition of + 29, gives . , 12e=348—28y 
6. The fifth Equation divided by 12 gives. . eng I 
7. If inſtead of e in the firſt Equation there OT, EO | | 

ken the later part of the fixth, this ariſes . mY F nocd +J=24. 
8. Thatly ++.  @ „„ ab2g = 24 
9,From the eighth * by tranſpoſition of oh 2 29“ 

this ariſes, 2 I af 5 f 1 8 | 3 
10. That is, 0 5 . ME © Re” : 46e % 2 , 


- 
© * 


11. By the later part of the tenth Equation tis evi- þ 4y — : 
| 1 


dent War - . io. 3 : 

12. Therefore by multiplying each part in the ele- 
venth ſtep by 3, it 8 wi „ 5 4 15 

12. And by dividing each part in the 12th ſtep by 44 5 c 32 
14. And from the later part of the ſixth Equation, . 

by arguing in like manner as in the eleventh, > y— 122. ; 

twelfth and thirteeth ſteps, it will be manifeſt that _ 
15. Now it Fractions or mixt numbers were admitted to be the values of a, e, and y, 


then by the thirteenth, fourteenth, tenth and lixth ſteps tis evident that 


7 = any number between 34 and 124 3 Tr 
—2 72 


22 


16. But to find out whole numbers to ſolve the Queſtion, the limits in the thirteenth & 
fourteenth ſteps do ſhew that y muſt be ſome whole number greater than 3, but not 
greater than 22, yet every whole number within thoſe limits will. 
not ſerve the turn, for the values of a and e before diſcovered will © | 


X Ns Cd id be be 3-0 51 £348 d II ENT 2's | HE 11. 7 5 2 
Zand 2! cannot be whole numbers unleſs y be 3, or ſonteiul- 112] 1112) - - 


237 5 r hb TESTO LE WNT ©; METRE 3 
tiple of z. and becauſe 3 is without the 13 may be 6, or 9, 0r 12, and conſequently... 


* ” ; 


Let the numbers ſought be repreſented by a,e & y,then the Queſtion may be ſtated "mg 


36a+364+369=864 {| 


— 


* . 7 
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Reſelution of Queſtions 


3; ) and ſometimes but one, (as in divers of the following Queſtions.) 


ao. 5 * 
——̃— 
* q 


3. The firſt Equation multiplied by 4, (which is prefix 


from the fifteenth ſtep « ſhall be 3, or 7, or 11; and e, 15, or 8, or 1. Now in anſiver 
to the Queſtion, 3, 15 and 6, (to wit, a, e and y) are three ſuch whole numbers, that 


their ſum is 24, and if the firſt be multiplied by 36, the ſecond by 24, and the third 


by 8, the ſum of the three Products makes 516, as was required. The like may 
be faid of each of the two other Anſwers. But if Fractions or mixt numbers were 


admitted, innumerable Anſwers might be given to the Queſtion, as before has been 


ſhewn in the fifteenth ſtep. = - 3 4 
Note. When one part of an Equation confiſts of an Affirmative letter and ſome Ne. 


gative Abſolute number, a limit may thence be inferr'd, above which the number ſip. 
nified by that letter ought to be taken. But if one part of an Equation conſiſts of a 
Negative letter and of an Affirmative abſolute number, it will give a limit beneath 
which the number repreſented by that letter muſt be choſen. Sometimes alfo two 
limits will be diſcovered, (as in this thirteenth Queſtion for the choice of the number 


ſ” W 


OUEST. 14. . 


To find three ſuch whole numbers that their ſum may make 100; and that if the | 
firſt be multiplied by 4, the ſecond by 3, and the third by 15, the ſum of the three 


Products may make 300. „ ie 5 
For the three numbers ſought put a, e and y, then the Queſtion may be ſtated thus; 
WS 5 5 FVV a e+ = loo 


11 cs | | 
— EE EE RTE.” 4a ze 17) = 300 
What are the whole numbers a, e andy? U — . 

| RESOLUTIUAN, 55 


'd ET, 
to a in the ſecond Equarion,) produces : 5 r 9 = 4 
4. The ſecond Equation ſubtracted from the third, leaves - e = 1 


5. The fourth Equation by tranſpoſition of 429 gives > "+ 0. 88 * ; 


6. If inſtead of e in the firſt Equation there be taken the J „r I) 
later part of the fifth, this will ariſe, . EA 5 e * e 
7. That is, after due Reduction. » +, 48, 


8. From the later part of the fifth Equation it's ma- 115 
nifeſt that 55 3 


26 . 4 2 | I I 
Whence *ris manifeſt, that if the three numbers ſought were not reſtrained to whole 


989 5 # 
12 78 1 whole Numbers, for orherwiſe the values of e and a in the fifth and 
* | 72 10 ſerenth ſteps will not be expreffible by whole Numbers; but 11) and 


42123125] and therefore y may be 5, or 10, or 15, or any of the reſt of · the 


1 will be teh as ſtand under e and a. Thus you ſee that the Queſtion 
receives nine Anſwers in whole Numbers, which are all that it's capable of: So that 
if you take 6 for a; 89 fore; and 5 for y, their ſum is 100; and if 6 be multiplied 


\ 


. 8 * tak, age IR 


MY wn join 


2 | *|Y | number not greater than 45, and ſuch as may cauſe Y and 2 to be 


3004525 2 cannot be whole Numbers unleſs y be 5, or ſome Multiple of 5, 


| 85 12140) numbers in the third Columel of this Table; and conſequently, from 
154] 1]45] the fifth and ſeventh ſteps of the Reſolution, the whole numbers e and 


by 4 


e 
C 
: 
5 
: 
[ 
| 


| by 43 | 89 by 35 and 5 by 14; the ſum of the three Produ 


1 And 


10. And confequently by dividing each *. 1 em zones 


12. That IS, 8 . 1 42 _ e 
13. Then by the foregoing Prop. 1. of this Chapter, I ſearch out all ſuch whole numbers 


> nad. 2 a 
G a 9 * * * a * 
: 
+» * N * 
- * 
* 


eee 


5 | ts makes 300. as . 
ſtion requires The like may be proved of every one of the other wu bay Fe 75 Sn 


Note, When three numbers are ſought by a Queſtion of this nature that is capable, 


of many Anſwers in whole numbers, all the values of every one ofthe letters in: 
numbers are in Arithmetical Progreſſion, and therefore 4 to of hoſe Anat — 
found out, all the reſt within the limits diſcovered by the Reſolution are conſequently 


ww by Addition or Subtraction of the common difference in each Rank, as may ea- 


y he perceived by the values of a, e, yin the Table above-written. But when f 
numbers are ſought, the values of a letter are oftentimes found in ſeve Ore Our 
cal Progreſſions, as in the following Qnef. 20. — © _ ſeveral Arithmeri- 


jo... nn r 


* 


a. -_ 
— 


'o divide 1533 into three whole numbers, ſuch, that -. of t 
with . of the ſecond and +++ of the third may make 167. r of the faſt, together 


For the three whole numbers fought put a, e, and y, then the Queſtion may be 


* —_— 55 
1. 0 5 1 . „ g . oy - | Rs ENS 2 0@# + e+ J=1533 
1 5 0 00 - . 0 0 4 EE . U —y= 
What are the whole numbers a, e, andy)? enen — 2 
- . art <5 
r Equation multiplied by , produces. aA ay = 2533 

Equation ſubtracted from the | 5 „ 


% 2 „ 


Juation by tranſpoſition of } 
r —— AWC 8 . | 
6. The fifth Equation divided by 22, gires - 2 + 
If inſtead of y in the firſt Equation there be „ 122261 226e 
: taken the later part of the ſixth this ariſes, { Ll + "97 TI 
8. The feventh Equatjon, after due Reduct- 1 _ 126440 3236 
E ion, gives 3 3 3 \ 2 hs F 4% | 
9. By the eighth Equation it's manifeſt that. 3236 1 126440 p 


2 27. +6 
2266 
— 


of the laſt ſtep by 323, 533 
11. Now to find out the values of a, e and y 
in whole numbers, (if there be a poſſibility) 
I multiply the fixth Equation by the De- 
nominator 97, and it makes | | 
| 226 ＋ 2226129 


0 , 
929% „„ 211. 


Bo: 97 = 22261 + 226 5 


as the preceding tenth ſtep requires; 10 J find four values 3 3 
of e, to wit, 47, 144, 241, 338; and four values of y, to 1147 47 335 
wit, 339, 565, 791. and 1817: Then the Sum of every 324 144 555 
two correſpondent values of e and y being ſubtracted from | 501 2411 791 
1533 the Number firſt given to be divided, the Remainders 178328 1017 


x78 ; ſo there are only four Anſwers to the Queſtion in whole Numbers, to wit, 


thoſe inſerted in the Table in the Margin. 


* Sum of 1147, and 47 2 „0 OTC 10 | | - 


T ot 1147 IS % „% „% eee 1 143. 


42 of 47 is * 5 e OT NT VE Wan — . 195 175 ks 5 


Py * 


| | 
PS Jon HTS FE7 {+31 
./ TOE: ©: 
. , 2 a = >& © ; 2 E 24 Ee} 70 3 1 8 ; 5 1 | z "75 1 
Laſtly, the ſum of thoſe three Products is 16% ' | 
- 3 - 2 a \ ; a ; 


5 3 Ws 
BY "7" 
N 3 28 \ b- 1 — » 4 - © — LETT * 7 a. bk OF 5 & 3 We 1% 4; des ** ene 9 * 
2 5 a m R — — — „„ „ „ * ' . Wh, . 2 „ «ar. * — — 1 = * 2 — _ — — 2 * * 1 n _ 
: _ —_ * * 1 y * * nn — A u | 
. 4 # d 2 OY Y 8 * ( J ( ) K 1 q 
; 5 * 0 CT 4 F | . : ky * 4 3 J ; 
3 f — 7 $15 44, 2/46 og lea 4; apts er Py” — » — — * 1 4 n apt” 4 4 . 2 — vo ; #4 n * 1 
* TITS 2 0 as 


Therefore all the Conditions in the Queſtion are ſatisfied, and rhe like may be vo. 
ved by every one of the other three Anſwers in whole Numbers; but if Fraftions 
were admitted, innumerable Anſwers mighr be given by the tenth, eighth, and fixth 


ſteps of the Reſolution. 


i 
1 — — 


4 59 V . 
JI 0 find the three Numbers, that their Sum may make 300; and that if the firſt 
be multiplicd by 6, the ſecond by 5, and the third by 27, the Sum of the three 
Products may make 1496. e „ | 
Let a, e be put for the three Numbers ſought ; then by forming the reſolution in like 
manner as in the preceding thirteenth, fourteenth and fifteenth Queſt. ic will appear that 
y = any Number between 134 and 76＋ | 5 : 


2 


2 


1 IVY 
«99, 
=. 00: 1- | _ 3 8 5 | 
Whence tis evident, that there cannot be three whole numbers found out to ſolve 5 
this Queſtion, for 300 is the ſmalleſt whole Number that can be taken for y to cauſe n 


1192) and 82 to be whole Numbers; but 300 exceeds the greater of the two li- 6 
300 300 
mits above diſcovered for chuſing of the number ). 8 5 
. AU EST IJ. : 
If one would lay out 98 pence to buy 40 Birds, ſuppoſe Patridges, Larks and 
Quails; how many of each Kind may be bought when Parridges are at 3 pence a piece, 
Larks at an half penny a piece, and Quails ar 4 pence a piece ? 1 
Let a repreſent the number of Patridges, e the number of Larks, and y the number 
of Quails; then according to the Queſtion,a+e+y=40; and becauſe the number of 
all the Patridges multiplied by the price of one of them produces the full cok of all, 
it's ane za is the full colt of all the Patridges; and for the like reaſon 0 ſig- 
nifies the full coſt of all the Larks; likewiſe qy the full coſt of the Quails : But thoſe 
three particular Sums of Money muſt be equal to 98 pence, therefore 3a *2-þ ay ar 
= 98 ; ſo that the Queſtion may be ſtated thus „55 de 
; I. If 8 Z CES: CET. 1 *˙„ ue, are. = 40 8 { 
2. ed -- + 5s: ˙ - (8 3a ge gy=98 O 
| What are the whole Numbers a, eandy? {| —— — hy 
| oer ̃ ů A 
5 3. The firſt Equation multiplied by 3 (which is Pune > | GH, — 
«19 ce een) produces ses et WW 
4. The ſecond Equation ſubrrafted from the third, Jeayes -- 3 —y=22 _ 4 
5. From the fourth Equation, after due Tranſpoſſtion, this ? e e 
1 2 ne enen i 2 951 „„ F. 
6. Then inſtead of y in the firſt Equation, if there beſet t 7 e e 5 
later 1 the fifth, the firſt will be reduced to this, 5 e 1 6. 
The fixth Equation, after due Reducti e $5 ig eee | 


8. By the later part of the fifth Equarion it's evident that Sec 2 


by o ; wb 0 2 
9. And conſequently by multiplying each part in the eighth 0 
„ BREW 55 * ads * 4 ho * : Jer 44 8 | 
| ent Eh “c ĩͤ DOLL IO ATURE: 
10. Whence by dividing each part by. 5, it follows that >, + 84 


11. Again, from the later part of the ' ſeventh Equation 
by arguing in like männer as in the eighth, ninth:a 


. tenth Heps, it will appear that. 


2 * 


12, Now 


mw vw eee ay Ts 


ll . COT FIT YI 
y mes 2 ö » * 
* * 


R . ; RY 9 > ' — 

- * ö * 4 g : l 
- = a * 7 .*% g » 
N . 


& 85 
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. 
8 


2. Now ſince the nature of this Queſtion requires that the defired value of ; N ads 
J be whole numbers, it's evident from the fifth and ſeventh ſteps that x e 


number, otherwiſe = and-- will not be whole numbers 3 for ife be an odd number, 


the Dividends 5e and 7e will be odd, (for odd multiplied by odd produces odd 
therefore their halves cannot be whole numbers. Since — * miſt be an ger — | 
ber, it's manifeſt by the tenth and eleventh ſteps, that e 7215 v0 
may be 10, or 12, or 14, or 16, but no other even far 


number whatever; and 3 from the fifth ſtep y) a e wo, 
| ſhall be 3, or 8, or 13, or 18; and from the ſeventh ſtep, 25 i 
a ſhall be 27, or 20, or 13, or 6. Thus it appears that pA i 1 4 3 | 

the Queſtion may be ſolved by four ſeveral Anſwers (and | ;, | © | 


not more) in whole numbers, viz. Firſt, 27 Patridges, 3 | ry 2 : 
10 Larks, and 3 Quails, which are in multitude 40, maß 3 
be bought for 98 pence at their reſpective prices given in ch Queſtion; or 20 Pare 
unidges, 12 Larks, and 8 Quails, which are likewiſe 40 in Multitude, and the like 
may be affirmed of the other two Anſwers inſerted in the Table in the Margin. 
But if a Queſtion of the ſame nature be defired that has but one anſiver in whole 
numbers, the following Epigram (cited by Monſieur Bachet in his Comment upon the 
one and fortieth Queſtion of the fourth Book of Diophantus,) will be ſatisfactory. 


a #4 


* 


— 


cat 1 0 1 1 4 


e ,, Ro:: 5 4s | 1 
Tt tot emantur aves, bis denis utere ummnis;, LD 5 i 
PFerdix, Anſer, Anas empta vocetur avis. 

Sit fimplex obolus pretium Perdicis, ematur 
Sex obolis Anſer, biſque duobus' Anas, 

"Ut tua procedat in lucem quaſtio, mentem 

Conſule, fic loquiter pectoris arca mihi. 

Sint Anates tres atque due, fimplex orit Anſer, 

: Accippe Perdices quatuor atque dereemn. EP 
The ſence is this: If the price of a Patridge be an half penny, a Gooſe 3 pence, 

and a Duck 2 pence; how many of each Kind may be bought at thoſe rates, if ic be 

defired that all the Birds bought may be 20 in number, and: coſt 20 pence? 
Let a repreſent the number of Patridges, e the number of Geeſe, and y the number 

of Ducks, then this Queſtion (like the preceding ſeventeenth) may be ſtated. thus; 

LEE 5 oc ca E. Sz --. +. . 47 6+ 20 

2, And | (0 +» 34tÞ3e+2y=20 


— T = Ln te CO 


What are the whole Numbers a, e and y? . 11 — 
ohr 5-5 

3, The firſt Equation multiplied by 2, produces . 1 15 2 12+.y=10 
4. The third Equation ſubtracted from the ſecond, leaves - 5 + 210 


5. By trariſpoſition of 22 in the fourth Equation, this ariſes - oo 10—Y 


6. The fifth Equation divided by 4, ins . en 4D 


i 1 20 


5. From the later part of the fixth Equation it may be il. 


* £7 


fer, (in like manner as in divers of 'the preceding C 7 67 


Queſtions) that 


10. But the firrlt and eight fteps do new, tkit to tie end the values of e And a may be 
whole numbers, as the nature of this Queſtion requires, it is requiſite that 5 and 2 2 
/ % | 
Fey 


. 
* 17 
: > : / 
* # +» Aut 


AR „ 


9 


83 * 
* 
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ons 


be whole numbers; by 4 and 2 cannot be whole numbers, unleſs y be 5 or ſome 


% 5 : 5 1 ; 2 285 : - X 
Multiple of 5 ; and by the ninth ſtepy muſt be leſs than 62, therefore 5 is the only 
whole number that can be taken for y, or tie number of Ducks; and conſequently 
the fixth ſtep gives 1 for the value of e, that is, 1 Gooſe; and by the eighth ſtep 
the value of a is 14, that is, 14 Partridges; which three numbers will ſolve the 


Queſtion, as may eaſily be proved. 


The Reſolutions of the following nineteenth and twentieth Dneſtions do few bow to fd 


out innumerable Anſwers to any Queſtion belonging to the Rule of Alligation alternate 
in vulgar Arithmetic, whenthree or more things are to be mixed together, according to 

the import of that Rule. ] 5 e 
A Vintner having three forts of Wines, the prices whereof per Gallon are 24 pence, 
22 pence, and 18 pence, deſires to make 4 Mixture out of them that may contain 6 
8 ſuch manner, that the total Mixture being ſold at ſome mean price per Gallon 
between 24 pence and 18 pence, ſuppoſe at 20 pence, may make the ſame ſum of Money, 
is all the particular quantities of Wine in the Mixture at their own prices. The Que- 


ſtion is, to find what quantity of each ſort of Wine may be taken to make that Mixture, 


For the deſired number of Gallons of the firſt ſort of Wine to make the Mixture, put 
4; for the number of the ſecond fort e; and of the third y: Then a+e+y=g0, 
(the total number of the Gallons in the Mixture; ) and becauſe every Gallon of the 
mix'd quantity muſt be ſold for 20 pence, the 60 Gallons mix d are worth 1200 pence, 
and ſo much alſo muſt all the Products of the particular Quantities of each fort of 
Wine multiplied by their peculiar prices amount unto, therefore 24a+22e-+18y= 


 X200=60X20. So that the Queſtion may be ſtated thus: 


F. The fourth Equation by uanjpolion } 


1135135] Cwhich pe ogy excluded in Queſtions of this Nature ; ) fo if for) 
1 


HE. 1. .. a+ + y= 60 : 
2, And , . - . 224 220 19) 1200 (=60x20) 
What are the numbers a, e,)? ll um .-. 
3. The firſt Equation multiplied by 24 VVV 
(which is prefix d to a: in the ſecond 244 24e 24) 2 1440 
4. The ſecond Equation ſubtra 7 e 
1 from the third, leaves * 11 e e Ty 


777 ode ot Je TY 
6. The fitth Equation 22 10 5 = „3 S$=120==3p. . 
By taking the later part of the ffxth!' E- 2 n 
l eee —.— e in the pray ike CITE Y = 
8. The ſeventh Equation, after due Re- * 3 | 

” dution, diſtovers the value of a, viz. F ©2990 

9. From the 8th Equation it's evident that y © 30 

10. And from the ſixth Equation, , . 5 


o | — 
11. By the 10th, gth, 8th and 6th ſteps. it's manifeſt that innumerable Anſwers may be 


given to the Queſtion propoſed ; for fince Fractions are not here excluded from being 

Anſwers, you may eſteem . y = any number between 30 and 40; | 
"Þ-1 PS - nm dna © Ons Og 

3 CCP VV 

12, Whenee nine Anſwers in whole numbers are diſcoyered, to wit, thoſe expreſt in 

[277 7 this Table. But the Rule of Alligation in Vulgar Arithmetic finds 

Sali our only one Anſwer to this Queſtion,” to wit, the fikth. And becauſe 

%. 33] innumerable Numbers may be taken between 30 and 40 for values 

31634 of y, you m: y find out as many Anſwers aS you plea ſe in Fractions, 


I2 | 12 


- then a , (= 2 — 60,) and e = 28, (= 120 


ng The 


Abe 


CHAP. 13. capable of innumerable Anſwers, 


70 Gallons of W The Foo of the foſt Anſwer. 
Two Gallons of Wine at 24 pence per Gallon, together with 27 Gallons at 22 Den. 
ber Gallon, and 31 Gallons at 18 pence per Gall6n. gt n 
all the value of 60 Gallons at 20 pence per Gallon — Wy S's nn 


——_—— 


— G 2 


=: a | QUEST. 20. | | 

A Vintner having four ſorts of Wines, whoſe prices per Quart are 16 ence, 
8 pence,and 6 pence,defires to make a Mixture ow of = oor may ects x. 
ſo as this mixt quantity being ſold at ſome mean price per Quart between 16 pence and 
6 pence, ſuppoſe at 12 pence, may produce the ſame ſum of money, as all the particular 
quantities of Wine in the Mixture if they were ſold at their own prices. The Queſtion 
5 is, to find what quantity of Wine of each ſort may be taken to make that Mixture? 
Let ae, y and u be put for the unknown quantities of Wine that are ſought to make 
the Mixture; then a+e+y+nu= 100, (the total number of Quarts in the Mixture,) 


— 
„ 
— 

— 


and by multiply ing thoſe Quantities ſeverally into their peculiar prices, the ſum of 
Products is 164 10e-+ 81+ 6; which ſam muſt be equal 10 ths product of Su | 
multiplied into 12, that is, 1 200 pence ; So that the Queſtion may be ſtated thus z 
2 * 1 223 ga + 1+ u = 100 
9 - 5 #17 46 . 691 . . 0 0 4 4 16a TOe — 
What are the Numbers a, e, y and u? || Aae BER * 
The given Equations being fewer in multitude than the numbers ſought, it's a ſign 
that the Queſtion is capable of innumerable Anſivers ; now that you may find out as ma- 
ny of them as you pleaſe, the firſt ſcope in the Reſolution muſt be to diſcover limits to 
direct your choice of ſome one of the numbers ſought, and accordingly, the drift in 
| the eight Equations next following is to ſearch out limits for the firſt number a. 


= RESOLUTION. 
3. From the firſt Equation by tranſpoſition of a, 
this tiks, '. . ee In 
4. And from the ſecond Equation by tranſpoſition 
or. x64; this ariſes; -:. :. - © a: > 8 
5. The third Equation multiplied by 6, to wit, g 
the leaſt of the known numbers which are pre- Ly | 
fix d to the letters in the firſt part of the fourth & © n= | | 
Egan, produces | 
6. 7 pray the third Equation multiplied by 10, 
that is, the greateſt of the known numbers which 
are prefix d to the letters in the firſt part of the ( 
fourth Equation produces . . ... _. | 
7. It is manifeſt that the firſt part of the fifth To, 


U GE WP - EW. S--: 


3 e+y+u=100=me 


' I0e+89+6u=1 200168 


Loe+ Iog+1ouz1000—104 


tion is leſs than the firſt part of the fourth, there- 


fore alſo the later part of the fifth ſhall be leſs 600—64"21200—I6a 
þ than the later part of the fourth, viz. . . 5 
4 8. Therefore from the ſeventh ſtep, after due Re.“ 2.08 Fas | 


. . Anation, it follows, thit os 4 
9. Aga in, for as much as the firſt part of the ſixth 
Equation is greater than the firſt part of the 4th, 
therefore alſo the later part of the ſixth ſhall be 
greater than the later part of the fourth, viz. 
10. Therefore from the ninth ſtep, after due Re- 8 
duktion, it follows, tate 7 = 335 


| Now fince it is found by. the eighth and tenth ſteps, that a the number of Quarts 3 
ſought of the firſt ſort of Wine to make the Mixture muſt be leſs than 60, but greater f 
than 334, let ſome number within thoſe limits be taken for the value of a, viz. 0 


I000—Ioa © 1200—164 


Af es WW, WS SY WU tw _, 


= 
. 


fr: Suppoſe 
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| 1 ä — „ 


OT 3 7 * "1 . 51 . E © +» 447 
12. Then by ſetting 47 in the place of a in the? ESE 
on Equation, his ariſe : AF : 1 47 eM oO 
. 12: Whence b ual ſubtraction of 47 there? 8 CH 
" a + oy TN RR 1 5 & WE Pm N= 
14. And by multiply ing the Equation in the 2 
eleventh ſtep by 16, (the number prefix d > 752=16a 
to a in or ond it A Fg f SS > 8 
15. Then by ſetting 752 in the place of 164 1 . 1 
Tikes 20950 — bi this ariſes 5752 T rech En 7200 . 
16. And by ſubtracting 752 from each part ofyꝓ 7fß/ r 
the Equation in the fifteenth ſtep, this re- > . . 108+ 8 61448 
mains, vix. „ 1 0 0 M46 'J 5 | * EY | | FL 
17. The Equation in the thirteenth ſtep multi- 3 Op Wis 
plied by 10, (which is prefix'd toe in the 7 + IoeHIog+1ion=5;30 
1 produces -.:, +» - - „ 5 
18. Then by ſubtracting the Equation in 0 


ſixteenth ſtep from that in the ſeventeen ten,) „ 
the letter e vaniſhes, and this Equation re C YF4n=82 

Aer 1 _ . 3 A 15 2 „„ | 
19. From the eighteenth ſtep by tranſpoſition 7 g, 
"of + 4x, this Equation ariſes, . ns DONE 
20. And by dividing each part of the ee, r 

in the nineteenth ho by 2, it gives fins 
21. Then by ſeting the latter part of the Equa- 7 3 5 

tion in the twentieth ſtep in the place of y e 4I— 2-53 

in the thirteenth ſtep, it maeees BR . 
22. Whence, after due Reduction e=n+12 
23. By the later part of the Equation in the } _ = 

twentieth ſtep, it's evident that 2u 41, 37 205. 

EEE LE tio =. > „„ | 

And becauſe the known. number 12 which follows u in the twenty ſecond ſtep, 
(expreſſing the value of e) is Affirmative, there is not any limit to ſhew above which 
the number u ought to be taken; and therefore, according to the three and twentieth 
ſtep, u may be any number leſs than 204; Therefore, l 


/// EW 
25. Then from the twentieth and twenty fourth ?). 
bro 8 that DEAN r (=41—20) 
26. And from the twenty ſecond and twenty) ?: _.. ,, 
tourth ſteps, . ln . re "= II... 
Thus by the eleventh, twenty ſixth, twenty fifth and twenty fourth ſteps; four whole 
numbers are diſcovered, to wit, 47,32, 1 and 20 for the values of a, e, , and u, which 
numbers will ſolve the Queſtion. For if 42 Quarts of the firſt fort of Wine, 37 Quarts 
of the ſecond, 1 quart of the third, and 20 of the fourth be mixed together, the ſum 
makes 100 quarts, which at 12 . per quart yields 1 200 pence; and the ſame number 
of pence will be produced by ſelling 47 quarts at 16 pence per Quart, 32 quarts at 10 
Pence, 1 quart at 8 pence, and 20 quarts at 6 pence; which was required, 
But becauſe (by the twenty third ſtep) u may be any whole number leſs than 202, 
nineteen Anſwers more in whole numbers may be found out by repeating theProceſs in 
the twenty fourth, twenty fifth and twenty ſixth ops. ſo that 47 bei taking for a, 
there will be twenty Anſwers in whole numbers, which are inſerted in the following Ta- 
ble. And by putting a equal to every whole number ſeverally between 33<and 60,which 
are the limits diſcovered inthe eighth and tenth ſteps for the chuſing of the number a,af- 
er a duerepetiticn of the Proceſs with evety one of thoſe whole numbers, in like manner 
as be fore with 4) from the eleyenth ſtep to the end of the Reſolution, two hundred nine- 
ty four Anſwers more in whole numbers will be diſcovered, which with thoſe twenty in 


the Table make three hundred and fourteen Anſwers in whole numbers to this 283 
| E 1 Queſtion, 


1 8 — — — — — CCTEEEY 
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Oueſtion, to which the Rule of Alligation i in Vulgar r Arithmetic gives ; only one A fi | 
a of Fractions too; but by the Method above deliver, Me: 


hich conſiſts part] 
Way P * 255 out in Fractions. The Table follows. | : 


ron Anſiwers may 
. 52 
2 2% 
Ai 
47 30 518 | 
4729 7117 
. 2x6] 
47 | 27 ] IT 15 


47 |.23,| 29 | 12 


47 | 22 |,2r | 20 — 
| 47 SS 4 23 > 9. I þ Ea | \ 

4 1.29 j <3 84 ee 

47 119] 27] 7} * 1285 
'| 47 8 29 CY] 1 Sh 8 

7 r i 
4471 334 % % %% | 

47135 23 1 

471437 2 F. 5 be 

[47.123 2 . 158 2 

2E ST 21. 1 1 


8 perſons conbiſtin of Men, Women and Children, e in l the whole at 
a Feaſt 40 Shillings; whereof: every Man paid 4 Shillings, every Woman 3 Shillings, 
and every Child 4 pence, or + of a Shilling | I's delired to find the number of Men, 
likewiſe of the Women and Children. TL 
The Nature of this Queſtion not admitting Frafionsi in the Auen the ſcope ofthe 
Reſolution muſt be to divide 41 into three fuch whble Nunibers, that if the firſt be | 
- multiplied by 4, the ſecond by three, and the third by 3, the Sum of rhe three Products 
may make 40: To which fre „let a, e and y be put for the deſired numbers of Men, 
Women and 5 and then bm: Queſtion may be ſtated thus, viz, 


I. * X: CC 515 a+ e + y'= > 7 | 
e. And 5 : o 3 45 3 
"har ar eva. bes e, y2 2 TT 
e nid * RESOLUTION.” mr wy 1017 i 

ITY . * . 314+ 10 ; 


1 By formũng the Reſluti in like manner as in the forego. „„ 
I 5 e fourteenth. and fifteenth Queſtions it Will Rr een — 


a pear, that 6 om 1 „ I dent. 8 138 — 
Pp 7 . 4 e , 414 e 3 ns 11 N 1 83. N 


* 


Whence tis manifeſt PBs. 2 25 3 2 3 are the duly hls Nutnbers within the Li. 
mits for the chuſing of the Number 5, but this muſt. neceſſarily be a Multiple of 


25 otherniſe 11 and 8 will got be whole Numbers, and conſequently the values of 


| 3 «4 

"e and a above re cannot- be. alt Nu mbers; therefore 3 3 is the ſole whole 
Number that can be taken for the value of yy to wit, the tuber of Children, and 

conſequently the values of e anda dbove expreſs d will give 3 for the number of Wo- 

men, and 5 for the numbbriof Men: which three numbers Y, 3 and 33 will ſolve the 

Queſtion, for their ſum is 41; and if the fiſt be 'multiplied by 4, the ſecond by 3, 

Lr the rd by +, the ſum of the three Products is wy" ab was * Dr 

; a 2 EST. 


e W 
S £ O . 0 
* * i 4 * ®» * 
o . * 
* „ . * 
1 F * ; 


2. 22. 


8 perſons, coalitile of Men, Women, Boys 400 Girls ent at i Fe 
the — 94 Shillings; whereof every Man paid 6 Shillings, Ho Woman raft 
lings, every Boy 3 Shillings, and every Girl 1 Shilling: It's defi red to find our the 
number of Men, likewiſe of Women, Boys and Girls. 

The ſcope of this Queſtion is to find put four ſuch whole numbers that their ſum 
may make 20; and that if the firſt be multiplied by 6, the ſecond by 4,the third by 3m, and 
the fourth by 1, the ſum of the four Products may make 94; therefore by putting 
4, e, y, u, to — thoſe ſ four whole munten che Queſtions may be ſtated thus; 


I 1 C JD = KOOL 6 Fe eh = 20 
2. n CS+ „ a E EH = 
What are the whole Numbers a 4, e 60 „ 1 2 | 7 a Oy 


RESOLUTION 


The firſt Scope is to ſearch out Limits for the Number a in like manner as before i in 
the twentieth Queſt ion, viz. 

3. By tranſpoſition of a in the firſt Equation, this ariſes, e. y+ u = 20— 4 
4. Likewiſe by tranſpoſition of 6a in the ſecond E Equa- 5 
tion, there comes forth . . 4 ＋ 2)T＋ u = g94—6a 

5. The third Equation multiplied by - 1. (to wit, the 
{ſmalleſt of the Numbers prefix d to the Letters in the ET lt | 
firſt pany of the fourth Equation, where 1 is ſuppoſed © *© + *r u = 20= 4 
to be prefix d to u,) does produce the ſame third, viz. | | 
6. * — oe =_ uation has pred 4 + to wit, | 13 

teſt ot the 'd to the Letters in 4e = l 
= it p art of the fo quation, Go roduce 5 1 r 3 * 

7. It is 3 that the TAE of the fich Equation © - 


is leſs; than the firſt part f The fourt 9 allo 
the later part of the e fifth : ſhall be lels than the later © 2 #3 $4—6a 
| rt of the fourth, Trend 8 | 
8. Therefore from the venth tiep, akiet due Reduftion, ri 
it follows that e ee Ini: n „ Tie 2. 8148 
9: Again, foraſinuch as the frlt part of th 14 9 | Mo. 3 0 
tion is greater than the firſt part n el fourth, there-C FE 
fore alio the later part of the ſixt ll be greater N 94-644 
than the later part of the fourth, viz, _. . 5 


10. Therefore from the ninth ſtep, = due Refubtion by - © 7 


U—A ᷣ ² i.» +» -- + 


Now fince cis found by the tenth and cieth * that a, (or the a of Men) 


is greater than 5, but leſs than 145, let lome whole number within thoſe * be 
taken for the value of a, vix. 


. Sup poſe. . b 15 vo he fiſt wy 2 . 12 = 4. | 
12. Then n 12 int e ce a in t e poet . 
Equation, this ariſes, '. . * 22 12+ et + 20 


13. Whence by equal lubtraction of 12, there femains 6+ Sa wa $ 

14. And by e the a in the eleventh „„ 

_ © ftepby 6, ir makes — 

"het by fetring 72in he place of an inthe bed I 

 _ Equation, it gives 1 

16. "And by £ ibrrafting 72 from each. pare of the laſt | 
me ein Ga gi? 
uation in the t p. ng multip gf ref 

27 4, (which is prefix d to e in the ſixteenth) gives eee 5 Ty 

| 78. Then by ſuhtracting the Equation in the fxteenth y 20 

; | ſtep from that in 2 {venteenth, the Letter e vaniſh- > =O e. = 10 

1 1 and | this Equation agingins, #6 LOST e de 

br, We | 7, 9. | When ; 


ber 1 17 94 
8 4 4+ 31% 1 = 22 


16700 


us 5 


4 
. . * 
. * . 
Ms 15 ; 
©s * 1 4 2 * 929 @& +» - % 
4 — % R 6. k 
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CHAP. 13. capable of Innamerable Anſwers. 
109. Whence by tranſpoſition of zu, this Equation | 
„ » * fs "my 5 5 . 35 1 5 Fa y _Y 10—3 
20 Then by ſetting the later part of the Equation in} _ 
the nineteenth ſtep in the place of y in the thirteenth, Se 4 
hill MRS... - - ct oe ST Oat | 
21. Whence, after due Reduction, this Equation ariſes, e = 2u—2 
22. From the later part of the nineteenth Equation, it } 2 35 


10— zurn 2 


may Ihr. EET 
2 5 an e dogg _ part + 3 — A — ! 
No ſince by the twenty ſecond and twenty third ſteps, u (or the number of 
Girls) is found to fall between 1 and 3. let 2 be taken Be the => Þ of u, 1 * 
23% | 
25. Then from the nineteenth and twenty-fourth ſteps, y = 4 ( = 10-32) 
26. And from the twenty firſt and twenty fourth ſteps, e 2 ( = 2n—2 ) 
Thus by the elevench, twenty fixth, twenty fifth and twenty fourth ſteps, four 
whole numbers are diſcovered, to wit, 12, 2, 4and 2, for the values of a, e, y and u. 
Again, by taking 3 for the value of u, (whictris within the Limits before diſcovered) 
the nineteenth and twenty firſt ſteps will diſcover 1 and 4 for the values of y and e, (a 
being 12, as before. Whetefore two Anſivers to the Queſtion are found out; for the 
number of Men being put 12, the numbet of Women will bee 
2, the number of Boys 4, and the number of Girls 2; or the r = e 
number of Men being 1 2 as before, there will be four Wo- . 
. men, 1 Boy and 3 Girls. Again, if 11 be put equal to a, (or 2 
the number of Men,) and the proceſs be repeated from the | 12 
eleventh ſtep to the end of the Reſolution, there will be found 


_—_ 


two Anſwers more in whole numbers. In like manner, if 9, 10 5: 
and 1 3 be ſeverally be put equal to a, three Anſwers more will | 55 | 


RU AO 


be diſcovered ; But if 8 and 14 be ſeverally put equal to a, 12 
altho they be within the Limits in the eighth and tenth RIE 
ſteps; yer the work being repeated as before will not ſucceed | 
to find e, y and z in whole numbets; ſo that there ate only ſeven Anſivers; to wit, 
thoſe inſerted in the Table; but that every one of them wil ſolve the Queſtion may 
eaſily be proved. ES, 7 LES? Es 
If a Queſtion of this nature be deſired that has but one fnſtwer in whole numbers, 

let the number of perſons be 60, and 100 the number of Shillings ſpent; alſo let every 
Man ſpend 2 Shillings, every Woman = of a — every Boy of a Shilling, and 
every Girl Z of a Shilling; then b cen the Reſolution as before, the number of 

0 


bse 


Men will be found 46, the number of Women z, the number of Boys 5, and the 
number of Girls 6. | | | . 


= UC 24 5: 5%. _ 
To divide 200 into five ſuch whole numbers, that if the firſt be multiplied by 12, 
the ſecond by 3, the thitd by x, the fourth by 2, and the fifth by 2, the Sum of the 
Products may alſo make 2000 = 5 | 
This Queſtion may be reſolved like the foregoing twentieth and twenty ſecond, but 
I ſhall leave it as an exerciſe to the induſtrious Analyſt, who (if he thinks it to be worth 
his pains,) may find out 6639 Anſwers to it in whole numbers, (asMonfieur Bachet, in 
the two laſt Pages of his little Book before cited in Set 1. of this Chapter, does affirm. 
Nicholas Tartaglia handling this Queſtion, (which is the laſt of the ſeyenteenth * 
Bock of the Firſt Part of his Arithmetic,) thought it a great matter that he had found 
"out one ſingle Anſwer to it in theſe five whole numbers, to wit, 6, 12, 34, 52, 96, and 
| aſſerted, That Queſtions of this ſort could not be perfectly ſolved, either by the A. 
gebraical Art, or any certain Rule; but the Contents of this Chapter do manifeſtly 
ſhew, that the Imperfection was in the Artiſt, and not in the art. | 
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The Geometrical Conſtruction of Algebraical Equations; | And the Numerical 


Reſolution of the ſame by the Compendium of Logarithms. * - 
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Have oftentimes experienc'd, on ſevetal Occaſſons, how difficult a thing it is 
to Diſcourſe, eſpecially of Mathematical Matters, fo as to pleaſe the Learned 
- therein, and at the ſame time to Inſtruct ſuch as yet want to be taught: The 
former require nothing but what is New and Curious, nor are pleas'd but with 
legant Demontirations, made Conciſe by Art and Pains : The later demand Ex- 
plicationsdrawn out in Words at length, leaſt any part of the Reaſoning not being 
clearly apprehended, ſhou'd hinder the Evidence of the whole Argument; whilit 
thoſe already vers'd in Mathematics cannot endure ſuch Prolixity”* r. 
But ſeeing, according to the Intent of the Noble Sir Henry Savil, the Mathe- 
matic Studies of the ; ek Academics are committed to the Care of his Pro- 
feſſor of Geometry; I thought it fit to conſult, not ſo much my own Reputa- 
tion, as the Profit of the Auditory : Omitting therefore what might make a ſhew 
of deeper Learning, the Geomettic Conſiruction of Analytic Equations fhall be 
the Subjeft of theſe Lectures: Tis, indeed, a common one, and treated of by Au- 
thors of great Note; and on that Account, perhaps, I may ſeem to do nomore than 


the ſame thing over again. But having ſome Grounds to think I have added ſome- 


thing of my own, whereby theſe Conſtructions may be perform'd with all 
offible Facility, and having likewiſe extended them to Equations of Six Dimen- 
tions, without any Reduftion ; I don't doubt but that, as it will be of Advan- 
tage to Studious Learners, ſo it may not be unacceptable to Mathematicians of a 
8 1 8 | 


or our Method needs no Preparation of the Equation, requiring only the 


| BiſeRion of the given Co- efficients - Whereas the Conftruftion of Equations of 


five or fix Dimenſions, that Mr. Des Cartes gives at the end of his Geome- 
try, requires the labour of an intollerable Calculns; and contrary to the Tenor 
of his own Rules, he 22 uſe of a Curve-Line, than which there is ſcarce 
another that is more Compounded, among all thoſe of the ſecond Kind, (lafely 


called Tridens ., | 1 | 
What ferves our purpoſe is only one Invariable Curve, and that alſo the moſt 


fimple of its kind, vzz. a Cubic Paraboluid, or that wherein the Cubes of the Or- 
dinates are to one another as their reſpective Ahſciſſa s: which Curve being once 


om 
enumerated by the great Sir . Newtom) which from its Tricuſpid Form is by hin | 


deſtribed may ſerve inſtead of an Inſtrument for the Conſtruction of any ſuch Equa- 


ill be had by means of the Interſections of this Curve and & 


\ 


(+. 
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- OE" e 
1 - 4 
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* 
* — A * 
ä — ** 8 — — n = 
= - 
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cients of the given 


Conic- Section, | whoſe Poſition is readily defin'd by the Co-effi 
Equation, and thence caly.to be d — 7 
They are undoubtedly. 


n the right, who require in met 
metrical Conſtruction by Lines, ſuch as 25 are about to Mews and in Arithmetical 
ones, an Arithmerical Effection, i. e. by Numbers or Calculation. But theſe Sci- 


ences being very near a- kin, give mutual Aſſiance to one another; ſo that whenever 


*tis requir d, that any thing in Geometry thou'd be mote accurately derermin'd, no 
Mathematician will undertake to dg it by a Rule a Compaſs (becauſe of the 
defect of Inſtruments, and of gun Frags, Wey t Inter PS Of 

rfectly drawn, ate yet more but be will gte a Solution as near the 

ruth as you pleaſe, by an Arithmetic Calculus, according to an Equation deter- 
mining the Nature of the Problemn. 55 | 
To this end I have formerly, (in Philoſ. Tranſact. Numb. 210) Publiſh'd a ge- 
neral Method of Calculation, whiof is ſufficiently Compendious : But that Cal- 
culus ſeems to be ſomething DeftQtive In higher Equations, explicable by many 
Roots, and thoſe not bounded within nagfow Limits: For this way we come ar 
the true quantities of the Roots dul. by Trial, and Corretting of Errors, much 
after the manner of the Rule of falſe Poſition. On the contrary, a Geometric Con- 
ſtruction rightly manag'd lays open the whole Myſtery in a ſhort view, and at 
once ſhews- directly as well the Number and Quantities of the Roots, as their 


any Root being taken out of the Scheme, as not much differing from the Truth, 
may preſently be verified by the help of the aforementioned Calculus, to what 
Number of Places you pleaſe: And this is one Notable Ule (if not the chief) 
of theſe Conſtructions. 
That theſe Conſtructions, therefore, might be perform'd with the greateſt Faci- 


| Signs, VIZ, whether.they be Affirmative or Negative: And then the Meaſure of 


lity and Eaſe, we muſt conſider, that all Problems determin'd by Simple Equations, | 


and which may be reſolv'd by the common Rules of Arithmetic, viz Addition, 


Subduction, Multiplication, and Diviſion, or by apy Operations any way Com- 


pounded of them, require only Right-Lines to uct them. | 


But Plane Equatzons, viz. ſuch as involve the Square of the Quantity ſought, and 


are ſolvd Arithmetically by extracting the Square Root, require, beſides Right- 


Lines, fome Curve of the Conie· Secttiont, to Conſtrutt them: Among which Curves, 


the Circle, for the Facility of its Deſcription, is look d on as the moſt ſimple; and 
next it the Parabola, which, indeed, from the Nature of its Equation, is more 


ſimple than the Circle it ſelf: But ſeeing it cannot be deſcrib'd but by Points, and 


the uncertain Motion of the Hand, the Antients hardly admitted it into their 


Geometry; and would ſcarce allow that to be Geometrically effected, which could 


not be deſcrib'd by the help of the Compaſſes: Whence that Famous Diſquiſi- 
tion, concerning the Duplication of the Cube Geometrically came to nothing: See- 
* 5 e to ſolve a Solid Problem by the Geometry of Planes. 33 

ut the Modern Mathematicians, in this Buſineſs, exclude no Curves, provided 
it be certain that the Thing propos d cannot be done without them, or by more ſim- 


le ones: And tis a Fault, if, without muy requice it, you make uſe of a 


arabola inſtead of a Circle, or an Elipſe or Hyper ola inſtead of a Parabola; con- 
ſequently, a Circle only can have place in the Conſtruction of Plane Problems, 
But if there are three or four Dimenſions of the Quantity ſought in the Equa- 
tion; n err 8 1 iS [molt commedioull 5 
which, together wi ircle, will conſtruct all Cubic and Biquadrati s 
Ron, "Ru the greateſt 12 be. er E - on 
And, admitting the Parabola deſcribed, nothing is more facil than, The Davl; 
cation of the Cube, Triſection of an Angle, ä aan of Two or The ple 


* . 


Proportzonals, &c. nor as yet 15 there any need of an #liz/ſe or Hperbols, unleſs, , 


in the Problem to be ſolved, that Conic- Section be given; But any Farabola once 


accurately | deſcrib'd, and cut in Braſs, or the like, will ſerve inſtead of an In- 


ſtrument for the Conſtruction of Solid Equations; which is a Compendium-by no 
wenn to be lighted. ee 


* 
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If there be. ive or ſix UAmęnſions of the Quantity ſought in the Equation, the 
Conic-Sectiens alone are ey — therefore the — — Curve of 
the Second: Nind muſt be had, of which, as I ſaid "before the Cubic Paraboloid 
is the moſt ſimple; This Curve, combined with ſome oe of the Conic Sections, 
will Conſtthct all Sunſaliu (as they ate called) and Quadrato- Cubic Equations, 
howerer affected. And this Paraboloid once rightly deſcribd, and cut in Braſs, 
„ ready at hand for the Solving of all ſach Equations of five or fix Di- 
menſions. , Won, | "4 „„ 
But if the Equation propos d be of a higher Degree, ſuppoſe 7, 8, or 9 Di- 
menſions, there will be need of ſome other of So Gay ws 3 of the Second | 
Kind, enumerated by the Illuftrious Sir IJ. Newton; but which of them it muſt be, 
and in what Situation or Poſition to be applied, will depend on the Co-efficients 
f of the given Equation : and the Interſections of that Curve with the Cubic Para- 
boloid ( whereof there may be nine) will deſign all the Roots of the Equation. But 
ſeeing we have not as yet thorowly attain'd to all the Properties and Deſcriptions. 
of theſe new Invented Curves, we ſhall at preſent content our ſelves with wa &- - 
ing, 2 Equations under thoſe of ſeven Dimenſſons in as clear a Methéd as 
| Theſe things being 2 in general, let us come to the thing it ſelf: And firſt 
of all, as to Simple Equations, that are conſtructed by Right-Lines only; Theſe re- 
quire no more than the fi Rudiments of Geometry, namely, to exhibit the Sum or 
Difference of — Right-Lines : To find a fourth Proportional to three given 
Right-Lines : To cut a given Right-Line in a given Ratio, and the like: Which, 
as they contain no manner of difficulty to any tho never © little vers d in the 
Elements of Euclid, I ſhall therefore leave, as more proper, to each Perſotrs pri- 
vate _ —— e ee not © mr — EO IO 
But Plane Equations, or (as they are now commonly called) Puadratics, vi. 
ſuch as chai the Square of the Line ſought, require a+ Circle, as was faid 


before, to conſtruct them: And after a dus Reduction, will all be in ſome 
| one of theſe Forms, vin. Vo. 895 
8 „ %%% ĩð . 

N 


eee 
4. 4 


In the Firſt, where the$quire of the unknown Quaiity 2 is equal tothe Re _ 
angle ab, the Quadratic Equation is ſaid to be Pure, and x the Quantity ſought, is 


a Mean Proportional between aand Y; and conſequently, is conſtructed by 13: El. 
6, of Eucl: a, thus, * 8 | Ee os 


— 


u —— —ͤ—. — 
. 


> pr” 
] » 
* 5 
=” 
_ 
= 
2 * * : 
"TR 4 . 
- * 3 
; vo — A * 
* af 2 * * S 
1 * . [1 W * : = * * 
; LE TW 4 £7 + . 
7 of * ** „ $8 * 1 4 $44 þ * * 6 + 
: aq % $ 4 4 
* . 5 % ; 4 o hy 
0 „ 4 ; ” $4 N FREE 1 3%. -£TZ ©Z HLH < 1 9 
te 5 #* 53 , 9. 188 


ning : , REY 
— 1 „ 


H il Make the Right Lines AB, BC, equal. -to-the Lines, or Quan 2 ay 5% Biſect 
2 in E: tom E, 28 2 Genre, with ehe diſtance AE or CE, deſcribe a Semicircle 

5 ADC. Then an the Point B. ere BD. Perpendicular to AC, which will Inter- 

| PITS 0 2222 IX. CE ep Þ | 

For the Triangles ADB, DBC, are fimilar b 8⁴ El. 3, Euclid. vently 

The 


> {o@ che Semicircle-in D: 1 N Bb is the mean Pro 
AB: BD :: BD : BC, wherefore the Square of BDor x*1s equal to the R 


ie || ABBCor a6, by 17 El. 6 Euclid. Which was to be done. 
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Equal; except inthe Cafe of Contact, where likewiſe x and a become equal. 


he three other Qnadratic Equations are called del Equations, of which the 


fecond and third Forms have the ſame way of Conſtruftion ; For whether xx + ha, 
is every where the differ. 
ence of the two Extremes, between which a is a mean Proportional; fince x is to a, 
as a to x + b in the ſecond Form, or x — in the third Form, by 17. El. 6. Euclid, 


or x x — þ x be equal to the Square of a, the Quantit 


Hence ariſes the Conſtruction. 


Make BE = 2b, and erect the Perpendicular DB; whichmake equal tos. 


22 


2 4 „1. 
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On E as a Centre, with the Radius DE, deſcribe a femicirele ADC interſe&t. 
ing the right Line BE, produc'd both ways, in the Points A and C; I fay that the 


right Line AB is the Affirmative Root of the Equation xx + bx = aa, and BC 


that of the Equation xx —b x aa; But BC is the Negative Root of the former, 


as AB is that of the later. 24 * 3 
For ſeeing BE is half the Difference of the right Lines AB and BC, if AB be 


put for the Quantity x, BC will be x + b, and therefore the Rectangle x x+6 x, or 


ABXBC, will be equal to the Square of DB or a: In like manner, if BC be equal 
*, AB will be x=6, and conſequently, their Rectangle x »— b x will be equal to 
Square of a. Wherefore the Conſtruction is right. 


n the fourth Form, viz. bx x X = aa, a is a, mean Proportional between the 


extremes x and þ — X; wherefore & is the Sum of the Extremes: Hence the Con- 


ſtruction may be perform'd after this manner. 
Deſcribe a Semicircle, whoſe Diameter AC let be equal to 5; draw DF a Pa- 


rallel to AC, at the Diſtance DB=a : Which Parallel, if the Equation be poſſi ble, 


will interſect the Circle in the Points D and F; from the Point of interſection D, 


let fall the Perpendicular DB to the Diameter AC; I fay, that both AB, and BC 
_ are Affirmative Roots of the Equation. 5 431 


a 


— 2 


7 
o 6 


For AC or b being their Sum, if AB be put equal to x, BC ain be equal'to f 5: 


or if BC be x, AB will be þ— x, whence in both Caſes, b x — x x, or the Rectangle 

ABXBC, will be equal to aa, or the Square of DB. Which was to be done. 
This laſt Equation ſometimes becomes Impoſſible, viz. when a is ſo great as that 

the Parallel DF does neither cut nor touch the Circle ADC, that is, when a is 


greater than +}: For a ought to be a Geometrical mean Proportional between the 


Parts of ö, and conſequently leſs than an Arithmetical Mean, or 26; nor are they 
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ſolving theſe ſort of Equations, by the help of the Tables of Logarichms, Me 


For the Second and Third Form. 128.2. % = polls Fourth Form. 


—— ow we 


> 3b ' dv» DB WRAY { 


For by(Euchd El. Ul. Prop. 20) the Angle DEA isdouble cheAngle DCA or ADB, | 


and if DB or a be made Radius, the Roots AB and BC will be Tangents of the 
Arcs that anſwer the Angles ADB, CDB, which together are 9 ht- 


Right - 
Ang le, becauſe in a Semicircle, (by Euclid El. 13) Conſequently | 
in 2 ſecond and third Form, you make, as the b f ; — ſo the mt 


— to a 
Tangent; or in the fourth Form, ſo Radius to a Sine, the Arc anſwering thereto 


meaſures the Angle DEA, which having Biſected, you have the Angle ADB, 
whoſe Complement to a Quadrant i is 5s. Angle CDB z ſo that the Logarithmic 


Tangent of half the Arc AD Added to, and SubduQed from, the thm of BD 
or a, "will give the Logarithms of both Roots. 1 Logarithm of BD 


Examples of the Praxis in Numbers. |. N ( f 241m 
Let the Roots of the Echten U b e . 1 


73% be required. 
* 78 V: Radius Tang, bod . 27. . 18 
W J 
Log. 1 = : 2.243038 © | BER | eh? 3-4/5 8 B > 
Log. V175 = 1.121519 5 
Log. yr 0.87506T N 
10.246458 = Tang, 60® 27 , 
And 1.121519 Log. a. | 
9.765366 = Tang. 30%. 13˙ 2 


[| | 


Sum 0.886885 Log. 7.7070 = Root of x * © 15 * = 175. 


1 356153 


Log. 22.7070 = Root of xx == I5 x = "75. 


Again, 1 a a, be II — XX 2 = 17. 
Then 55: V7 : : Radius: Sine of 48* .33* 400 
| its 5 = 24 .16.50 
Log. 17 = 1.230449 : 


Log. V17 = 0.615224 
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Sum ' 0.269505 = Log. 1.86fere = 
— — : . . ſought. 

Diff. 0.960943 = Log. 9.14 fere = X N 

So that x may be either 1.86 or 9.14, whoſe Sum is b = 11. 


The uſe of this Compendium in the Numerical Reſolution of theſe Equations, 
will be more Conſpicuous, when in my next I ſhall ſhew the like Solution of Bi- 
quadratic Equations, affected by a Square only. _ CN, 


Another Method of Conſtructing Quadratic Equations, when the given QAuan- 
| tity is not a Square, but any given Rectangle, as cd. | 


Caſe 1. à * LY d. Caſe, bx—=xx=cd, 


Let AB be made equal to b. On A and B erect the Perpendiculars AC and BD, 
make AC c, BD=2, which, in Caſe r, place the contrary ways, but, in Caſe 2, 
; the ſame way with the Line AB: Joyn CD, and biſect it in E. With the Centre E, 
and Radius EC of ED, deſcribe an Arc cutting the Line AB (producd in Caſe x D 
in G and H; I fay that AH and AG are the Roots of the propos'd Equation, 
In Caſe 1, AG is the Affirmative, AH the Negative Root of the Equation 
#x-+bx=cd ; but AH the Affirmative, and AG the Negative Root of the Equation 
* - cd; and in Caſe 2, AH and AG are the two Affirmative Roots of the 
uation b x—x x=c d; where tis to be Noted, That if = Semicircle whoſe 
Diameter is CD, neither cut nor touch the Line' AB, the Equation propos'd 
is impoſlible. 77 - Co Tn RE | 
For fince CA or c, and DB ond are at right Angles to the Right Line AB, and 
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the Centre E is equally diſtant from them, (by Euclid. III. 14.) the Right Line 
BF is equal to AC; therefore, the Rectangle c d, that is BDxCA, is equal to 
BD x BF, which (from the 35 and 36 III. Elem. Euclid,) is equal to the Rectangle 
BH x BG or AG NAI ů ll. wn ON np | „ 
But by Conſtruction AB = b is equal (in Caſe 1) to the Difference of AG and AH, 
as (in Caſe 2) to their Sum ; Wherefore c d is equal to x xb x, in Caſe 1, and 
e d is equal to && x in Caſe 2. Q. E. P. „ 
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This, *tis probable, is the Method the Antients uſed, 
they had a given Retlangle, the Sum or Difference of whole fides was kn 
and it was required to find the fides; which they called applying. 2. 
exceeding or deficient by a Square to a giv t Line Being b it one particular 
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I my laft Lecture, I endeavour'd to ſhewt you the ConftruQi n of all Equa- | | 
conciſe enough, vix. by finding the Extretrics; when the Mean, and Sum or Differ 0 


Equations, there occurs that Spscies of Biquadfatics affected witha Squ 
in its own Nature is really Quadratic, but whoſe Roots are not Lines, but 
3 ; and the Square being given, the Root is alſo given. | 


| 
ow the ConltruQtion of any of theſe is as eaſy as that of fimple Quadratics, 5 | 1 

| 

| 


on conſideration that in the Equation where x+ + x* b* d, ddis a Mean Pro- 
portional between x x and x? + h: conſequently þ b is the given Difference between 
the two Extremes. But in che Equation where h x* — x+ = ds, bb will be the 
Sum of the Extremes ; wherefore, the Bufineſs comes to the ſame, as if the 
Problem were thus propos'd, The Sum or Difference of two Squares, and the ReBangle 
| of the ſides being given, to find the fides, Whence ariſes this Conſtruction. | | | 
' In the firſt Caſe, where 55 is the Difference of the Squares; Deſcribe a Semi- i 
| circle, whoſe Diameter let be AC = v/ y/ 4 d+ T.; in this Semicircle inſcribe 1 
| the Chord AG, which let be equal to d: Let fall the Perpendicular GH upon the | 


Diameter AC; then AG or d will be a mean Proportional between AC and AH, he- EE, 
5 cauſe of the fimilar Triangles ACG and AGH: At the Diſtance BD, which let | 


be equal to AH, draw DF Parallel to AC, cutting the Circle in the Point D : I fay | 
Oo CI q s 3 / 4 
the Conſtruction is finiſh'd ; and that the Chords AD, CD, are the Roots æ of the # 
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Equation 6pogd, namely, AD the Afirmmative'and CD the Negative; if th | 
Product 5 H k, in the Equation be Affirmative, that is, H ir be N AE und 
dn the contraty, CD will be the Aﬀfirmative "Rat ànd AD the Negative I rhe z 4 
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fit for becauſe hb i m0 and d d lectangle of 
their fides,;b H f 2d will be the Square of the Sum of the Roots, and hb 24d 


and conſequentiy half the Sum and half che Pi 


Tzu Demoniiration is evident, becauſe in any yd Quantities, che Square of the Sum 
| exceeds the Square of the Difference, by four times the Rectangle of bach 3 


and conſequently if to the Biquadrate of ö, you add four times the Biquadrate 
ef 4, the Sum will be the ſquare of the Sum of thoſe ſquares of which 55 is the 


Difference 2 the fide of this ſquare, viz, y4d4-+65, will be the ſum of the 


ſquares of the Roots ſought, equal to the Square of AC. | 


Hence( by 47. I. EL Euclid) the Roots AD, CD will be the ſides of a Right angled 


Triangle, whoſe Hypotenuſe is AC, and ina vn "are in the Semiciecls APC 
(by 31. III. Et. Enclid,) And ſeeing d is a mean Proportional between the Diameter 
AC, and the Perpendicular BD, the Rectangle ACxBD will be equal to the 

are of d; but AC is to AD, as CD is to BD, . becauſe of the fimilat Triangles 


Sa 
= DCB, therefore the Rectangle ADxCD, equal to the Rectangle ACxtzD, 


will be alſo equal to ee of d; and the difference of the Squares of AD and 
CD being equal to bb, the Chords AD, CD are the Roots of the propos d Equation: 
Conſequently the Conſtruftion holde. 
Ind that the Antients handled this Matter in a Method not much different from 
this, may be ſeen in the 87 Propoſition of Reet Dara. 2... 53: 1 5 
But in the other Caſe; viz. where d+ = bbx* — x4, the Conſtruction is ſome- 
what readier ; becauſe þ b is now become the Sum of the Squares of the fides of 


which dd is the 5 Conſequently, on AC, which let be equal to b, as a 


Diameter. deſcribe the Semicircle ADC. Let the Chord AG be equal to d. From 
G let fall the Perpendicular GH upon the Diameter AC: and at the Diſtance 


* * 
: 
111 


* 4.5. 


= 


BD, equal to AH, draw DF Parallel to AC, cutting the Circle in the Point DO: 
Tfay the Chords AD, CD, exhibit, even in this Caſe, the Roots of the Equation 


propos'd, and that they are both Affirmative. on as 

or, becauſe the Angle ADC is right, the 11 of AC orb is equal to the 
Sum of the Squares of AD and CD, (by 47 I. EI. Euclid) and the Rectangle 
ACxBD, _ the Rectangle ADC, is alſo equal to the Square of AG ord; 
becauſe by Conſtruction, AG is a mean 3 between AC and BD. Wherefore 
the Conſtruction is true, ſeeing the Sum of the Squares of AD and CO is _ to 


the Square of þ, and alſo the Rectangle ADxCD is equal to the Square of 


But this laſt Caſe is limited and becomes impoſſible, if the Square of d ex- 
ceeds half the Square of b : For the Parallel DF in that Caſe cannot ſo much as 


wr thr Circle ADC, as we have noted in a like Caſe in the Conſtruction of 
nadratics. „„ 7s + . | 

Hence ſeveral other Methods may eafily be found for the reſolving of Equations 
of this Kind, befides the common Forms of Solution, which ariſe from the Sum 
and Difference of the Squares of the fides given. 09"  _ 

In the ſecond Caſe, there is one which will certainly appear neu 
actice; for hecauſe þ4 is the ſum of the Squares, Nd the 


will be the Square of their Difference, by the 4th and Ith of the II. El. of Euclid, 
: ee de Roots 
Dil f 1 wilt 


} 
[ 


and no leſs 5 
lectangle 


if 


will be the Roots of ms E 
the common Method. 


' Logarithm of the Tangent of the 
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Extractions of the Square Notz which is ſomewhat more cotapend ious than 
The Biſection of an Angle gives us alſo two different Solutions, both of them 
commodious enough, and to be performed v very eafily by the Hons both n hem | 

For if you make it, as half the Coefficient 50 to the uare of 4 if WG 
Radius, to the Tangent of the Angle DEA, in the firſt Cafe: or to its $i 


the ſecond Caſe: Biſect the Angle DEA, and you'll ve" 4 An _ Dea 


( by the 20th of III Elem. of, Foci ual to the Angle AD 
their Complementsto a Quadrant will be nl to the Angles Pas, BDC. Con. . 
ſequently, if the Logarithm of the uare of. 4 be increaſed and diminiſhed by the 
ADB; the Sum and Difference will be 
Logarithms of the Squares of che. cots: ought; Whence the halves of the 
Git Lo Logarithms will be the Logarithms o har Roots. es : 
All Fele ſe things clearly follow from whart I have demor 
Lecture concerning Quadratics.,, 0 
But the ſame may be obtain'd another way, by the Sines of the fame Angle and of 
its Complement to a Quadrant: For if you put the Diameter AC for the Radius 
of a Circle, the Roots AD, CD will be the Sines of the Angles DCA, DAC; 
and conſequently are had by adding the Logarithms of thoſe Sines to the Logarithn) | 


of vv addddÞbdb, in the Firſt Caſe , or to the Logarithm of 5, in the ſecond 
Caſe. And I cannot eafily believe, that Equations of he Fower "may be Conltrares 


Linton weden by mne ef Shodp S's 


in my former 


* 
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10,536616 = Tang, 7 73 47 TY 
"tw, 2000 e 
. 
Sum = = 0.9 5166 (0478582 < Log. 4 Lossg N 
2 Diff. = 1 Sei 0.602601 = Log, 4.00499 The Root Gogh 
Wbereof the Leſſer is the A ive Root, if it be 1 555 but tha: — 


if it be dbb, bale no ret en 0 41 Hider 
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Then 3. 710 :: Radius: sine 64*.37 ” "dex „ 
its half = N 45 5 . 
Pn bog: 510 = 0.500000 - ans - 
Log. 37 o. 4 


= | 4 8 "4 4 --3 q þ — 7 . 1 


9. 9955932 © 5 Sine 6437 23 . 12117! "7 2.3 = 
Then . 9727966 Sine 3248.41 05 N 
427% Las. V7 = 15 0 e e 


Som * 0.1505 15 = Log. a * = = 1.41427 = = I'Y | 1 
And. 9926936 = = Co- Sine 32 e oY Oren: 


Ditz . = = og * = 223607 * — 73 ES 1 
ly | "Ip" 1555 ; þ OB * N e 9 or | 
Being ol tes i ge! ra ratics, in "the anks 


LA, *twill be neceſſary that the young Student ſhould acquaint him. 


ſelf with ſuch Properties of the Parabole, as are deliver d in the firſt Book of 


llonius's Conics ; and likewiſe conſult what is to be found of this matter in 


2 Carters third Book of Geometry: the Inveſtigation of all w I ſhall en- 
deavour to deliver in ſuch a Method as may render expedite the ſtructing 


all Solid Problems, even of thoſe in which there is a A Tem; 3 Which is 


wanting in Des Cartes's Method. 


fwd, 8, ans : 


the Squares of whoſe Ordinates are to one anothes, as the. A5 
from the x1th of the 1ſt Book of Agpllonins'y Conics. And any Farabola once deſcrib'd, 
is ſufficient to Conſtrutt any Subic or Biquadratic Equation, 
from its 
deſcrib'd according to the 
oblig'd to Des Carte: 


tions, * ſecond Term was wanting, by a very — and ay Souſtruction J 


— — — a e * — 2 Lk — — — 
LECTURE ] =. 
Inbene ee been Treating: of choſe abe e Plane. Problems | | 


are refolv'd ; which the Antients made the limits of 


caring in their Conſtructions to make uſe of Curves to 8 derb + 2 — 
rather contenting themſelves with Circles only. Wherefore they deny'd 
that Solid Equations could be Gevmetrically effected, that is, by Rule? and Cons | 


ater Freedom, in its Conſtru- 


aſſes: But the modery Geometry allowin — ſelf a; 
to be or find the Points of, 


ions rejects no Curie that it knows 


provided it be certain that the thing ö eme be che without it, or by : 


ſome more fimple Curve. 428 
Now the moſt fimple Curve, in reſpell of eEquat 


on 1 10 the Parabola, vix. That, 
4b/ciſſe : which is evident 


by letting fall Per- 
ions with a Fut gun to be 


pendiculars on the Axis of the er 
the) Sigps. 2nd, Quantities of t 
nation. And indeed, we are very hich 


Co-efficients of the l Terms __ the! 
Berwing. not the Parabola would do the 
2 three or four Dimen- 


bufineſs, but that his Parka 


| Or = ? uns fa % Go _ 


-_ 
—_ 


FT - 
* 


be .expounded by three different Biquadratics by fo 


AF or DE, of the ſame Centre from the Axis of the 


: in the Cir becauſe of the Right 


x 2 2 


1 


3 e 2 * 


— I F 


1 — 


a a & in 2 third Book of his Geometry: But firce Dn Com requires | 


ny — away the ſecond Term of the Equation, if there be any; and beſi 


ee in eh 


Since, from Atithmetiral Princi es, = —_— that ſome Cutic 


Equations may 


Which 1 
number of Interſections of a Cirele with 5 Conde Section 5 Us evident, that 25 
— may be Analogous to thoſe Interſections, and 8 may be difco- 


Quantities in the Equation) applied to à. given Parabola. 


a Circle, whoſe Radius EP. or B ally, and let the Centre be whoſe Dif 

AD or FE, below or above the Vertex of the an i he 6. my the he Diſtance 
ar 

cle N e the Points G, M; 1 m G, «Gf ke lie 


— METS 0 } 


Er px 


V 6 | 
Ordtnates ＋ on Ah 5: and =” AK, the Abſeiſſe on the Axe oe * Bud. 


bola, y and the correſpo 2 . GK x. Then (by the 11th of the 1ſt of 
| Hoollowias, the Necdasg le W ual to ææ; and if D be above the Vertex of the 
Parabola, DK or EO is * um of AD and AK, + ; but if it be below, it 


will be the Difference of them, or ) I When Square SubtraQted from the 
Square of the Radius of the Circ 3 leaves the Square of (GO) the Ordinate 


16 the: Square of GO W tom = 
| 6 Gora of th a is equal to — 8 


Z Ghoul ry the Kare of 
e ho b, the = of #360 or x43. 2R : 


e hy Rot 


Sum, but if ir be #4," 
2 AD. which is to be uſed in the CN Bas 
(ED) th the Diſlne ofthe Cen — will be 


no where delivered the Inveſtigation of his Method: we ſhall qd 


firſt place, ſhew you the Inveſtigation of the Method z and then the : 
on, even where there is a ſecond Term preſent, 5 


ver d by a Circle given in Pofition (that is, to be deſtrib'd according to the known 


ow a Circle is ſaid 
to be given in Poſition, when the Radius and Poſition of the Centre is given, which 


Pofirion cannot generally be defined without two giveh Lines beſides the Na di 
Wherefore to the Parabola __ whoſe Ou ons is a; let there ng lied 


ngled Triangles — (b 1 17 Le J 


he es a | 
RIS And the fta. 


AF FE IFD NT FER 


: i 


dius of the Circle G) is had by comparing the laſt Terms; for the Surrorichs 
Squares of þ and c, that is, the Square of AE or — the Rectangle ag, is 
found gv to r) the Square of the Radius; Wherefore if the abyite 5 


Line AE be encreas d by the Rectangle ag, if it be — 9, or dimigiſh'd the ſaths, 
if -+q, the Square of the Radius of the Cirele ſought will be had. 


But if the Quantity q be wanting in the Equation, then (Sch of the Terms 


being to be divided by x) it becomes a Cubic; to be Conſtructed the ſame way, 
only here the Rectangle ag vaniſhing, the Radius df the Circle becomes their E, 


and it paſſes through the Vertex of the Parabola. sass. 
Whence ariſes the following general Conftruftion of all Equations of theſe | 
PORNO e the ſecond n ens, u. fag (oi! tn! any py, x 
*i 303 ee 9 5770004 AI t. " 3 a 05 
fs xt. * 55 + abx + zap = © $929 137199 20h⁰)et Air 
2. * * — _ abxx ©. aapx r aaa So. as ES actor 


Any Parabola' (BAC) being geſcrib d, on the Nag Ak, its; "Latin en ealt 


make AH equal to half the Latus Rectum; and. from the Point H, 2 


| bonds K, if in the Equation it be —Þ, or above.” if it bays let HD be 
made equal to half: 'Ere& DE Perpendicular to the Axe, to the right fide of it, 
if it be —p, but to the left, if +p, and make it equal to half p: The Circle 
deſcrib'd on the Centre E, with the Radius EA, will interſect the Parabola in fo 

many different Points M, on the right ſide of the Axe, as there are Affirmative 
Roots; and in ſo many Points G, on the left fide, as there are Falſe or Negative 
Roots in the Cubic Equation , and ENS let fall on the Axis, as MN, 
18 are the Roots themſelves.” 7 | 


But if it be 2 Naiadritie 8 you awaſt take'a doom: Prop fora beten 
à and ; whoſe Square, or the Rectangle ag, is to be Added to hes uare of AE, if 
it be —9, or Subducted, if it be 9, to have the Radius of the Circle requir d 

to perform the ConſtruQtion. And this is Carter's own Conſtruction; which we 
7 8 not only demonſtrated, but have alfs. ſhewn tb Method of Inveſtigation ; 
whoſe further uſe will be evident by what follows, in findin ng the Polition of the 
Conic-Seftion to be applied to à Cubic Paraboloid: in the Conſtruction of Qua- 
drato- Cubic Equations: Nor have we any thing to vl to this of Carter, only that 
in our Conſtructions the Affirmative Roots ways on the Right, and the Nega- 
tive always on the Left fide of the Axis ; w ich he places ſometimes on theRight, 
ſometimes on the Left, not without ſome hazard of miſtaking. *' 
But Des Cartes, as we ſaid before, firſt of all orders the ſecond Term 
ſent, to be deſtroy in theſe Equations; and if it be preſent, e 3 
will not do; z we ſhall en e take 7 ſupply this Defe&t; a 
the * it ſelf a the > te of Br MOR? ” roy 
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Which comprehends all the Equations of chefe Fortis that can be ima- 
gined. þ | 1 ys : $737 1 * . $3 hows 1 — TB 2 is $113 Wo wh t > d l | 80 * 854 15 , 1 
' Now all Cubics may be-ConſtruQed varidus ways by different Circles and a 
given Farabola; three of which I ſhall Here exhibit: But in Biquadratics the bu- 
. fineſs can be done but by one only Circle. oe OD 
The Demonſtration of all which, requiring aff” Algebraic Calculus, 1 ſhall leave 
as an Exerciſe for the Studious Hro. ( Vide Philoſ. Trauſact. No.188, and 190.) 
The firſt Conſtruction of Cubic Equations ariſes from the conſideration of the 
taking away of the ſecond Term, by purting, after the common way, y equal to 
x+ or — the third x of the Co- efficient of the ſecond, Term, whence the fol- 
lowing Rule may eafily be Demonſtrated, viz. 3 1 


The Farabola BAM, the Axe AE, and the Latus Rectum (a,) being given, let the 
Equation be reduced to the foregoing Forms; Then at the Diſtance BC 2 to 
the third part of 6, draw BK parallel to the Axe, to the Right-Hand, if ir be 
-+b, otherwiſe to the left, interſecting the Parabola in B: draw the indefinite 
right Line DP, perpendicular to and biſeQing the ſuppos d Line AB, and cutting 
the Axis in the point &: From B let fall BC perpendicular to the Axe, and make 

E always equal to AC, and place it downwards; Make EH equal to half p, to be 
placed upwards if it be Sp, but downwards if — p. From the Point H, or from 
if the Quantity p be wanting, erect HQ Perpendicular to the Axe, cutting the 
indefinite Line DP in the Point O. Laſtly, in the indetermin'd Line HQ, make 
OR equal to half q; to be placed from O, to the Right, if it be — , bur to the 
Left, if 12: Then a Circle deſcribd from the Centre R, with RA as Radius, 
will cut the Parabola in ſo many Points, beſides the Vertex, as the Equation pro- 
pos'd has true Roots; 401 they will be the Perpendiculars LM, demitted from 

ſeveral Points of Interſection M, on BK os Parallel to the Axe : which, in this 
| 1 — being all to the Right of the aforeſaid Parallel, are all to be look d upon as 
mative. ; „ 3 : „ | | / | 
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APPENDIX. 


LE — 4 = 2 TO I — 


the Uſefulneſs of this Conſtruction conſiſts in this, that tis perform'd by a 


Circle paſſing through the Vertex of the Parabols,. as well as if the ſecond Term 

were wanting ; and therefore ſeems fitteſt for determining the Number of Roots in 

thoſe Cubic Equations where all the Terms are preſent. _ Wai”: 
The Second Conſtruction of Cubics is deriv'd:from the Cubic Equatior's being 


reducible to a Biquadratic, in which the ſecond Term is wanting, by multiplying = 


the Equation propos d into x — b = o, if it be + h in the Equation,” or 
into x So, 15 it be —5: Whence ariſes. a Biquadratic wanting the ſecond 


Term, which will have the ſame Roots as the Cubic, and one more equal to , | 


x Lo 


od Lanvin, Equation, or equal to — b, if it be—þ, The Conſtruction 


— 


1 , f V 
isi 


l be Conſtruction of the Equation 
* -A —apx+aeaq=0. 


U 


Of the given Parabola AMD, let A be the Vertex, AL the Axis, and a the Latus 
Refum. At a diſtance, equal to b draw DK 8 to the Axe, to the Right, if 
it be +b in the Equation, but to the Left, if it be —b ; w 
in the Point D. On the Centres D and A, with the ſame Diſtance, deſcribe oc- 
cult Arcs interſecting one another; and thro' the r of interſection, draw 
the indetermin d Line BC, which will biſeQ the ſuppoſed Line 5 
and cut the Axe in the point E. Let EF be taken equal to half p, and ſet up- 
wards from E towards A, if it be 2 but dowmrards from E, if —p. Thro F, 
of chro E, if p be wanting, draw FG ndicular to FA; cutting the Line BC 
in the Point &; And in GF, producd if need be, make GH equal to half q ; ſet 
it off to the Right, if in t uation, you have — 4, but to the Left, if 9. 
I fay, H is the Centre of the Citele requird for the Conſtruction, and HD its 
Radius, becauſe the given Co- efficient 6 is one of the Roots: And Perpendiculars 
demitted from the other Interſections to the Axe, on the Right, as 
Affirmative Roots: on the Left -Hand, as NO, the Negative. And this Method is the 
moſt eligible for the Conſtruction of Cubic Equations. FO: 
The third Method of Conſtruction is properly t 
agrees alſo with Cubics, a Cubic being to be raiſed to a Biquadratic, by mul- 
riply ing the Equation equal to nothing into # ; whence the Cubic may be con- 
ſidered as a Biquadratic haviag t Gti erm Gibs e 
This Conſtruction is derivd fem hence, thabin B 


m_ taken away by putting y— h equal to the Root x, if it be + b in the Equation, 


_— 


and the contrary : whence y the Roots of the new Equation will always differ from 
tue Roots # by a fourth part of 6; Hence the following ConſtruQion is evident. 


The 


b ; which will meet the Parabola 


ſhew the 


y that of Biquadratics, but which 


dratics; the ſecond Term 
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The Porabola NAM being given z whoſe e let be at the Diſtance 
BO, equal to 2 . 1 5 10 0 che Axe AC, to 
the Leit if it bei, ber Gch Ri + þ, meetin 
From D let fall DB 


double of AB; n the ary nti 0 
halt p, towards the Fs rs pots = 5 but 

Ip: upon the Point | cre GE. erpen to the Axe, cut 
8 iR F. ab the fe 


ace it to the ight if the 1 bh Fad th s 


es bs Orr quadr 1 it be Na gb | 


gion, or Spbgy — gf W Res 18 


being eib; 'y er a in ie 1 42 


Interſections with the Curve of the z — on DL the Parallel to the An, — 


will have LM tlie Affirmative — and NO the — ones, under the 


Law as before. 
I might ex libit here ſeveral other ways of Conſtrugt g ſuch Equations, aifferent 


om theſe, namely to be effefted by an. bola or Ellipſe combined with a Circle; 
but ſeeing they are much more dilfcnlt, nor to be 'd without more Lines, 
I thought fit to ſi ra — Labowns jo” n e Fruftra 


15 per plura quod fieri poteſt 
Asto theT umerical! 


Nr. Ketſoy's Algebra, 2nd elſewhere : 
Additions might not be — vis. "tha whereas the * of x? 4 15 — 45 


there is ſhown to be 
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IIb + VOD -V =, 
The ſame Roots may eac of them be given by three other different Ex- 
preſſions, viz. the Root of a + px =9q is alſo | 
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Putting DE= 2: 7, and BD = SET Tis BE Till 2 
Vie, and AB = 2 — 2 — „Oc. Hence evidently follow all 


the foregoing . Nee in the Fa cis, BE being = +2, and BD.= 
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. Wo . BE : 
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of the angle DEA, whoſe half is = AR = Des! arenen if you take the Lo- 


garithm Tangent of the One, ADB; and Add and Subſtract the third part thereof, 


that is the Logarithm of its = © Root, to and from the Logarith | 
vou will have che. Logrithms of the two Cube Roots, of which the Gele | 


in the firſt Caſe, and Sum in the ſecond,” 1s the Root of the 
Bur the entire Root is, obtained "1 we conceive the re 3 


whoſe Tangent is the Cube Roor of the former foutid T Tangent, and doubling that - 


Angle, we ſhall have a new DEA,” whoſe Tangent DB is to the Radius BE as 


_ vp to half the Root, or as 745 7 the Root ſought in th 
Sine D8 is to the Radfus DE as Vzp to the Root \ the Send 8 or whoſe 
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5 eee tis g be either Negative or fo fimall, that 2 4p ex- 
920 2, "ſich an Bquation has three Roots: And if q be Affirmative, the . 5 


of ba E Affirmative, and the two leſſer Negative: : But if it be — - of - 

px — xxx = +g, the two leſſer Roots! are Aﬀirmative, and the eater er © 

3 all which are very eafily obtained by the TriſeQion of an Angle, thus: ; 

"I {1 A | 19 i Let the Equation: XXX - =q be K I2x = 10. 2 

2 b 2 + ml lets than h or 4. Say then as /p to K, 7 124 to 
3 an, Arc. Take the third part of the Arc anſwering th | 
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of thoſe three Arcs, and to them a the of /4p. Thoſe | 
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1. been the aforeſaid Equation xi — 12x = 10 ſay, 
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; en if the” Equation ad been 12 — x3 = 10, the tio former had been 
Affirmative, and he latter and greater Root Negative. 
; And this may ſuffice for the exact Solution of Cubick Equations wanting the 
fecond Term; but if it be preſent, you are ſhewn by Mr. Kerſey, in his 2 n N 
| _ to take it away, and FRO you may reſolve them as _— | 


LECTURE IV. 


JN my wits Lecture 1 endeavoured to ſhew how Solid and Quadrato-Qna- 
. dratic quations might be conſtructed, and that after a very eaſy manner, vix. 
a given Parabola and a Circle; and as to Solid or Cubic Equations I have 
Qed their Conſtruction by three different Ways, being the readieſt and moſt 

| fins le of infinite others whereby the ſame may be done: I fay of infinite others, 
hecauſs 1 in the Reduction of the Pa aſed Cubic Equation to a Biquadratic, any 
other Root x may be ſuppoſed. Hut Biquadratics are conſtructed by ons only Cir- 
cle in a given Farabola, that is to ſay; by a given Circle alſo z whereas Cubics 
ate to be effected by int nite Circles, or which may paſs through any given Point 

in the Parabola, 

Let us now come to Sutſolids and n Cuhics, or Equation of five. or fn 
Dimenfi ons, whoſe Conſtruction by a general Method has not hitherto been ſnewn 
by any one except Des Cartes; who, tho he prefers the Circle, becauſe of the Readi- 
Refs of its Peſcription, yet for the fake thereof, he lays aſide that Simplicity which 
— 7 where profeſſes in bis Writings, and combines with it one of the 
| et. þ compe ompounded 91 thoſe Seventy. two Curves of the Second Kind, wherewith 


renown'd Sir.Ijaac Newton. has lately entiched the Science of Geomeny. 

And if any one inſpect the Tediouſneß of the 4{gehraic Calcuins, and the Prepara- 
1 5 his. Method requires, it will bo SY: evident that be was vor arrived at the 
Thing propounded, to wit, the dae and enden but rather bath 
Hilen uno very intricate ant laborlous Anþ _ 8 a 
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Paraholoid, or that whoſe Abſciſſes are as the Cubes of 1 ates 


which ſhall n 


: 1 * 5 - TR to BT; ſo that MR will be — AO + 


We have hinted before, that of all the urve: FE 55 ; 


5 ee 

fimple; a nd that this Curve; combined with Tome ohh B tec 5 
exhibit the Roots of all Equations of a ee 5 
done we ſhall endeavour to he in the preſent Leute, 1 

Since then this Parabaloid is tobe combined with a Canic. Spin; it 78 Q 
neceſſary to add ſomething about the Ne of the! Curve; 47 
cially ſince they have not been treated of A the 3 85 
of the preſent Age have diſcovered ſeveral of them, v 4 

1. That ir hath a donble Flexure, and i therefore of > hat Kin d heb Sir 
Newton from the Form calls Angnineous Ct „ 207 ee. 7 Nen ut 57 nf 

2. That the Point of Contrary Plexurt'is in the" FB zitining -of x Were, or 


where the Negative Part Joins to the A Rrutib e. 20) oC Ping 


3. That the Subtangents are triple of the Afetſes, as tp the Wann atic-or el 
lonian Parabola, they are double of them. 


4. That its Area is three Fourths of the circumſcribed Paraliclgrim, which 


in the common Parabola is only two Thirds thereof. 


5. That in the Point of Contrary Flexvre, it — it were! . in Rib 
r 


Line; at leaſt the Radius of Concavity becomes infinite can any Circular Arc, 
tho of never 1 great a Circle, be drawn' between the Curve and its Tangent, 
cut the Paraboloid before it come to the Point of Contact. 

Bur *ris ſufficient for our preſent Purpoſe, that in this Curve the Cubes of the 
Ordinates (which we will calf x) are always ed to the Solids, whoſe Altitudes 
are the Abſciſſes y, and Baſe rhe Square of a "Ws Line a, that is aay = xxx. 

Suppoſe therefore the Curve NAM, the Paraboloid we are ſpeaking of, to be 


deſcribed, and let its lower Part to the Righ hang, ,as AM, be the firmative 
and the upper Part to the Left, as AN, © Nezative!: 15 That! IS, 105 te Affir 


tire y encreaſe downwards, and the Ife * ehcteaſe towar as” "the Ri 1 5 


Side of the Ae AO; and tlie contrary as to the Negarive., To this Cy rve let t 
Conic- Section MXLNWWQ. be to be apply d, and the Pofiticn thereof will be thus % 


rained. 


Put AB equal to b, and BC equal to c; and te CD from C perpendicular 


to DB, let AZ, CD be made equal to the Latus Rectum of the Paraboloid, which 


call a. Produce the Right Line BD both ways, on which let be the Poffrion 


of the Diameter of the Conic Section, and ler i its Center be K. Let the Ratio 
of its Diameter to its Latus Rectum be as 2r top; and let BK, the Diſtance of 


the Center K from the Point B, be equal 5 7; _—_ put r for KL the Semi- 


diameter of the Section, if ic be the Elli is or Hy perbola: But if it be. f 
Parabola, let BL be nimed +, L being the Vertex of the Section; and the Latz 
Rectum of the Parabola call p. Laftly, Led AO in the Axis of the Parabolojd be « equy 1 
ro , and MO, its correſponding Ordinate, be x; * 
Theſe things being ſuppoſed, tis evident that any Ordinate! in the Conie- Section Ns 
as MR, may be expteſsd two different ways: 4 Firſt, as CO to CB, & i 


y+= — +6, and MR. ſquard will be = += = +12 by + = +E z #4 = + — 


= which ſame Square is obtained another way 5 account of "the Eonic-8eftion 
- For putting 4 for the Line BD, will be as a to. 4 0 * to —=RB; and the 
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Difference between RB and x8, that 3 is. RK = = f 9 £5 2 „il alfs be the Diſt. 
| rence between the Semi-diametet LK and IR: Conſequently the Rectangle con- 


tained under the Sum and Difference of LK and KR, 6r LK? — KR, if it be an 


Ellipſe; or the Rectangle of the Sum of RB and KB, that is, KK + IK i into tlie 


Exteſs of KR above KL, if it be an Hyperbola, will be to the Square of the 
Ordinate MR, 'as the Diameter of the ble. Section & the Lotus" 855 of as 
2rito p. Hence te Squareof MR will equa | OY TS nnn 
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the fifth Term of the Equations compared together; for ſeoi 
| Hyperbola, or 4 2. ? Win the Ellipſe, are equal to the — + kk 
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| 2 taking the one Equation out of the other, tis obvious that the Remalndet will 
be equal to nothing; and putting inſtead of y the Cube of x apply'd to rhe Square 


of a the Latw Rectum, (that is putting — for 7 and multiplying all the Terms 8 


by as, we ſhall have an Equation of fix Dini to be compared with any 
given Equation of the ſame Form. Whence the an of the altruttiag we 
_ will be Fo diſcovered. 
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Let the Equations ſtand ſo, that each Member of the ſame Dimenſion of x be 
directly under its Correlative. Thus, 


x * + 2acx+ + zaabæs ＋ aOxx + 2athes = 


2 
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Fe Eph + nr ns tw 0 
If a Parabola . 4 and + oof 


= A . alkx* + . + aimex + an* + 7 =" 0 
Then the Members of the two Equations are reſpectively to be —— roge- 
ther; and, firſt, zac being put equal to ak, c will be equal to half &; and there- 
foxe c, or BC in the Con ruction, will be half the Coefficient & - And by a like 

Argument, the Double of b will be equal to the Coefficient I; whence h, or AB 
in the Conſtruction, will be equal to £1; whereby the Pofttion of the Diameter 
of the Conic-· Section is determined. The Species lvl will be determined from 


«— di in the 1 


See EOEs So that the Ratio of the Diameter to the Lats 
Eedun, or of zr top, mill n 1 as + kk + 6a 1 But 1 
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- fions may be con 


it be ＋ ma in the Equation, and it be equal to ＋ kk, the Conic-Seftion will be a 
Parabola ; if + na be greater than + kk, *twill be an Ellipſe; if leſs or Negative, 
then an Hyperbola. The Species therefore of che Conic- Section to be deſcribed is 


given, whoſe Center will be diſcovered by Help of the Sixth Term; + bs 


+ i being equal to ++ an ; whence f = * E E x A 


BK in the Conſtruction. But in the Caſe of the Patabola deb an ; 


whence 7 becomes equal to the Latus Rectum of the Parabola ſought. 0 
Laſtly, The Semidiameter r of the Conic - Section is concluded from the ſeventh 


and laſt Term; for fince bb + ag is equal to the Difference of the Squares of 
r and f (that is of KB and KL) into 25 therefore as the Latus Rectum to the Dia- 


of the Section, ſo is + N + ag to the Difference of the Squares of r and f. But 


we have already found 7, wherefore v the Semidiameter is Iikewiſe given. 


Theſe things being rightly confidered, and due Care had to the Signs + 0 


in the propoſed _ uation, tis not only evident, how all. thoſe of theſe Dimen- 
trufted, but alſo an Analytical Method is laid down, whereby 
the like Conftruftions may be inveſtigated for another Curve of the Second Kind 


given, as the Ciſſoid, Semicubick Paraboloid, &c. But from what foregoes we have 


\ deduced this following general Effection of all Equations of five Dimenfions, or 


of fix, when the ſecond Term is wanting, perhaps the moſt natural and eaſy poſſible. 

Having deſcribed on a convenient Plane any Cubic Paraboloid with all the Ac- 
curacy you can, (Which will ſerve as an Inſtrument for all Conſtructions of this 
Sort) draw its Axis OAO through the Vertex A, and at the Diſtance AZ equal 
to the Latus Rectum a, parallel to the Axis draw the Line ZD; as alſo AZ touching 
and cutting the Curve in A, and at Right Angles to the Axis. Make AB equalto 


half the Coefficient I, downwards if it be—1, but upwards if + 1, and the 


Diameter of the Conic- Section ſhall paſs by B, or if the 4th Term be wanting, 


by the Vertex A. From B downwards if it be — k, or upwards if + k, make BC 
equal to 2 &, and let ZD be equal'to AC, and draw the Lines BD, CD indefinite- 


ly both ways; then ſhall BD be the Diameter of the Section. By B at Right 
Angles to BD draw the Line EBF, meeting with AZ in F and DC in E; an 
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from E towards D, on the Line ED, make Es equal to m, if it be + m; or the 
contrary way it —m; and if S fall between C and D, or beyond D, the Section 
will he an Ellipſis; but if between C and E, or it be — m, an Hyperbola: And 
in either Caſe the Ratio of ED to CS will be that of the Diameter to the Latus 


 Refum of the Section. But if + be equal to EC, it will be a Parabola. Draw 


BS, and continue it both ways; and on the Line AZ make FH equal to f u, 
to be laid to the Right of E, if it be — u, or to the Left, if + u. By H, parallel 


to the Axe AO, draw the Line HI meeting with BS in I, and the Line IK parallel 
to AZ, ſhall interſect BD the Diameter of the Section, in the Point K the Cen- 


ter thereof, if it have a Center. But if it be a Parabola, the Latus Rectum there- 


of will be to 2AH as CD to DB; or equal to 2FH =», if the Term ł be want- 


ing; and the Diameter of the Parabola will extend ir ſelf infinitely 
Side of the Axis of the Paraboloid, on which the Point H is found. 


Luaſtly, If the Term q be wanting, that is, if the Equation be but of five | 
Dimenſions, the Section, be it what it will, paſſes by the Vertex of the Parabo- 
loid A, and conſequently BA is one of its Ordinates. But if it be — ag, BWS 


AB: Tag will be equal to the Ordinate paſſing by the ſame Point of the Dia- 
meter B: As likewiſe / AB*— ag will be equal to a like Ordinate of the Section, 
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The Conſtruc᷑tion of the Equation 
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if it be + g, and aq be leſs than the Square of AB or +2. But if + ag be greater 
than 7, the Vertex of the Section will be on the ſame Side of the Axis AO as 
the Center K is, if it be an Ellipſe, or on the contrary if an Hyperbola : And 


it it be a Parabola, the whole Section will be on the ſame Side as the Point H. 


. Hence the Vertex V is in all Caſes readily determined : For taking CX a wen 
Proportional between CS and ED, CS will be to CX as the Ordinate B. 
== 714 aq to BY = Sx 21 ＋ aq = vir = or rr. Wherefore in 
the Caſe of the Ellipſe, place BY on the Line FBE, and KY = KV ſhall be the 
Semidiameter of the Section required, and V the Vertex thereof. But in the Hy- 
perbola, in the Semicircle whoſe Diameter is KB inſcribe the Line BY, and 
nake KV = KY, and V ſhall be the Vertex, and KV the Semidiameter ſought. 
„But when + aq is greater than + 7, then the faid Line BY = / zZaq—3;T, 
* hp 4 JF 
- if it be an Hyperbola, muſt be placed on the Line FBE as before, and KV = KY 
will be the Semidiameter-of the Section, whoſe Vertex V will be on the other 
Side of the Axis AO; But in the Ellipſis, BY being inſcribed in the Semigircle 
whoſe Diameter is KB, KV = KY ſhall be the Semidiameter of the Section, 
which ſhall fall wholly on the ſame Side the Axis on which is its Cons. 0 ; 
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"Tikewtſe in the Parabola, the Rectangle of BY into the Latus Rem p before Pound 


its Interſections with the Paraboloid ſhew the Quantity a and Number of 


will be equal to + + aq ; or BV xp = a — I when'+T is les than ag - I 
which Cafe the Vertex V falls on the ſame Side of the Axis AO. on which is the 
Point H. From ' theſe data the Gonic- Section will be readily. erated, and 
t 
fible Roots gf the Equation To conſtructed; the Affirmative on the Right Side 
the Axis, as OM, the Negative NO on the Left, as has been faid before. And! 
have been the more particular, not to leave any Difficulties in the Way of thoſe 
that ate defirous to reſolve theſe high Equations. s. 
lf in an Equation of five Dimenfions al-Termes be preſent, the ſecond Term 
muſt be taken away after the ſame manner as we did in our ſecond ConſtruQtion 
of the Cubics, Pag. 14. by aſſuming another Root equal to the Coefficient of the 
ſecond Term, under a contrary Sign; whereby it will be reduced to a Quadrato- | 
Cubic wanting the ſecond Term, and may be conſtructed as ſuch with very little 
more Trouble: And the Roots be all the ſame as in that of five Dimenſions 


I To prevent your Conic-Seftion from excurring beyond your Plane, it may be 


proper to divide your Equation, ſo as the Ordinates of the Section may be pretty 
near at Right Angles with its Diameter ,, the Convenience of. which Caution 


will be obvious to thoſe that ſhall £0 abour to put in Practice the Rules of 
e ä 8 T 


theſe Conſtructions: 88 | : = „„ 
18 „ þ Muovemb. 22. 1704. 


